CS 761 : Randomized Algorithms S’Frinj 2023,  Waterloo

Lecture 6 ¢ Groph Sketching

Grm?\,\ gkatch\mg s o Jtuhni%u to Compless o gm\ﬂ\ while Supyort\y\j %uuku ok updactes .

This s very wseful in okuign}ng Shmm‘mg olgocithms (s well as treditional o\(gurl’d\ms) do¢ 3Caph  problems.

Dato St reamln%

This 18 o topic that we discussed in moe detatl in the ?rav}w& o%{u'mx ( Sea notes from 20138 )

Here  we  just give an  ovewiew  and state  the tool {_mm hashlng that we il need -

And. then we Wil prove o fesult  about Rb-%am?ling that  we will use foc graph St—(eomﬁnz alRorithms

In o ‘ﬂﬁ&e?mxl dato Stmum}ng §et‘tit\j . the Gnverse s the numbes ’Emm in\"—{\,l_ nlx

Wae  would ke to lc«u.{: track of Some  nTormotion Obout the ]C(Q%um\ct& vector  X= (X, %Xy, ,%0)

where  X; it the {-m%uuu% of element U Tn the data stream (e numbec of times that elemedt 1 appeased).

The ok\%‘\cmmﬁ is that n is +too large thot we Could hot offord to Store X Qr\ﬁmhj ,oond we would like

to use much lese Space while St Supeort  Useful Quecies  and  updates of the form (La) st xéxit+a,

whete & can bo \)osit\vq_ ond rw.go:tiuq_ CLormSPcnd‘mK to O\dd;mg ond. olz(e’c'\r\S elamente) .

Some  well- knouwn %uqntltlas that Con be eﬁ{tcimﬂs estimated Include

= lixl, = (Sw\atxﬁl . the nuwmbec of  digtinct elemests . The optimal result ‘03 kane, Nelson, Woodvuff  (eturns o

C1eD - approkimetion of Wxlly with constont P(obabt(t’tg using or\\a& O(J;} + (Dgn) Space  with  O(4) update time -

xlly, | the Q,-noem of the J%\’sz%\u—r\c,j vector The Seminal fesulk

bg Alon, Motias and szg«uiz& (etucns o

L\ii)—a\o?roxmm\"m of UXll, with Constant PrObo\bikrhj u%iv\& on\«A OQ";"“X“) Spoce with 0({3}3 apdede  tine .

The m\jo(‘\&hm s ve(tﬁ Swila¢ 4o that O\C dimeasion  Cohuction us‘m& Y andlom {iﬁa—moﬁ'ﬂx, bukt  the randemaess
needs to be  (imitzd  (see belw) for +he algonithm to  be  space effictent.

The +wo queries  that we Wil contided in his lecture  ace G

B . .
T _Spacse  Yelovery Construct o Sketch sk € Z Queh thak if % i S-Sparse  then  we Can vecover ol

antcies of X by (zrui‘mj k) In 5(@) fime 5 X i ot S-sparse  then (eturn “ not g~g?ama"_

olylop (n)
- Q- Qamell(\g © Constluct o sketeh k) € ZP R

Such that We Can  Sample &  non-zewm of  x

Lrom <k ia PDUALD&U\\ e  With h;gk \)ro‘m‘ol\ibj-

Lineac  Sketch ©  The gketches thokt wa Wil congtruct Sodis-m the properties that ke x)= ¢ skix) J}or

Qmﬁ sealar €, omd %KLK—&@: %kb(\-&%ku&) gor Ow“l x,(:&.
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Tn other words , Sk is o limeacr W\QF-

go, it sk is o k-dimensional  Vector , then thae s o kxn matiix M Such that k)= Mx .

But. Wi wonk Skore M as  thic rq%u‘x‘zs too  much Space .

Tnstead | M will be defined Tmplicitly  using  hosh functions  that reguire very (ttle space (see below)
One impor towt Qd.\l()mf&%ﬁ, o{ hm,;ng lineac  Sketches o for  distributed Covv\@uﬂ.\g , Wwhee  poch Qbm?mter

hos Pm‘f e{- the IY\P\A&, and T\r\&s can  Compute  the Skatch [Dw(hj ond  add them up to  obtoin the Sketch

o Q
as gk = ok (X 4ot KL )) = G+ + gk(xm) .

HO\SMAS A \Cam‘\% of  hash  Functions Ho from  Th) to Tl is said to be Sfromglﬁ k= universal 1

h(x) = )= - - = P (ht=yq)  Pe(hied=y) -+ Pe (hi)zym) = 5
E&( Gd=y, L hea =y, L kG g ) herH( 0240 P 4 Pr hoks g = %

Lor any YooY ond {or ony distinct ¥ X when hois o un'\‘Fo«‘th Coandom ‘F(M\CHOA in H

Tw othec words, the hash valwes h),hG),. ., h() ore k-wise tndependent .

