CS 761 : Randomized Algorithms , S’Frinj 2023, \Waterloo
[Lecture 8 - Ho«r’tinﬂqles
We study the Concept of \mc\(t\ng&l& ond Cee Some  Lxemples

Then we prove  the Aquhm-HozP{cL’mg inQ%&m\I{—lﬁ and.  derive Some Contoquencas.

MMA%AJLS_
Definition A Sequence o‘f fandom  vaciablee X, X, is o martingakc with vespect  to the 3epuence of  vomolom
voctables Y Yo, o 1§ foc ol (21, the following  Conditions  hold -
© Xy ts o functlion of Y%, X5
© Bl <
° EEXM { Y ,\(J = X

A seguence o& Candom  vacrables X X,, - is Called a YV\N‘HV)KQ(P. if TE s a mqrtingalz with respect fo I%Sa\{

A standacd -Q,XO\W\’E\Z 1S when \('\ denctes +the Qmount & Kaw\\c\e( wims oh  the i-th gma o omd X denotes
the total Wmng ot the end of Qome -
A%Suw\'mg the ames  are \Cmr e EDG)=0 0 then 3t i Clear that X ¥, is @ mo.(ﬁn&ale wet LG

Note thal we o(oz\/t assume Y, Qe independent . 2y, the bet sige of the -th game Cowlel depencl  on peevious  outeomes

Anothec example 1S Prom  Condom walks on  an infinite  2-dimessional %(}o\.
Let (i be the current positon ke ' X the orgin . ondl Xi be the Li-distane  from the o(iqin
AsSume  that  we move upldown / (a4t [ RhT  with zt%ug( P(omm;h& at gadh Step Cthen XK s @ mactingale wet NG

Note afain that o oLm/JC ossume.  the \(

\

are lr\o(e?endbnﬁ . e the Step si3e at each Step Could dgponcl o Cuccent Qosi’c{on.

We will See omn TY\J\‘@(uﬂn% _QKQMEAQ of thic J“SPL of  (andem yalk process nact time.

Cond.itional Ex?ecfo\ti ons

Before we See more plopecties  ondl more exampls. lets Yeulew Some basic Tdeatities about conditional 2xpectations
For two  (andom Variables XY . the Conditional @upectation of X et \(:\é is E[X\\’:u&] B

ond so ELXIYT i< o rondem variable  which s o function of Y, ond thue

ELRDx1YT) - b PtV BLXUYg ) = % by T ot (el o) = 3 ¢ 3 Peliexney) = £,
This showld  be undecctood. o o way to compute Eix], by ficst conditioned on the wvalwe of Y, and then

toke the weghted awveoge OKQPa“dgmg on the P(obqb:&\‘t% that \f—_(y

The some td\ent\tuk holds euen when we Condition on  Gnother Candowm vociable 2 e,
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ELeixtv21|2) - Blx(2).

While the nstation mowy  look Complicated . it is easier 4o undlecstond T we fix the value of Z=2.

T S
We will use  the {oktow'mg 'Q&Ct&. et X b a randsm vocable , and Y. Z be Soguences o& Candom yociables

Foc ony arbitroy J"Y:r\cﬂong £ oond g, El ELfoO 3@(\() KH ELfoo - E[g(x SO H
Eix]- ELELIY]]

Elx12]- ELEIX2T|2).

Ore basic property  of mactingale s Elxd = EY‘EY_X N, X;,\ﬂ = BLX J=Elx. )= = EY,XO],

Lhich Tyust 8oys that no motter whot nformation Wwe Conditioned on It holds that E[xl Q;[»( ]

Doob Ha(-tingo_le

A ucefal Way to  Construct o mar’cingau S bkj QSJC'\mocﬂr\ﬁ Q quantity with  ProRressively more information

Let X be o condom variable with ElXl <o . and Y.,Ys. . ¥, be a Sequence of  rondom voriables-

The asociated  Doob martingale s 21:“§YX( AV l,-)\fﬂ foc  0¢ien.
To See that  Z,..2, s a mactingale  wrt X, .,y . note that

Elzo, LYoo = ELELY, ) LY on) =By, 0 =20

Taformolly . Tt just Says that the average. of the estimated Value of X with the additiowal Informotion 'Y,

IS just Jz%wa( 1o  the ostimated wvalke of X before  the odd:tional Tnformodctm\ s reyenled .

