CS 761 : Randemized Algor?thms , S’Frinj 2023, Waterloo

lecture T Low! Lewma

Local lemmo s a wuseful *®ool  n probobilistic  methods with varieus  opplications .

We wil see two bosic exomples and  an  atecesting Cecant opplication 1 palette Spors,Fumttow/',

\t’w\akky we  wall gmous “the b(QaUMw&h bﬂ Mosey  who wode this  method  Constructive.

Lovész local lemma

Let BB LE, be o set of “bad” events.
A i‘j[)?ca\ SOM In [)Yobab}\'\sﬁc method  is to Show that there s an oufcome With no bad  evets occured.
For 2xample in Sznrzraﬂwg R“”‘“ﬂ SM\FH;, the boad events are  that Some Subsetc  afe cli%uesl 'mo(Q\><znoken‘t Qets.

Our 3m| ¢ to Show that Pr C Eﬂ >0 , an outcome with no bad 2uints

D>

There ore  Some  Situwations when  thic g casy o show :
~ when the eveals E.R._.LE, are mu&mqllg Tnd&ml;u\dnntl

= When :E PFLEI\ <1 . te. when the unioa  bound QPF\TB.

Local lemma coan bz seen as a clewr combination of these . We con  think of £t o3 o “local wnion boand
We Sma thot on  €uant T XS n\\ﬁum\(a Thd\QPQho\U\t D«f~ the cvents E\, El,.,.,Eh qC ‘Eo( Ohé Subcet Igth]/

TeL

we  have Pe QE \ EIX = Py [E} e Pe (E)  doesnt U‘C‘Y‘EL conditioned on +he euents iE-\\ieT%,

Theotem ((Lovasz  (ocal \Q,vmhqq) let &, ., 8, be o set o-{» 2vents . Suppote  fha {a\\owm&s hold
@ Pr (E\US P fnv l<¢ien
@ H\:uena event g w&mua independest of all bul at most d other evenfs,

® 4n <1

Then P((f} ?j.) >0.

Wo  Qemetimes call L the  woximum d\ag(a@ in the h olo_?qno(qr\c% &(qek !

The \ocal lemmo. Con  bo infecpreted o Kf the  unien  bound apples Lom[({a then thece pxisty a jaoo\ outceme .

The ‘Qa\bw?r\g s the b(“%“mm\ proof by Lovdsy, which & non-comsivuctive: Th m’[ﬁ proves  the existence of @ gooii
butcome . Withowt an efficient Qlﬁof{-ﬂ/\ﬁ'\ to find  suth o ood outcome .

We il precent the  recent algoﬂf\*w&c proef  latec. so the vripinel proof 3¢ oplional

E(oo§ Qcyﬁomm \Je prove ha Induction thaf Pe ( Q—g €\> >0 on  tha S\Sa a{— <.

To P\'ovm the , there  1¢ an  Intermediate ShLP g\nom‘mg that PYQEK\ E‘v fl?

Tes
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The pmaf

Stvucfure T Qs %o&ows :

Pe( 0 T = =) <
\r(}e&_m_ﬁ\ E\ﬁ >0 > Pr UEK\ \QS:\SL:\E\B Sap
= 0O C. = % E <
?r(‘ts&:mn E‘3>D 2 \CQEK\ Tessislz ‘j 1\3
> .
= P :~ S — 0 —\—
= \ r(EK‘ Tc—S:\s\:n-lxrﬂ) l? > v Kr65‘-\§11\n E\§ 20
First, we prove PrC D E~‘>>o o\smwﬁng the  pravious steps  in the chein ore  proven.
XN
The boase case  whan  ISI=1 3¢ cary . o Pr Qi;\: L=Pe(E) = 1-p o,
TFor Lhe  nductive Step . without loss of generality -~ We  Qssume S- f\\,l,..,,,Qz} .
[ L -y
Then . Pr C O El> = iﬁ Pr ('E; l O\ESB //  condifisnal \DroLc\L?(Tﬁ&
=1 =4 4=
{ - —
-3 Ca-r(E |8 E))
v 3=
{
z Il < 1- 7?) > 0 / inducton hjlpoxkl\astg
Next . we prove PW C Ee | ‘Qg E\\B 51? O\&Sum7“§ the ?rzu]ous Stz?s in  the chain ore provan.
To do this. we dide 4he events  nto  two

tj?“ L based  on 3ts

&\1? va&\b\u& on

T

S, = ieg | Qo dependent §

ond =l el | o mda?gndant_z)

TE tst=1Gl, then  PrCERl O E D) =P (ED) €p , and were dome

S, we assume SIS,

Let % = ‘\Qs E? . Fes tes, E; and Vg, = Teglg" < that T =T, nFg, .