These oce  weaket than -\ju(ué \nda?szv\daat candom  vactableS  (ie. n-wise kr\du?mdmdﬂ_

But the &O\uo\v\t—ag( Us thot k-—wise In(ke,?zneLaa‘t rondom vaadables can be guamtuk msrnx onhﬁ OQK-kog“) bHs .

Th termg o{— \'\aslﬂmj , Wt Can Stece o hash fTanction h Using onhﬂ OQ\CLDKY\) Dits , and Computle

any hosh volue  hGd in O)  woerd Operotions.

This s the main source of Spaee gov‘lr\g, while the LGmited  Condomness is Still enough o Suppoft  the %\mﬁes.

1- Spacse R(acwem{(l

Frst we considec  the simple Settiop of ceourcing & 4-Spacse X
We will then mantion  how +hiS con be @vtended o TQuwvec on S-Sparse X.

Aad then we will e Tt to build o lineac sketch for Jlo«wm?mg , which will be used  foc groph %‘(\ztcmhj.

é(go(iﬂnm 1

5
Xy

e

Maintain 3 numbecs Wy =

M>

Xoo, W UL ank Wy E

(

Clearly . thee can be updated eas&w Gwen  (1,8), update W, € W +4& . Wy € wtiA L ank Wy € Wyt AL

The ldea s thot w, and w, are used to Cecovar X i{ X s L-spacse ond Wy Is wsed to check  whethae

XS 4-Spacst or  not.

tacdy ., i % s d-spacce  Whae Wj%o, then  wWi= X ond wy= X, . andk  So (L x3) = W’/wi,wi)
Cleacy 1-5p A ) +h i 4wy X Gox))

. . 2 N2 N
Also, Wb x s 1-spacse. then we  expect  Wy= [ixy = (%{\ W, = Nx/wl.

2
Tt tums ont  that Wg:&%\ we it ond enly f X ir L-Sparse for xz6 .
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2
Tt tums ont  that w;:&%\ we  f and OnLlﬁ I{ X g 1»%9&@& for xzo

A nice way to See thi¢ s that

W
;/WL i$ the Second. moment  of  the rondem vaciable X, where X
i<

o uniform Coandom  element i X

L while wlfw, ¥

- e 2 (eea) = (2

{

tha %‘\(S‘k Mok nt o—(— X
Then, we

w
know  +hot ¥,

ie. X 15

, ank  the Ine%u.o,ces i< ’cight or\hs when  x s deterministic,
1-Sparse.

- . Wy \* w ’ . W
So. ko Onswer Queies. if Wy (w—’} Wi then refun Trnot 1-gparte” S othecwise . feturn (pxy) = (™*/wy )
(

The (ld\lan('ng_ of this tho(ifb\m ’s that this is oetecmmistic (e atwoﬁs covrect ) , but the disadvantoge
{s that

1t nepds the O\SSMMPﬂbr\ that

X200 (which ts fie for some a@et‘lcqﬁons),
A\gorlthm Py
n oo n N
Maintain 3 numbecs wi:?:‘lx" L Wy T ?_:\ X0, and WyT ?:( X1 VnorLF , where  psn s oo large
prime number  ande ¢ is o Wniform

Condom  Numbey ‘Erom {0/1,7_,.‘,, ?~1T),
As  before it x e 1-spac h & th We= Xy o ond =X A S0 (pxy)= (W;/ )
. Poacse  Whare ko0, i L—)(\) n Wy = XJ , Qn 0 3Kyl = Wye L Wa
g
and  heacq Wy= W, ¢ mod

4 P which s sk as ouc test to check whethee x is  1-tparse.
Note +that 1§ wy=0. then eithec all X;=0 or thee was cancellation |

and So in &ither Cose X is not L-spacse.
Qo we aSsume +hat W4 20 ta the -Qo((nw'mg mgumzr\f, which s o Common ‘Jo\\\jnom?at trick n P(obmbd?sﬁc Cr\uk'mg.

W,
. /
Clamy ITF x s not 4-Soocse , then Wy = W, - ¢ .

1 mod P

with P(obab\(ttc& at  most r\/P.
. . § A Walyy
_@%_ The Q%Mllt% i< Q%muqten‘t to 2 ;o€ — Wye - C = 0 modp
I X i et 1-gpace. then the LHS ¢ o non-22co Pokgnomiwl of degree at most a.
Note that ¢ s a roeet eof this

Po(jnom'\q\ for the test to pouss -

Bai the funclamental thevem of algebrq, "t ohas at most n Coots  Sin  (ts degree (s ot most n.

