CS 761 : Randomized Algoﬁthms , S’Frinj 2023, Waterloo
lectuce & - D‘xsue_po«\c.% Minimation

We Stuokxi the rondom walk G\gor\thm b% Lovett ond Meka For OUXCM?W\UA W\‘m‘lmigqﬂon Whose w\atg\s]s uies mv\d'mga[u.

&Igamx’s Theorem

Dl;crﬁ?awu& m}r{.mlgatton s o classiol  fpic  wn diterete mathematics  with  Connections  to  diffeent  oweas.

A stondacd  Setting  is  when Wi o Qvea o Set system .S, o, of  the Rround get [n). and the qoal
s to findk o Co(o(»‘nf [X;[n]%&i,—’lz) Thal minieijes  the  moximum dlg(.rzP()\nCLA Mo l%& f><CJ')|,

Tt s not didficwt +o prove  that candom (;olo(}y\& has dzgmpmas OQJhLogm) wieth V\T&k pmbobltﬁj.

A celebroted fesulk bg Spencer  beats the Toandom ca(nr\v\& bound. .

Theorem (SPana_ﬂ For oy et system with n elements and. m Sets, thue s o ubr'mg Wikh

discepanay ot most k-gn‘logl(m(n) where K s oo unwersal  Conskant

Tn the sSpectol e when m=n_ Q\)aner boundled. the dn\gcrz?an% btj 6\)? .oand this s Khown  as
Y the Six o standacd dertvation  Suffce paper
The proof  of Spence¢ IS non-conStractive . based on Some Qr\froyé and  pigeonhele Princile Qrgmmurt (see ey A(orvg\Panzr‘).

Tt was auen Qoﬂ;\ecfufei that  Queh  an  effictent o\\gof'\t}\m does not  exist:

Tn o breakthowh work in dolo . Bomsal gave a  randomized polynomial  time  algyithm  that finde q
Co\or\rr\g With OUSUQPomct& OQW‘(OKAQ"‘/O\}, thug momh?ng Qpencer& bound. when m=0D().

Baasals o\\gorit»\m s bosed on Semidefinite P{mg(o\mm?ng and. alse 6n S(mzncu's or?g}ml P(QG‘F-

Ta o SMhSQ%uEnt wock 5 Lovett and Meka gave o candom yeck Pokw\om\a( time Q(KOfi’chm that  fiads Q
CblO(?ng with Oﬁsc.mp(mc% O Q\) n- (oglﬁm/nﬂ , thus matd\ing Qpemszr& bound \Dor alll m and n.
Lovett - Meka's qtga(‘\thm [N O“LK bosed. on linear P(OE(O\MMTV\& ond.  the P(oo{ IS Self- contained .

Both +the a(gorl‘cb\m ondk  the O\na%gig ore el@gant ond Clean This S what  we %tudﬁ i this lecture

ROoMmeT(ic ol
Spencers  result  uses  the pactial Coloring wnethod  (Similac to the work of Beck on (ocal lemma) . which finds
a poctial colofif\fg % [l > i—t,o,L]) Sweh that the moxdmum dCSL(Q?M\QA s ot most O(Jn- kog("Yn))
ond  thete ace at least o constant %act?of\ of eloments  that oace b to ~z~1,1zy

Givea Such @ Par‘(\‘a\ cotodr\&), one Can then Yecurse ©on the remoﬁning vaiables (thote that are a§${gﬁeol O)
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and.  Thelfe OQ¢e QU least o ConsStanT *Yoct(or\ ot R @menls That ofe ST To -1, .

Given Such «a pactial cotodng, one  Can then (QCusse ©n the Y‘EMD\TI\}?\S variables (thote that are ossijaed o)

wntil evary vaciolle \s assigned. -1 o¢ L. and the total 0\@((2?0(\03 Us Still ot st O(Jn (og("Yn))

oS  +he Sum Vs a o\&uzu&‘mg geometric Sequence - We Wil See a Similar wgummt be low

Lovett oad Meka  olSo wse  this Pmﬁo\l onoc‘mg methok . but  the approach to Ewk o ?th‘al coloarj IS more

gzbmztrfcal than  Ccombinatorial -

The main  stotement e about %nok\ng o \)o‘m‘( in 0 polytope  With rnqr\j Melose-to %*13 Coocdinates

n
Theotem (Lovc_tt»t’(eku) Lot U, vs . UmeR" be vectors , and o€ [-1,1) be «a starting  point

m 2
LeT -, Cw 20 be  +heesholdt  Quch that }EtQ%/% < “/1(7, Let § be o Small Qggm@mo&ion Paramatqr.