Then, Pr CELVEY = PrOEATD - P (B nFg ) Fe, ) Pr (¥, ) Pe (Een T | Fs)

Pr () Pe (re, LR Pr (R Pr(Fo 1Fe)

“The numerstor s Pe (Ben® | F) Pe CEL IFG) = be (B ¢ P by independence .
The  densminator g

?{ Lﬁg\ 1 ng\

I

WV

W

\4

W

Q\u& them back > we have Pr (EK\FSE

Atelica’tions

N gl O E-
e (O B )
V- P (VU B 1D

€S

\ Jess

- P CEIQ ED) /e b

- ‘Eg, p [ wduction hypothesis - as E RIS
|~ 2dp /) oo daree ascumption ©)

L / ossumtion (3

< p /(%) = 2p

This Completes the induction step

We  ghow tTwoe classical onmg\es

of

() _x-satT
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Given o boolean ‘Form\«\&. with QYO_(&LZ& k  vadabes  Tn each cdouse. we wowld ke to  find  q  truth

OsgiQnment” +to the Vaciables  Such that evecy Clouse ts  satisfred . Where €ach clawse 35 a oUsJW\mor\ ug k variable.

. \ 2 4 j\/x\ ﬁw L ——l T LXEE L R0, = istuin 1enment -
ey (Y vy, UXe ) A VXU Y A (Y v X vxﬂ ANCKV YUY ) ond X =T, T %= T Yq=T s asmqﬂﬂj ascipnment

Thic ?ro\a\zm T NP’CM?W“CL n 3@\!\1(‘9\,\) but we c<can prova  Fhat " each vadioble appears  In not tvo mony clouses

Ihan  there 1€ always  a goﬁs{j‘mi Ass?jnment

3
Theotem 1{ o variablet  in a  k-SAT -&ZO(MU&R appear  in more thon T= 7‘/4\( Clomses

then +the ‘fbrmu(m has o So\{%xf-ﬂ\mg acs'\&wmuf

'Prooi Consiker o Yandom qSi\ygnmanf where  each variade g gt to true  With Pro\:dﬁ@‘ma /s ?r\d\zpudaht(ﬁ

let Ei{ bo the bad event that +the 1-th cloause 1¢ not Satirfied \ga the Candom  afSipnmant .

gTv\cL goch  clauwte 1§ [N O{Tg}«ncﬁbr\ o‘{’ K vorlebles , thic

evert  happens with Pmbo\‘oih‘ﬁg p= Pr (E‘D = é@

Note that the evet By 3¢ mﬁm(% Independant  With other events that oo not shace vadiables with E;

>N

k-
S, Ak madimum degree 15 at most LT < \‘Qdk/qkﬁzl .

=y —k
Shinee Q&P < a2 N2 ) =1, dhee 1¢ an  oltcome muo?d\wg all bod evente , henee o Saﬁsqc\\png ags{gnmwﬁ( -

@ gro\p h QQ\O(?ng

This s an sy application . when we define the Cight  bod  eueats.

Theocem  Let G=(UVE) be on undicected graph . Suppose each vectex veV i assecited with a et SW) of

B¢ Colors wheee 21 . Quonse_ also. thot for each wvertex vel  and ach Color ce SW) . +here ore

ot wmost nalglnbo(& u o& Vo Cuch that C is o S(W.

Then +there oyxists o Peopel gokor‘\y\g o% @1 O&Qigm‘r\g ‘o aue(\j vertex U QA Color f(om S(W)  so that ,
$oc ony ed&e wveE . the Colorg assigned o W ond v e diffecent.

Proot Consider o random CDLO(}HK whare  Roch vertex Vo is assigned o uniform  vandom coloc from  SW) 7nde{>end@m‘(<j.

[et RBoc be the bad ewnt that both Ladponts of e are assigned cobe €. Note that e Dr\bj Aefine

Such o bad event Ryuyc when eSS and CeQW).