To fet o better  Intwition. Consider *he Cose  whare X:{*(Y“Yl,._‘,\(n) , E ﬁ*(\f \( Q.. q-\s

\\

E H(Y le s Geag Vi) )

R . NN Nits ...
s Jz%um[ to  the previous 2stimation , i.2. Ah

nd now the Values of Y. G, , Yy are revealed one ot o time -

Then, the walgb\ta& O\vu(agt of the wew e<timations . b‘j definition,

EY {:(?)\ Y(:O\\ ,- ,\(;20\;‘& = 1\) P((\f(Jf(::lX‘ E['EQ?) \\{\:O\Iwu,‘{i:O\I'Y{*l:;\—& = E[ EL‘E(‘\{) Y Q‘,.. \( l\ YH[ﬂ

H'\

Balls and RBins: Tt s « Simple  Candom process where  we throw m bolls tnto n bins one at o time .

wheee  bodl T s placed in o uniform  condom  bin ot Step 1.

et Q. G be the Sequene of  candom variables whee  C is the lecation of- ball .

bet X be the numbec of 2mpty bins oftec all m balls  are  throwe

Then 23 = EUXIC, .CT s o ((Doob) ma tin qle

We Wil prowe o Conceatration bound  for K ws‘mx “+his Vnart‘(ngake.

Vertex  Exposuce  Mactingale let & ~ G“’P and

G ke the induced gubgmqln on the vectices &1,1,..4,}7],

L08 Page 2



Let x(&) be the Chrowatic humbec of & , and considlec the Doob martinjale 2{:E&’XC&3\QTL--- G{‘]

Tt s not Qasy to Compute EI'\(CG)], but Wwe will wse this mw’tir\&q\e_ to  prove G Contentration bound. for ~(E).

The {ol\ow}ng theorem iS @ gerwiolation of  the  Checnoff- Hoeffding  thestem Lo3.  whece the independence

assumption s replaced b\:l the martingale property. omd +the bounded Variable assumption is Yeplaced by bounded diffecences.

Theorem  Let XXy . be o mactingale with cespect Yo N Yaio

Condition thof 1><;*><1-1\SC; %;( somg  Teal numbeu € {o( Il akwmjg ( with probcxb\\K’fi 1) .

T‘(\Q.n . P(‘Q an‘xl\>7\\ < 1’9.%? Q#} .

v
\

The proof s Similac to that of  Chernoff bound.

e ka A
We Stoact de boundmg P (Xa> XN Y= Prle > Q \ < o fTor any t5o .

Consider *the marctingale  diffecnc cequence D = o= X Hfoc 171, Note that ELdil=0.

We Compute the Numecator b% Conditlonal upecta‘don so  that
. tXnoy €D
- ELEL. ™ e™ (v, 3] = ELe™ 'L ™ Iy, v, 0]

We Compucte E&Q_%Dn L\(rw-/\(hll U\XIT\B the ‘\Zo((OWlﬂK cloim-

&1
Claim  Let D be o condom vacloble Such that |DI<1  aways and EID) =0 . Then E[E&DK < e 2.

roo The 1dea s the <Some os n Hoe{:@l{m&/s extension \n 103

€
Note +hot QK s Conex Tn the intecval Xe[—\,ivll tor omy t>0

and so TS Quaph  lies below the

S < -t —t
[lne Jomw\ﬁ (~l.e ) ownd (1,Qt>, which  has  the Q%mhon A{( R +e %X(Qf—Q j).

+D s + _t + B tzl _kz‘\ _@/
Thecefore, ELe™] € EL5 (@%4e 4 (¢ )H = Sty = T o ¢ =e *

by .
20 2" - a

‘ Dy s
Ugw\& +he cloim b«:l Sca\[‘mg/ EK_Q_% L\\/.),..,\(\,_[\& < zﬁc /7-_

tXa ey - €2e/
Tt Lollows bg induction  that Ele 1= EKQW“" EE QtD“ ( Y, .. /\(h_lll < o o Ele 1 <o .
. £¥n . T -Nf23el ; >
Theefoce . Pe ()(YQ >\\ < *z‘“ Ele 3 /Qﬂ < ri;r\ Qt i [> < 0 f> :C b% ?Q_’ct\n& t=x/ RS
>0 o

This C,ow\?utzs the Pfoo& Qo( the “upper toul | while the \;(oa-% 'Fo( the (owee toul Tt S%mmztrt‘cat , and wa afre done

Exercise i Deriye the QMW\OH-HM\C{O{M\& bound in Lo3 Lram the Azmmo\«HoQ\l\tdlnR inz%uah%w

The Method of Rounded Dif-tereaces

Apyltjma Azmm—HoeHo{‘mg ’me%tmt;ta on & Doob martingale gives the %ol(wm& Cocollary.
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Theorem  Let M,.. ¥, b2 an arbitay Set of  condem vodables and let £ be o function Saﬁ&\fujing the  propecty

thot Foc each 1eln) . the is o teal pumbec ¢, Such that kEI%\Y,,. ,Y;}v \EL{-(Y, \»\fm—l <cy.
Then. Pe [ 1H-EFI1> X} < &x\)&~&l/l§i&l}_

The advantaye of  this thesrem is  that

there 15 no O«Sso\m?ﬁm thet \(‘,,‘,\(n [oN?YS kndq?ar\o{ent.

but \\‘k Coulde bo d\ﬁ\m[ﬁ to \)oumt - n ?(O\Qﬂ(Q

The —‘%cktow}:\& Special Case i< eosier Yo opely but Yequices Independence

We ey o Tunction T (v %0  Sotishes  the Lipschitz  progerty  With Constants <3 foc  1eln] i

\

k&:(O\)-‘de)\iQI wherewer O ond o diffec in Just  the  T-th  Coofdinate for 1ela)

Thooces = TF UG LX) satishies the

Lipschitz  progecty  with  Constants €3 foc ielnl omd X, Xn  Ofe

ndependent  Candom varvables . then Pr K (‘F - Ejr\ > X\ < l-uek‘xl/li_ﬁ) )
Xy Xn '

Proof we just need o check kE[&\K\, XD - EBLE \X\,.C,X-H]\ < 7 for Teln]l 9o that we con apply  previous theorem .

