CS —lél? Randomized Algor?thms S’Frinj 2023, \Waterloo

lecture O : gFec‘tfal S\)o«rs\.ficaﬁon

We study @ generalization of the cut sporsification  problem . called spedtral sparsification . ond see  how

this Frbb(mm can  be golved mTcdgé U‘S;“X Tandom Saw\‘)hng ond & wmatrix  Chemoft  bound.

&: ectral S\‘mfs}f‘u cation

-

Aogragh R is o Lite)-cut approcimater  of G 3£ U-0wl6) € vy (668) CEDWe ko) For all gsy.

where \,\J%Lg(sﬂ 38 the total uz?glﬁc of the ed\geg Qross\mz <

lo
RBenczue and KMger ?ro\/e& that $or ma G . thece gxists o (ltg)-cut o\FProximrxﬁr‘ with OCV\—ZEL\ @igeg,

Tookaa we will  Prove a Spectcal %znnrc\ﬁgq‘cioh of this  result,

To stete the vesult. Ficst we vecall Some ba(KSrom:)\ Trom  linear A\SQ%I’OM

Positive  sem defintte  matelx

A real Symmeteic  matelx M is positive  Semidefinite foall Tt eigenvalues  ace non- hapative .

We use the notation M&o 4o denote that M is positive gemidefinite .

Yact The ‘S‘*o\\ow\v\g arfe a%u‘\\/a&m\f let M be

© Mo

o Yeal Sg%/\mu“r]g nxn - matrx.

@ XMx > 0 Y xeR!
@ M=uy"’ for somz  watrix UER™M.

Tor two Fog}{‘xw Szmld\lz&‘m\vft motiias AR L We uiite AT R W A-R& o . or Q%u‘\\/alzaﬂn CTAX 2 X By WxeR”
This dzf‘meg [N Pmrﬂm\ ordu‘mg O{‘

SSMMLJWTL matices . called  the Lowner ord\u:ng

L oaplagian  mateix

Given  an  undivected araP\\ whth ngm wa?gﬁ wd>o on each Qolge e +he (umtgl«ﬁz,d) La\)\adan oty 1%

L s defined  ag D-A . whece D s the d\?aguml (weighted ) deger  matei% whece

DT,‘\i okengj = i\iTj@E WY and A s the (wﬁTSMLd\) adjmur\ca motix whece A:j:wk‘\j)
Let Lo be +the

Lm;kmw\ matelx of  an edge Q:‘\g Ry LN?LJ‘S:\AJ(U‘) ond L‘U‘:Lj‘;:“mup onh. 220 otherwuise .

We cCan wiite L{:EQBJ L Where baeﬂ{” is a vactor with \Euup in tThe T-th ern ovnok ~S\J—Gj‘) in the \S’ﬂ m‘tra

and  2erfo  othecwise .

e .

Tt ¢ Qﬂsa to check that L = EEE le = = ELLT

Note thet the Lapladan mateix hos o nice Quodfatic Torm ¢

Ty = o = (X bk, = T Thebdx = % e s B (=X 2
XLy = X (‘Z—GELQJX = X QQQEBQ e ) x o ¥ ebe X e ¥, bed e wtp(x, X)) Z o
Thic implies  that the Laplacdan  mateix D’% a  graph s pesitive ¢emidafinite .
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Spectral approvimator
We Smé a gfo\Pl\ R i ® Q\iQ“SP?_dra\ prrmx\\mo\?cr oJ( CT \\f (V-9 LQ % Ly ékH‘QL@‘ ., or

Z%uﬂ\lo\\b\t\% (1-9 XTL(TX < xTLHx < C\Jri)XTL(XX VXER™ hate n is the  number n{~ vertice

Clevim A ((&@»g?u‘wo\\ approximator  is  a (L3)-cut opproximatoc
roo For Sev ., et xceR" be the vedor with =\ f 7€S  and 2ere otherwise.
2
Then,  XMlexg= 2 wopwsmmg%ﬂ = Wl and Similarly AL X = Wy (8er)
\JEE §
Siace H 8 a UJ:Q~SFLLHM ap\v(oximc\\“br o{* C*\ we have

(\%MQ‘LWS < %ST Ly ™ € (H‘L\)’XJLQ’XS Y Sey  ond thus (=) We (86Y) st(Sm\JeumwQ@uﬂ \J<SeV,

o

The '€0\Khw"\ng theorem b% Spielman and  Scivastava  thus ganzmh‘su the Yesubt of Rencrue and 1<Mgﬁh

_Thesrem Am{l %rc\?\\ has a (1£<)-spectral approximator  with O(ntbgh/ilﬁ Qd\gas.