[
b

Then. Since  Radh  Vectex

L
Vs oassigred @ unifoem (ondom  Color  independently, P = Pr(Be¢) = @

Note that the ewent B,

is mwt(mkuj independent with othec  Luents By o basides those where & and e’

Chowe a vertex and  the color ¢ s ovoilable  in both Q_ndjeo'lr\ts ot e

Since gach vectex Vo has ¢ Colors  and  each Coloc e SW) appen(s in ot moest T naighbors ol v,

an  event Be,c s mumaub independent With all  bet o west d= 20 = IbY"  events.

l 2
Therefore, 4{>d = 4&@\(\6( ) €1, there is an oulCome that avoids all bad eueats , hence o proper onuﬁn%,a
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Polette g(;a(S?FiCq'tior\

Thece are many 'mtfuzst\ng ond  non-trwiol opplications  of the (ocal (omma .

Qex €861 20 Lo o Suprising and  fomous  reswtt in pocket rmmg

Hee we Show o moe  fecent  opplication  of * polette Sparsifi cation ’ thot opplies the above fesulk for g(a?h
cD(or\n% n o clever woy with 'm’te(zs’o‘n% CDI\SQ%UJZM;U in Sublineac=time /St(um‘mj | istoibuked K(APh Co(orln&.

The idea s to  de  (andom Qompling — on the St of avoilable  Colors  So that & peoper cnlmmi Skl exists
uSing the  theocem above -

A Standacd  application of  Chaenoff bound Wil prove that Ollognd eolors on each vectex <uffice. but a

Smactec use @\C Cheenofl  bounde  will prove thot QK\Jlogr\) Colo(s SL«F—GMQ.

Theorew . Lot G=(U,E) be an uadirected Qeaph with mowimum degree & . Let K= 2%a
Suppese. for zach vectex yel. we tndepindently Somple a Get LW of SOW wnifoem  randsm  Colors Leom
the colors 1.2, K}
Then . with high probobility . thee 2wists a  peoper Qo(oﬁhg of & from <set L) foc euery ve .
Reoof  The iden i to Show that the ploviews theorem  for greph cow}:\g applies  aftec random Sm\ghr\&
het R=aJlogn ke the S of the T LW ond K=RA. We wil only Py K220 ank =2 in the ead.
Lot  di v ‘:\X\UL\ cellw and uueEZ]\ be the  Cdgrer of v oftec Sampling.
Toc any vell ank ce ). +he expected.  C-tefree i E[ d,_(c,vﬂ =2 F(Lce[_mﬁ < Q'LK IL&—,
W ek
Since the indicator vaciobles whather CeL(w) ace independent by  Cheenoff  bound in Lo3, with ©=1,

L
Pe O d ) 21%3 < e R

Hete , 14 wr Set L » %%'[uxn . then  ths ?{on\o\:UJ{j wowld be at  mest 3&3 (/n'S , ond $o d\LC(,\QE)%
Loc all vel oand oll celly)  with hish p(ohabrttﬂj bli Union bound -

Than. Qhoo&?n& is:lb wonld  Quarantee  that 2oach vertex has L cColors  while the Q—deg(u, oot most %)

Ond thus  we  Con  Finish the  proof bkj "\W\Jﬂ the  previous +heocem  Obtoined b‘j (ocal lemmo.

To proye  that L v SW&"\ Suffices . e we a determimistic modification trick Similac to that in [ol.

We Say & Color © s bad for v Tf dLlgu) 21‘%.

Since  conditionedk on o colof betng bad ©on v Con o“Ra decrease.  the Chang that othec wolors ace bod on v,

3 % 1 Lk P S e L -6
°  Pr (¥ of bad colors on v z_l)i(m\&e 3?3 < 2e =2e ¥ <on it x=63g
Therefoce . with ?(o\:&\aﬂ:hﬁ ot laask  1-n° . no vertices haue  more than % bad Colocs

Assume  this  happeng. Now. for 2ach Vertex V. we vemoww oll the cobs bod for v
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. o Jlogn
Then. the aumbee of colots vemained ia Rach vectex s at least %:—133—‘ E'Ws logn

€ lo _ o
while the c—o{q&(m. of 2ach Color on LWV s at most % = E?‘&h = iyén* .
Bj Sett‘mg %:‘lﬁ\—_ then  the number of colors  femained s ot least @ fimes  the Q-ctqgwa Y e ).