Then there Ts A vandomized polynomial time  alfocithm , with Constant probability finds a point xe 111" ot

(OB [<x-><b, \/5>\ < Cy\!vjl\l Coond G X2 -6 for ot least h/l indices 1elnl.

/ n n
The man dffeconce  with Speacec s vesalt s Ahat  Xe -1.17 focthec  thot XE {-\,0,‘3 )

Ao, #his Yesult  gives us  additional @\mb:\mﬂ b% QDM(&\\IV\X how much o Conskcoint s Violoated bus &dlu&fﬁ\j

“the thresholdg Crve o Which T o useful foature  in Sudose%wzn'( wovks  Tn okfzs?gn‘mg Q?me\mﬁoy\ algocithms.
To apphs to oUSumPQv\cg m?n}ngm‘iun . we  Set Vi = ’\(g-l wheee Xy GXO,(E“ s the Vadicator vecter e{» the
) - .
et S5 e that Uullu= IS set Q"\:Ag‘ / Vst for Some ?o«mmatzr Dgi Yi o, set X=0 and ¢= poly(n) -

Corolkw% For oy et system with n elemente Tn)  andk m  Sets S,.8,...S,. . foag. L6g,  Satisties

3 ol < vy
¥ g

\

then thee tists X €l-1.+11"  with H\\\qu}\ 2 nla and

IS %l

|
< .
keSJ« S Ag + /pom&m '90( Q\/IZ{A N gj

Movreoyer . there s o Tondomied Pokﬂr\omral Time Q\goﬁthm +o J}ka Queh o Qo\of?ng X -

Tn pocticuloc, {\C we Set agi:R; n ‘lagﬁm/rﬂ o then thece s o ?mmt (‘_D(DC}Y\K with dt?(f((ﬂl\(ﬁ

ot mest 30 a (oKQm/rﬁ Tor 2och set S5

T:(‘DW\ pactial Co(o(\mq ‘o —FU\” onorir\P
T ) 3

Then wo Qo opPLLA the  thesem (UM(%iw(ﬂ with the Pmtiu\ Qotortng X as the %%m;ng \PoTht X

in the net Ttemtion , on the mmmmnK Vactobles  Ond the Set System yesteicted  on them .

Since  *hece o ot mest v\/) ‘(Qn\q‘\(\\\r\g Vaclables . Wwe on et Agjzg\)(“fl\'\og(m/(n/>s) .

Then we toke the pactial cOkb(kng of the Curredt Ttecation 0 the S‘mr\“\“g \mr\‘t of Lthe next Tecotion |

and cepeat  wntil  we get o full coloctap Xy
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Thea we toke the pactial CO\wing of the Currest Ttecaton 0g the Sto\r%‘u\g point of Lthe next Tterodion

and Cegeat  wntil  we et o full coloctap Xy

The totml d\IScrszponcg of o et 23 in the AFull olocing is

T T T e R
X<XT/(XS\)*>\ < ‘El (<X{—K{"I’X§:\>\\ < ?-4 QSU;) = 2JA E\ E&wli‘m_ = Q)Q n \u&(m/y\\))

Hencefocth , we focuws  on %r\ok‘u\g o Paetlol Color\‘r\i gmm(\*e& bﬁ the  Lovett- Meko theocem.

I Coloc \ 1 he

The o\\&br?thm o *%’xr\ok o povrtial Qo\o(‘mg N %u\(\)risir\g g\‘m?li ']mg't do o  Yvondom \galk ia the \lmk-jm?zf

To ensuce  that +the Yvondom walk Stous in the pohsko{:e L the waoalk 1S vestrleted o the M}MPM@, orthogw\q[

to the tht vacioble  Consteoints  (ie. \X;RE\—SB ond  Yhe HW discczvancj Congtromts (e <><t,\/5>>,crg).

AC’L}/()
The nfuttion is  that +he Condition :TQ‘ ® < r‘/({7 Troplies that  the ()\LQ((QPQr\CLj ConStraints  qrye gorﬂ\/&(‘

%(om the 0(7&1r\ on OL\IQVD\SQ thon the Vvocable Constramts. onol Sv & random  walk Wil hyt more

Vocable.  Constronals  than  the di&crz?ﬂf\aj constroints . thus o‘otormir\g Qa Poctm( Coloﬁng,

B %orithm

let <©>° be o small Step U3e  So that é=®§i\\)loginm/%))
ket T= K, /e, where ¥ = 16/3.

The o\ggr\thm Wil produce Ko xo - X, . X7 € B° v@]r\& “he \Co!tw‘mﬁ vondem process -

We  assume  without  loss  of geneality that  lVjI =L foc 1&ysm.