Reduction

The iputm\ Symrsiﬁca\ﬁm Tesult can be veduced to the jcoﬂuw:v\g Pmda [neoc Mge\:mk rasull.

n

m
Theore m gm?\)osa Visee, Ve € 1R 0re Sx‘\/u\ with E vivp = L.
Thece exist  Scalars 8 il S With at wosk O(V\[agh/gl> on-22¢0og Such  thet

(1-OTn € = Ssuiyl € (4e) T,

=

We  gketech  the P(oc‘e o{ the Yeduction 0\L the S[)Q[,tw“o\l S\Pc‘(s‘\{‘\co\ﬁur\ vesult to  the above (esult.
The 1dea 15 o G\PPL% o, linecac 1rm\s£c(mo\ﬁm\ So  thet the Loplactan  matrix Leomes  the Trmrdt?“ta rmataix.

n -
R T
et M be a pog‘\’c?vm Qam‘vdz-€7nT+L Mot rix with QCSzv\~okzcomFos7tton M= 2 uwu .

=1

—

1/ IS
The szuda~7nvawgg o{ M s defined  as }'ﬁ: \\%\po l)\; LA:LA(T, and M = ;E?D T wiut
Gy Le = 2 1, = ¥} bo¥ ~d T = Jll L LTL/i Y KL%L )(LTLﬂlj N
Tiven G = oL ~R ecy PePe AWT S Conside = & & % T e & e e G ceE eVe

t
where  \we dl‘%\!\ﬂ. e = L%/ be Yeek .
AFpl\a +he obove theorem 3?%5 VRS Co  with ot wotl OLHLOjn/iZ) non-22ros <o thal
(- T ¢ z& SeVoVe 2 (4L
1/, S T 2,
Now‘ ‘(vm[ﬁ\;\‘m‘g L(T on the left and (C&hf %Tvag ns (\Hiqu < Py Ce bebe 2 Ci+) LCT <o bg
gm\?nﬁ tThe weight st 2adh edge \on a FToackor of g . we &<t our  spectral S\Do‘rs"%iu‘.

A\ Y
The oabove Pfoo—%/ ts ot prrase  as  we are d\szod?ng with the szud\nfinuern ( but not the fn\/w&{\))

but the m‘lgsiy\& detalls oave vather vouline and TS not the meovmm Part oWL The Frno‘f L ond sy Omitted.
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SamPling o«lgeﬂthm

Now . ouc focus s o prove  the lincar qlﬁabmtc cesult | \o\a voandom S&m?{fwj»

m
Fiest, we Sq{ Some intwition about  the condition 2 v = T, . +he 1§atrbkx,& wndition 10 LO&.

=3

When m=n. than v,...vn must be an orthonor mal basis.

.

N 2/ -
Wher m>n. we can also think of it ac an overcomplete.” basis . ag  we can Wiite ony X ER” as
t d

m T ™
x = Ipx :(E Vivi )% = 3 <xud v

M3

_ m
\/,\/;‘\)3 = \\E kAT\/;\/\"&:

WM

g‘\m\\\ark% . foe Any umt Vector &ek“ ~ we hove 1= EETQ: ZTIQ"%T( \<v,~,~37l~

€

In(‘uTHun,[ka, the vectort @are Q\/tha S?rzad\ 014,4\‘) , So that the be}a(fTDY\ i)‘% Dw\% direetion té Yo thete vectors

ore the <ame.

Tdea: Given §‘V7V?\:1n Cowe Would like to £ind & small  Subset of  vectors SEY\\,.;,MS ond  Some

scaling fadtors o that = sivuil % T,

So, the subsets shouloh gty be “zvm\knﬂ spread ol ” . with comtributions  Tn each direction  abet the same.

As Tn the graph sparsfication Case,  Lniform Sompling wonk work . Tor example, i some v; hos tvsi=t,

then we muwst  in dude v Tn the Colution. o othecwise that direction Wil not be  coverzd  n

+he Solutlion and go 1t womt be a S(:u’tm( gparsﬁﬁ(zr~ The o«m(ngg in the \o}rarl\ S_quST‘FFCaﬁon
Yesult T¢ thal o cut edpe mut be Tacluded 1n oy SPAM?\CUU.