Therefore . wae  Can O‘W% the  previous theoftm b‘j (ocal lemma 4o prove  the axistene of o pCopec cu(or‘xn&

using the  Colors  remawmed  in gach vertex  ( with = \IX(OK” /3“5 ) .

The ohoue  thasem 1S to illastcote the man Tdea  withowt optimizing  the  Constonts .

The proof s from  [AB] | whee o stomec bound  K=(+€).8  woulel st wock  with (Ll < 0, mg“)

In LACKIT) . whee palette %Pors\{it@tlon was  Fiest  nteoduced. [, Tt was proved  that K= atl  would work
with  (ist size L) = 6Clogn)

This  can be used to SPQ(sI\CL& the Qrph  to  obtan  Sublinear time algor ithm for qcaph Qw(umx_

e TACk?) ond LAA0] Tor  more fesube  and opp lications

ELlicent Algocithme  Lor Local Lewma

How o {i(r\d\ on  owtcome (Q.&_ a Soﬁv’\sf\ﬁ,\g st?ghw\qmtD whete Lxisten®  ig Sum'mﬁged\ b\g the local Ulwmno\?
Tnw ﬁm&, Qince the F(nbak{\m\a wwld ba \/ma Srall , we donk Depact that o fomdom oufme WA o |

N N s
and Tt <eams to ba a very Aifhreult algeﬂthm\c toack , which Some (esearchecs  call ‘QMFU'\S o nedle in a h“{ﬁﬁtk

There T8 & lw& hi%toﬂé obouls %nd\m& efficredt mlgo(?thms for local lemma , with a racnt b{mK{hoﬁk,

To lustrote the 1deos. we Svugt {ocu} on tla Y- SA4T P\"o\mklwy

O(‘\g"\ﬂal P(an& © Tt T nonConstructive g‘y\/\mg no tdea how to ’€‘md\ Quch on eoutcwme

T:o\v\:é veswits © There 18 fromewslk  developed by Beck

[t mae Just JO'LA to gwe o ety beief idea here See chogtec 6.8 of ol Hor detoils.

Toc thic f(umﬂwodp to work, o %tmnge( condition ¢ oassumed: guch  voagiable apprars  in al wosT
1= LM {o( Sowe  constont  04a< 1 (instead of T 2k/4\< )

The m\gn(ItL\m has fwo  phaces

© Twd o condom “Pmﬁm" assipnment (cach clause with ot (east ¥/ variobles remon  tnassigned ).
Ug%ng the local l2mma 7%&@(& with  the Styengec oLSSUMPt;m (T- 1D(K> T <an be ?romd\ that the

Pactial Solution can be extonded To & Lull  solution.  TThis g%e? s easy oow s gmall znmgh
@ ﬁ{ter the  Tnitial me\mk a%?gmmavﬁ( . Peove tlat the ol.agmdmma Xyo\\ak ¢ beoken into  Ymall pieces.

where  each plecs has ot west O(ko& MY zvenls.  Since fach Clanse has Kk variobles, wa cawn
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do  oxhanstive Qeacch in ach Pleca n Fo\w\wml time  to {ma o gom&fninj ass;gnment who sz
2xistence s gumntad bxé tleo local (gmme.  n Phrxu @

The A calt szt is to Show that  gach P?au s e—f Sie OLLO&‘M) ; \)\a a cofefu) c,mnﬁv\(i arguwm‘t.

Pacent Brmkﬂ\rougk \9\6 Robin Moser  (2009)

The a\gc(iﬁhw\ is Sm?r?s‘mghg g%kazL. TE wos known to the expects Yol no one knew how o omq(agm ot

Al ga(lt\ﬁm

Fiest L o an acbitray ordeding  of the clouses  C G Cp

Qolve~ S&T /. the maia program
Tand a voandem  assgement of  the  vaCiables.
Tor € 1 sm
I—{; Ci s not saticfied

tiy CC]}

v CCD / subroutine
Substitute  the yociobles in € Wwith new random values

Wil there is o clawe D that Shares  variables with C  and D s not  satisfied

Choote  Such o D with the smellest index . Tix (D).