To do So . it Suffices o check that \EEH X Ko Xz - BLE G %, 60 L S¢, Wak for ietel

Since the rondowm vaciobles  X,. ., X, are Tndepenoent .

EI % | X, )(;,[,X"=0«l b q?, a EE ’F ‘ X\’ KX 2o, X =00 - X“:O\n] ) Pr[xm_‘oﬂﬂ oo K= Qﬂg X /XL—D
: C\?,, An 'F (X\/ A CEIR P TN O\n3 : Pr{xii\:oﬂﬂ Lo, Kas= [}w\}

The Some holds when Xi=b . and  thus HE[\R | X\, ,KL\,K.—_Q«E[{ | X . )K'\_\/‘(\i‘o_)\ <Q; ‘{'\(DW\ L‘APSLW{Z P(DPQ_(‘L’%VD

Note fthat euen In thig Sim\)\'\{i\cahbn

ot Q.\(‘Q(ld(s o gIgnIQ:mnt gszr\uqllgqﬁan that ‘he Sum ojy

?nou@znokent. bounded Yondom yariobleg s htg\aLS Concantrated  aCound 1ts  @xpected volur.

Simple A pplicationg

lets consider  the twe 2xomples of  Duob mwtingqlu that  we hove Sewn obove.

_Balls ond bing let C.. .Cwm be the (random ) bin of boll 1. and XlﬁzﬁQ\,u,Qm} be the number ojf Qm{ff(:\ binS.

Then Q\wch{,} % is 1'LTPSQKIJ[ZJ oS d\mng‘mg the [ottion ol one ball could On% C,&\Ou\ge + ‘ZW\P“& bins btj 1

‘ N2
T)«\Qrz{o(q/ bxj the theorem Py [ L‘-\TQMQJG& bins - Eiﬁ of Q‘V‘?J‘ﬂ \‘3\’“] > N N& < 2 >

o with l’\‘&k F(obmb‘(ﬁj, + QMFJ(& bing TS Concentcoted Luithin 0 window o% DQ\V\"V\B to the ﬁzgeﬁt@k volue

Tt S o Simple exectise  that El empty s | = Y\Kl‘%ﬁh

o

n
X o when  m=n whee a is H bias,

Co, the uwandow o{» Concontration g & lower~ocder  t2(m QomPQr‘m& to  the Qx?u&u\ Volne .

Note that this i an IL\(Qm\)lQ_ Lohace U\ano\ﬁ% bound choes not- QPPL% . as whethee bin T Qg Qm\;&% S not
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\r\d@@szno\ef\t on whether other bins are emm o¢ vt (m{hm&k +he om?mnotau% s wot that Q‘mmg),

M Consider  the expected  Chromstic  numbec E&)) of qucxn,?v

. whee  godh veckew 1 'S Cavealed  one \93 R, With the edges

We we the vertex QUpOSU R ma(ﬁn&m\l

‘Qrom T o l(l,l, ;.,/1»18 ofe  Tndepeadent  Condom  vacobles ’Qrom the edges that we have Sfen Lz@mz,

L, et Ty be the set of edges Leom 1 to 9\1,1.',,17\3 and %) = QK\:,,E, L)

Then, obseryy that \C s d-Lipschitz , as changing the Q&gu u{— o \ectex Could or\\\é) ckmgL x(&) bﬂ ong .

’*/1{\

T‘\Qre&orz, btf) +he thescem, PrI | E“X(Gﬂ - ’X(Q\E\ > X‘B < 20

This s an szmmgll Whect  we Can prove  Contentfion  Without me‘mg +he Qy?attzd valug .

n
Tt tums out  +hat VEY_‘X(Gﬂ = 2log.n Csee Alon-Spencer QM\M{ ﬁo) , ond So QgRIn the window o‘\— Concantcation

(wmd\ s 0{&“ 15 o \owec-ocdker Term Compaling o the zy?aﬁed\ valug .

Refecences -+ Chaplec 1> of  Mitzeamacher - Upfal

 Choptec S of ® Concantiation e% meosure.  for  the &no&\si‘ts er& Candomiyed Q\gomthms” b\ﬁ Dubhoshi and  Pancones?,

in which thee ore  Qeneqlizations of  the method of bounded oliffecences.
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