So. as in the gf“}?lﬂ Sparsification  cace . we need to do non-un Torm SquHr\S Cf we do voandom Sam{ﬂ?n{@.
The 1dea s Similer ® ‘Qar bhgqr vectors . the %Qm?hr\g P{ohqkttr%g s \n‘\gkzr 3 ch shurter  vectors,
we con bz mure agsrassium T gﬁﬂ“& the SD\MFW\S Frababiutta to be Smaller, ond when we

Cheoose dhem. wa rz\,\)ﬁgkt the wvedtor <o that 7t has  thae covred QxnyLfgd value.
More Qoncmtu\ﬁ, W SOW‘E)“’ each vector vi with Probo\bt({ﬁd lluilly | and T Yt s chesen . we Set the

| V“\J;T \/~\/;T S T
PR T - se that  EL stupvl J = il Pe(vi s chosen) = V\\W\\\\;’\\Uzuu CRRAVRVAN

Scoler <

A\goﬂﬂﬁw\

The octuwal o\\gudtb\m s bagicmn the <Qame ag  deseribed abovus. bult we need o Cepeat  thig

JLXPUTMU\% Qz@(ﬁoﬁ\'@ times  and  Take the average ., So that we Con P(‘O\/&L Concentration .

6lopn
Im:mn, Fed ,c¢o0 C:“%T
TFor st < C  do

|
Tor cach 2c¢B |, With Probab?l‘ﬁcg \n;:llv;uf/ Wpdate Teboith ond 1« S+ Cre
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nl
Return \E\FQWTV\ os  our gpecteal Opproximator .

Aho\\gés\ls

There ace  twe Steps  in the ou\atagts .
One 3¢ to shww  that there are O(nlogh (&) von-z2eros  scolars [ ie. LFl= O(n(ngh/c}},
Arsther s to Show that the Tetuened Sslution s o Uiiﬁksygedm\ Sparsifier.

We  first  bound  The number of  non<zeres  Scalars.

Clam \With \Pro\:ahmh& ot least 63, 1Rl = QLnLogn /<),

]

™ _ C L) ™
o0 The oxpected value i EOED) = = Pr(vedor 13 in B = (V= C=p) ) ¢ E\ (\f((—q;;ﬂ: CE .,

=1 )

which Can  also  be  Seen b\a & Union bound -

Note that

M3

pi- E

Il =

i’
S
<

1

M3

T m L
trviw) = hi‘ trlvg ) = tr KZ\\/N{TB = tr(Ta) = n where
\ = = 2

1

T (A= ?M& ond we uwse the Fact that e (AB)=tr(gA) C(or ddrzd\ud check that \/T\/=JCFQU\/TD_

T\’\-Q_CC&O‘(‘L, W;[Wl] = C

i3

b = Cn = 6hkog“ /il» The veswlt ﬂ:c\\owg chovw Mavrkoy's an%whfa -0

Motix  Chernofd  bound

There ¢ on QLQSMt 3(Aarq{\\$a{10n of the Chernoff- HoLHok?v\@ bound to  tha matrix %eftfng.

Theosrem, (T(‘owﬂ Let X, X¢ ba Tr\szzr\Mnt 5 NXN S%mmetrTL moteiced  with 02 ¥; RRT .

TM=a

Let e T2 2 ELXGT 2 g T Foc am  celo),

< — ii’ Py o
2> (1+9) j‘*w\bx ) S ne 3R

Pr Q )\ma\x (‘ —i:

\

2

~_ 27~ fmin

X))
Pr Q /\M‘u\ Q é\y.\> s G-9) /‘*mj,\ 3 S ne 2R

Note thet 1t 15 almost an exact anmkog o{» the  Checnoff- Hna{%‘mg bound,  In the gealac coasa bg uwf
the  maximum Jatgewzx(u& ond  minimum ﬁguwoﬂu. <o mealure  the \\SQL ” of a matrix.
Tt Sa%s that 7f  we tonsider the Sum ef Tr\ou?zndlg.\-t vandow matiees | whece  each wetrix s onot

1o “btg/?m@(uznﬂmt”, then +the Qum 'S Concentrated afound the 2xpectation  Tn terms of +tha e?genm[ues.

Concentration

The Frooiy thal  our solution Vs o (\ii\yg()gd(c\( eparsifiec 1t o dlirect am;l?mﬁun of the watrix Chernoft bownd.,

viutt

~ o 2 ~
The vanrdom Variables are XT,’C = ?QJT with \bro\oab\(\%a F}:H\/;l\L R \QO{‘ vettor 1 n iteration T.
R} otherwise
< m
Note that the ou:tpm\‘ of tha (ﬂjorrt‘r\m is Q:= E[E‘ X5t .
C e (& " “w,-T [ m ay m _
; = Y X N - DR Py = T ViV - = -
As discussed b(h”“/ E[%] =1 iz, E[kaj - ‘}“—17?\ Cps P ti:\ =1 Q. - T:\\}\/' L
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o .
i Vv , N - i
Ciec P P €=

§ ElXig] =

TMe

<
As discussed  befora Ele] = E:

R0, the xpected value s correct L with #maxr},«m,\:i in o this Prob[nm.