ﬁnp\x_:s?s * Note that one  we called Px(QL) and. (eturned to +the loop in the Mo h program C;  will

-7

temain  Caticfied after  each  TFrx CEPIR Lantshed Tn the LM’? fov b% tlo Yelursive

()
Y

f‘lx‘mg natwee  of  Fix QCS) .
Qos whan the mata kooP is Bnished . al te Cloauwges W be Soaf sfsad
But 1t Seems that the Prog{o\m Can Yun into  an ‘m{mitm Log? and nevey jﬂ\‘vﬁs\qzd .

And T Seems Very ffeuntt %o awn(%g this qlgorItkm with  swch o Complicated d@\mr\dam% Qtructure

Idxloxl Mo&&r Came, \AF w\\t‘(\ a Tﬂ.mmrk&b\@. Proo{f, He §¥\QW<LJ\ ‘b\(\at ‘\% t\’\(L Q\ﬁuri‘ﬁb\m dDQS ﬂof TQ[W\\\Y\"V‘T‘&

h o Ceasonable  amount efy time . then we can  Compress {ondom bits L«s‘mj ”Hulr lvts )
-
Claim A Candom staing of k bifs coan be Compressed into  k-c  bits with Y(ohab;lﬁ’g at mott 2 for ony <z | .

_Randem bite - gm\)?vm +he m\goriﬂqm Yun for 1 gTQFc but  wot  Quccessul %at . how mcma Candom  bite wsed ?

Tn the ‘omg‘mn‘mj Lowe used v random  bits for the  amitial ass}g(\mant.
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Then, for  coch  Fix(O), we  wed k Candom  bits %or the clowse C.

Co, the +otal number  of  vandom bits  uwced g n+tk.

Ey\cod‘m%: Now, we Showw how o CompYags these  voandom bite 7\[ + XS la(\gg ZnnmgL\_
The Tdea 3 1o Erace the oxecution of the o\ignﬁt%m‘
mx(c\) “t ® Tx((,)
/\ . ATORNE

/ o' ?\MLC} /:/1)\
T—(XCQ) <
& a8 &
/s A A AN
Fox (). ‘ N D(,

/f wua - /\ k\\\ %\; ond g on .
P . o- © 2R > 2] 8

T (C}\/b{,‘i

%) L aQ
Erlly) TILlegd

f Lewesions 1n ik CeD Tecuesions  n Rl Ceturgione n Fix(CL)

The ay\corking scheme 75 of Lollows
@USQ O*Lugim bite ko Yeprasent 55\'\5 {\(om the tost fto o  clowse . where the (ag,m bite 3¢
used  to  Yepresent  Whidh clawte to ge o
@ Uge O+(ogﬂk bite te  Yepregent %u‘mg from The catrent clawe +to  another clawse Ta  the  Yecursiom Tree
\J’na 10&16\ bits s @\DU&"\ to S\mdﬁa which Clowse o I$ to ?
Becauwse <och clawse shares  variables  with at most o other clawses . So  we Suf\ need  to  Yemember
which r\aTgL\bn( nJY the current  clowe that  we e to
@ Use A to rz?ruzv& 35\,\5 up e the ok orrow n the  Tecursion  Tree.

when WL See A4 ak the veok . the Q\gbﬂt‘r\m Terminates .

@ When  the a\goﬁthm Yecminales,  we  (emember the o bits in the  vaedables.

MM Tt should be cleac Leom  the Qntnd{mg we can  Yecovel the execution b{ the aljur'\*chm.
How many  bits have we used 2
As the wain Yoot onl\a calls  m  clauses lb\a the previous argmmrz#c ot C; remained gms{iq af‘fe(
TG 18 called ) L, we used @t most m((a31m+ 2D bits J%o( ®+®

Thece ore + %*bl‘)é In the O.Lgm?fl\m) So at most t((ogld\—k7—> Pits ’60( @+®

‘F'\r\m\\é/ n bits J%or @

Thetefere . the total  number ok bis wed  in the Qr\cud\r\& cheme s ot most m(&ag,m*ﬂ +t(£o&>1d+ D+ n

guypusz We  Cen  proue that  the or‘,&)‘u\qk random bkt  Can  be  (eoveced {—‘rom the encm};mg scheme
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~C

QUneca 3Vt s uh\iketz\ ‘o ompress (oandem bits . W Con conclude thal with \)robmbil(‘{’\% 2 =9

+F DJ\Lod\\N& bt =2 * Condom Bits — ¢
Tn  our gx&t\n& B m(koguvﬁrm} + tﬁlnglé\+1§ X n Z iﬁennod‘m& bits z # fondom bits ¢ = 3tk -c .