Tor £t=1 1w T do

[ et C_\:K i= { e lal \b(t-\\‘\z l<%8 be  the Seob \3% (r\m(\ﬂ) ‘{K\M Uacioble  ConSkfaints

Lot C:;sa = i letml : ‘ QX&«&“XD , Vj>\ 7 Qj-ég b the <ot o{- Qnmc\ﬁ) t‘\ght o\tsare?an% ConStioints .

va ar
Lot \lt":i weR! U;=0 H'\th( ond (\A,\/\P:Q HSe Ot“g be the \inear Subsprce ortboi)ma(

t the Kﬂeurl:\) €ght  Consteoints -

et Xf: = XH\ + %Ut wheeg UtNNL\J{;\) s o Condpm difection in Vg gene(m—eot as  follews :

Construck 0n octhonotmal  basis 4 Wy, g § of Vi ond  Somple ndependent  Gawsian Condom

vartosles 8.8y, gq € N(DA)  and  set Uy o= qu T awg Tk R d
Preliming cies
To anoluye the (andom Wolk Q\Sow\t\'\m,

We will wse Some  basic  properties ot Gaussian yondom  Vociobles,

ondk o mwt‘mgm Concentrativn  Inequality o Gaussian condom \aciobles.
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Claim 1- Lot Qe N . Tor oy %GW\“ o Uy > vNen o) where WXS\\\,&\C.

Also, EL HU%HJ; K = dim (U g) .

The P(oo& uses  the orthonommal Propedty of The basis ‘?U,,.“,\/D\% ond v 2§t o an evercse  (or Soe Lovett-Hekor .

The {%anin& s o Standard ol bpuad {—Df Gousston  aciables  that wolve Seen in dimension edhaction in  LOS.

YA
Cloin 2 Lot KNMLB,Q. Then  Pcl lq\> M Elz/ foc any Ao

The @ot(own\g \“r\q('&'mgale, Covncedatation lr\e%mﬂﬁ'% for Goussian  tvandem Vanables il e wsed Lor d?guz\)ur\cg ConStionats .

[Lemma Let X, .Xt be rondsm vociables and Y, Y7 be rondow variables whee each Y s o function of X;
g“?PDW’ that o all 11T, any XKy eR o, the Candom  Vorighle i \ QXFY\ s X;_l‘—x\\_ﬂ S
a C‘Wbﬁiiﬂlﬂ (andowm varioble with mean 3o and Varlanw of meSt one.

Then. Pri(\f‘-r *YT\ p KF-S < 141;)‘& tor any A >o.

Aml%sis

To prove Lovett - Mekas theotem about ?a(ﬁml Coloang, we need to  povw that
@ XO,XU”‘/XT are ia the Pok{(oez. e JC;\Qg\ all g‘ﬁ\ifﬂ oll 't['\Q Cons troints

@ Mxﬂ‘\\ 2 1-% §0r ot least P Tadices elal.

Claim A For ¢ ¢ %/\)C'log{fhn/?ﬂ for o constort €24 | then Xeo . ¥g o all in the polytope
with  probobility ot least |- L/ ()=
_Proof  This s almost b‘ﬁ Construction , as when the ConSt@mts are Y\QO.(LS tht, then the walk Would be drthogonal to ~thom .
The only possibiliby that 0 Constaint Is violated s when KXQE\<1~% but H)(t\\}>1 for the variable
Congteaints Lor when < xt/\/j> < CA"% but <.XH( )VJ> Zey.
Tn either cose, Tt i bocause the Gausstan skep 5 too lage  Tn Some  Olirection .
More precisely. thee exists some wunit vector W (tecall that we assume wkoi that  the vys aw unt vectors )
Such that (X K¢, wd > 5§ S (U w> > s
By clom L, CUgw > is o Cousstan Yandom  Vacioble with mean O  and  vacionce ot mest A4 os (lwlly =1 .

(Y% 231/ 2>
%3

Cl
Thus IDlA cloim 2 pe L [<Ut,w>\ > S/i.\ EEDY = OQ@/WW\\ ! ) by the Cholce g/?_ = va [og(mn/g\

To\kmj a unlon bound  ouver ol T= O(Vf‘) time %{Q«Eg ond 0Vec all  n4m  Congtraints

-t

Pe [_%DTV\L e Ts not in the ?oksjve?a} S T (nam)- Qg/mn f- < l/(m'\\ whea C2 4 o
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The ’m‘tzz(zs‘r“mg ?().(Jt s *o prove @

First . we wse the mmt\ngqle Concentration ?r\e%wx(‘m% to prove that Onhj a Small Lraction o{ disuepwn ConStcaints

are neacly £ight:

dix disc
C(Qw(u} . bﬁ Construction . Cy ‘e Cia

for any t, So we \&ms‘t nezxd to

bound the Si3e of Q|

<
Clam B \E[ l Ci&ﬂ < 4

P\’oo£

We  divide  the OUSC(QQQI\CLS Constraints  wto  twe groups.