To QPP[\(] the mateix  Chernoff bound | we Just need o find o bound  for R o that Xizt 2RI,
Vvt vivit vy NN -
Note that )(“‘jt = ‘? = i = _\Q— T\T\Dw—vﬂ . This s o vonk one matrix o+ a unt vaector .
vy |
andh S0 +the  moximum ﬂ?genumlu s “)u’c JE ( with the m\ta e\“gev\vedbr bztng TN ) . So, R= o

Ea Teopps theoram, W Qet Pe ( Amox () =2 e ) < heAQlC/g = Y\Qﬂkogh > 4= ac C= Clogn/ <.

The lower tail follows  simtlarly |

Co, with P(o\mgcma at least =25 we haus A ()2 169 and Amin () € 1-4 ., and o
(=T 2 SR ()T proving that our Qolukion € 7¢ a (1£4) Spectral Spacsfior of I, .

By o union bound, Ws know that a (&) -Spectral Sparsifier \ith oLnng“/{‘) edges auist . and

Indeed the rvandowm Sam[;\?ng q[goﬂﬁnm WL Succeed  With L\ISL\ F(oba\,t[cfSJ Pre\/h\g the +theorem.

Discussions
Thete ace o few Hﬁn&s to  disewss about .
@ E% Cong‘\der?ng +his  linear algebmrc xehem[\‘gdim o{» cut gpars?{\‘mﬁm\, we have o clean  and
a  impler ?voo% c‘i’ Fhe result o{ Renczur  and \<argar.
A subseguent amastng  Yesult by Batson, Spielman and  Srivastava  proves thet every  qraph hag
a CLiL)¥sFea~tm\ Spacﬁﬁer with 0(’\/‘5) Qigu L which s best \DOSSTHQ
We dont Lnow of an  alternative (Combinatortal ) Pruo+ +o  achieve +the Qame bound <eyen —er
cut  approximater (o special Case).

Thig [Tnear Q\gehmic ?erg(:zct‘t\/g Reems Yo be the Covrrect way to look at +he P(o\olgm_

@ The Sam?h‘ng ?ro\ocd;]lﬁ%(\ Pe 1S o\‘\rubh& Pro?u(ﬁov\q[ To  the aq%ut\\/a yeststant of» the zdjc
P + 2 T, T
Recall thot  pe = lvell, = 1 Lg belll = be Lg be - let e=uvy.
% =
Uote that Lebe s @ Qolution X to LCTK; b . Which s the potential vector C}S of
the electical {low \)rc‘o(zw\ Wwhan ohe uwnit e‘f eleCteical —Huw ¢ SQent {rnm w fe V.
Then, by LS{\R = \023 = d-pw) T Just the  definttion of Roeft (uw,v) .

Se. the SQM?\MS o\[fcriﬂam works bﬂ SQmF/?hg each zotga with prolﬂh\‘h‘%g Propertinml to its effective

Cesistance . o Somewhat Surprising Opp lication of  this CDncth.

@ There (8 a hfzm\\a inead  time atfoﬁﬂxm To estimote the effective Yesistonces o{» all edges .

The wmain tools are  a wnear linear time algosithm  to  golve o  Llaplacian System ol 2quationg
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C anothey braokthrough  Yesult bL& Spielman and Ten§3 , and also

Aimension  Yeduction.

L, we have @ near linear +time (‘(‘thbwﬂ&td) o\\gbr‘lﬂm {nr Qwsfrum‘hg QPecth sPars?f\‘ars.
@ The O«V\RLSS‘\S b{’ the yvandowm SD‘MP\NS &LSD(‘TﬂnM IS ﬁghf-

In o complete graph, the edfoctiva  resistance  of every  2dge s the Came , as the %ra\ﬂ\ TS Symmetele

o, the Yondom gawl‘u\g O\lgoﬂt%w\ b O Qom{;\&fe ifa?]r\

s hj"‘st the LAr\‘l'ft)rvv\ SGMF“(\‘? o\tngt\w.
And b% O \‘Qou?or\ collector 7 o\rgummf that 1t wbhlt work  with

D(\Y\Logh /<) Qdges,

_Refecencos

Qpialmh and  Srivasiave GXFAPL\ Spqrs‘uﬁcﬁren b% effective veqistance , 200¥.

= Batsan . Spielman. and Scivastava

Tuwice - Ramanajan  Spacsifiers, 20 of.

Lecture notes bté Ntck HMV% on  Tropp’s II\L%M(TJFS and  Spectral Spamf\‘mﬂow-
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