-C

This implies chat mucg;m +2) +e 2 t(k—kngl&~1ﬁ Wi th F(O‘Da‘o}bi—\é Z \-7

gD, ok [DY\& S K- LO%IA\“U» Z ¢ & d < lkrl—i %o( Lome <o, then we  Nove
{ & -
g g mllogam ;17 a R prebabitty % -
A _
Tor Q‘A&vmel@. ) 3{: a < Zk (% 2z1) , then + < m\o&im +3m  with P{o\)ablh%ﬂ at least 1-2 "

Duno(\ngl To finsh the ?rao\L, Lo Just nead o Show how T <secousr the (andom bits Plom +the @ncodmg_

R ) N [T 6) @ W 6) @) «) =)
Lot tThe ar\&‘w\m\ Candom bife  that the O\\Sbr\tkm weed b Vs VL Y0 L L G L L e Y DL e

. ) R N
where  V, Vs v.  ore the fandom bits i the iwtlal QSSwgnma«f and Y LY, ,.)\r.g afe the k random bitz 3a 3-th §H2P.

The d\ekod‘m& a\gcdthw\ Wil ymotnta n Vadiables, the cucvent B\Sifgnmrznt) an“t\‘m\la (VA
The, &\gor?ﬂ\m does viot  know the values o% these variables in the kng?nn?wj, but Tt will Try o (\I\M oul ba {*o[\mu:ﬂg
The exewdion that the Dﬂﬁor%tbm hat  Qtored

1L the o&gcﬁﬁm Fixes clowse 1 tay  clouse hae  varables  X;, %, % . Then 1t vnaans that the

Cbrrupny\o{\wj bits VioVige o Ve 18 the current ass?\?nmﬂ‘ must  velate  the elawe .

Y

The cYweial Plﬂy\t 1§ that there g om\% Ohe, PDSS\\\::TLH-\{) of VARV +to vielate +he  clause .

1o Vigse o Vi

S \aﬂ kmw‘mj that +he a\{aﬂtkm —Fﬁxe& clawsz 1 . we leacn K bite of the cucrent O\SS\wghmanT.

@ W W

Then, we know +that the ngbrrt‘nm wi il (‘ZP\QUL the bite \/;\)\/: A b% o0y eV, ond So wie m?d\ma

the cugrent uvnknown asSi &Y\Mﬂn’t Cthalt wa ace b{ﬁ‘md; to find out ) |
We rq)uI this F\’OUL(M(@ : Kﬂw\f\g whot  Clouse that £he m\&c(’\thm i< ﬁﬂ7ng to %x U’Q} WCDLLWW\& the execufion tszd)
. . Qy @ @ .
\Qm(m.\g ko byt of the curent qsst &v\mzwt, (a?mdnx the kbt \o% LV S A In the next QMF
We Skov when the a\gacithm @‘m?s L, omd W2 use the %nm\ n bite Gtoved to vecouer the (Qma'm“ng variobles.,

Co. wae can  Yecover all £he Yandom bitc b‘A us’w\g the zncud‘m& that we have <tored.

To Summacriye. The K“Q pont is that n each step  the q\ﬁo(ﬁchw\ injeds ko Candeom bitg. but  we
On\% used ~\Dgud\+1 bite  in the amodm& ‘o koep  Tlack of it Gz which nzighbor Yo {:x>.

oand o when [03314 2 <k, we ace C‘DW\?(LS;TV&:&, but this Chould net  he \r\m\;ﬁvm\‘m&.

Discussion ¢ MoSer’s  vesult Sparked o wol of subseguent  work .

e ¢ \/Un ir\hmﬁng Lhat ?(obodzi\rs&\c methods cCan be turned into &FRcient atgmtkmﬁ-

Qo now  local local s not OMK o powerful probabilistic mathod . but also o ?w“{m\ o\ljmrwkm‘\c tool.
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1’9 we have Hme, we Con See  Onsthee QXO\M\)M of  +his Airechion ~ Yv\mk?v\S F{bhq‘ptusﬁg yaethod  Cow stvuctive .

g@iugns&.‘

The ociginal Proof . the bocic examples. and the Beck Hramework oo from chaprec b of [HO].
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