Let T:= % e b ] be the set of “close” consteaints.

We argue that thee acre not  too many ol them because
by 2
=G/t — oo /1b Ny
“/fezijz s 9l e My g

> 9171 /10

where  we asume  §<0.4.

N ” N R N disc
For QT\LA %7\( Constraiat léi 3, |’E \\6 CT B then \ <XT~XO ,\JJ'>\ ZQi—g > 09 C;).

N disc
We  will bound  the PYO\’J&\DI(N% that Such JG C‘T

bLj the mactingole  Corcentration Yne%uau’rj,

Recall that  Xg= Ko+ el0gt +07)  and define  Yy= (01, vi7.

Then, For 34T, P(EEGQ?F;K = Pl <elugs *Uergﬁé%’g} <Pl e gl 2 D'QCS/QX.

Check  thot the conditions of the mmmja\la Concentration Inzggmutj are  satisfied with Uy, o 0¢ and Y., YT

N Aisc N -
So it Lollows that  Pr Lke Cq < 1@(?&\(0‘%53 /rfT\ < e Qi if T e ‘é/izl

aisc

Therefore \EUQL};SC[] < 17 +if P([ RGCT

~S1b .
] o< sy 4 %} e e i < Vg
J
5 -cf/!k
where  the Setond lost ‘\r\z%w\(l’tg} is btj +the assumption Q2 < /i,

=3

Given  that the numbec of {*igkt o{x‘suzgan% Constronnts 1S ot most ”/L{—

o the number oiy tHght  vaciable
Consteaints TS alse  Small ,  then the dimeasion DJV the SubSpace Mg s [mgL and  so e expect UUHL;

to b lacge, and thus ( thli will nceonse g:gn1§acanﬁkﬂ and  hs would  (ead to many - Eight  Varobles.

Clam B ELI%AEY = n.

E(Dg£ This s o slmQta cloim  thot we omit the ?(oo& (3@1 Lovett-Meka ), \»m?ca\(% ik —onlows %om

EL) < \»éw‘ﬂ\(uﬂ;\b& <1 as (U is o Gawsion with vaciance < 4 by Clam 1

The '\aﬁta(esﬁng clom Vg To prove that there ave oy tight vaniable  Constronats m‘\ng the aboww plan.

Clam C EL [Cl‘”ﬂ 2 0.65n.

Proof By Clamt, ELUL (Ko l=o and ELIUC [ X T = din(o) , hence

ELIK Y = BUMX o+ 20 2] = B30+ € BLU0Rs Y = BLuxe- 3+ & B Laimtu))
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Lo . l’.JLj Clonm B, O%Sum‘m{ T= K,/%" with k,:l(q/%/ 1t Follws  that

2 I > var 1SC
a2 ELUGGY 2 c_z_l Eldmo) » €T Eldinud) > & ELdim{u:))= k- Eln - \¢ \—Lci |
Theeefore, by Clan A L Y 2 n G-y - L) 2 n(l- L %) =ostn.

a

We are (o_adts ‘o q‘:\\mgh “the ?foo{ o{— Lovett- Meka ftheorem -

%\j Qto{tm C and tL\Q_ L&Peqr bound ‘H\O\t \C—r\m(l

o \’\Nkov—ttﬁ»z ar&umqﬂ“t shows  that PYEIC—\;MlZ'n’\JZQll
Qaw\hmmg with Clown A . both (D and @ afe satisfied with PYO)OC\bI([ﬁj 2 OJ)—"W ol

This Completes the {)(owﬁ of the pactial Qb[orir\{ theorem .

Apphj [l ‘(zmr&\vdj as  explaned before . this provides o gelf - Contoined  and. Constructive ProoJY of @g&zmu’s theorem

2 (y

Bansal. Constructive O\thVItV\W\S fo\' disuzpar\cv} min?m?%o\‘tibn . 2o0(0

- Lovett. Meka . Congteuctive o(i&crmgqnc% mimmxgmon \“3 walkm& on the ngzs, 2e(2

These two works  have spacked o Lot of Interests ia d(SCm?W\Q.:X minimijotion , and. lead to  moere  Constructive

cosults  for  more Qeneal  non-Comstructive  Theorems mcmdmg o cecent one in matax O\Ecﬁz?ar\uj.

A Mmooc  Open pedbolem  remoined  wunresolued s the  Beck-TFigla Conjectwe. which  Stotes  that  thew 15 @

(‘,b(or\mg wikh disu%an% o(ﬂ) W QUQ(% elemedt (< Contoned in ot ymest A SQets

The best Known cesult s a CoLorThK with omuayoncj O(J O\Logr\ )
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