Sine  we chose r un‘:{ormtﬁ (Q,y\d_om% Lrom ‘Yo,l,._.,P-17\, this happenS  with P(Bbq}ﬂ“tS at wost h/P't'-\

Note that we can choose p to be Soy r\%J So that the foilue Probobility s at mst /a7 whik
Wy TS SEWL & numbec o OClgn) bits.

w
1/ 1o - W
To anSwec guecies, \‘ﬂ: Wy ¥ W, ¢ “ mod P then vetum nol  1-<parse ; otherwise . fetum (g, XJ):< Yo )
Tt hag ~€Q’\Lwe, \)(obo&}[lh&

“/P <V when % ig net L-spacse bat passed  the test.

To Qmmmdg@o we onLS nged. to  maintoun

3 numbus  of Okkog N bits L to anSwer & quoy cormt(j W_z I—‘ki
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Q- ggMSg‘ Recwer%

random\ﬂ pactition  the elements in Tnl] into 100 groups/bmkats and  hope that each

The idea s +o

bucket has onuthﬁ on  non-2ero  element . %o that we Con use the 1-spacse (ecovery a\Kodkhm to  Yecover eadh .

Algorl‘thm
Run c= log% copies of the folbwig in  pocallel

— Choose o Candom  hash  function heln) 9 T100s] Lom @ strogly  L-universal  hash -Fam](«ﬁ.

— Loc coch bucket beldooc].

° (ot KUD) be the {:(({%w_r\us vectos o{— 2lements In bucket b . i { {eln) \}\U)'—\D%,

b :
* mointain  the  L-%pase feOuey  Sketch kB of x 9 described  in the  Previous  section.

_ \Co( ooch  bucket behoos] . vetaen  the nonzero of xu’\ Hr x(b) is 1-gpacse.

l\v\odg\s\& Let gm i= YL ) x;#o% be the Set of nonzeo elements o X
Tor coch elament 1 S“L , b will be fl?o(’(uk ifoT s the on% nonzeco element  1a s bucket h(D).
o (hO) v 1 ¢ S _ &
D&j POLS wise mo{o.penoku\eu Pr| x is ot 1- 39&(8&} < Z\E\,Seg“z Pr[h(p:h(\ﬂ T Tee | oo

lopS-
So, aftec (U\r\n‘\r\x (og% Copies ,  the Llement 1 is  not feported with P(o\mblut\d o most (T\“_J"&s S—SS—

83 Unon bound. . Somz nonzefo  element s not wepocted  with P(obab&(tﬂg ot wmost & .

Thesefore , 1 F x s Q-5pocse all nonweco  elements of  x  will be Ceported  with \)robabruirb ot least [=$.

non-z2eres  of X with high ?(oba‘ohttﬂ if X 1S g-sposse.

Cheweing  S-Spacsity © The aboue alQorithm Wil feturn ol
J J

TWC we alse want the aLgoci‘chm o Cetum “on S-sparse Y when X (s not S-3parse , We Coan W o

Qimlar \Dokﬂnomia( tack to detet It with h]gk P(O\Oo”b‘\[lfﬂ‘

X modF where p>n [N large. pame  onck T T A Uni{orm (ondom  2(emeat Ynsfo/»»»p~\1&.

Ve

Maintain W =

-~

=1

< 4. o~ 1 < .
Ao maintain W= ngﬂt X5 ¥ mvdF where g(a?wt s the Set of nonwo 2lements  (eported ‘o% the qlxmtkm

T}\Qn,m\ng the Qome o\r&u,mﬁ, T\: X T8 net s-sparse, then W=l with (Jro\omb?\thi ot most n/P <6 f

we et p 2 n/é . We (eave the detaik to the (eadec-

We Yun a total of C-1o0g= (00S loggg Copies of the 1-Sparse Cecovedy o(gur‘xthm, whece  gach

Space :

CopY Malntain 3 numbers of O Clogn) bits .
O(&leg—gg) .
o, We %e‘t o  Ssketch sk ¢ 2 , Ond  Chuk that skX) & a  [tneat  gketch -

There 0ce (og% hash  functiong , each Y‘e%u\rz O(1) numbecs of OL(D?V\) bits to Store .
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20— Soum E('nng

We will alie we L-3parse recowery as o building  block o Construct o sketch foc Ro-sampling.
The lmgh lovel idea. s as  Lollows .
guﬂ)o&t we koow  xllp,  Cwhich we otonlt) . Then we com SO«MF\Q, gach element in Tnd with P(obo\bikff& I/l\xub-
Then, as we Seen befere  in LOY for iseloing Cuts | @xactly one am-zero lement of x5 Sompled . and <o

we Can (ecover 1T ms’\n& the 1—3?%% rccwwﬂ odgor‘\thm. Note that the (etured 2lment 1% W\R{»ormka { andom.
But we dovt know Uxllp . The {ix s to quess [ty Etﬁ trging all powecs of D
Bnothec (ssue s that  (ye Camst offerd +to SO\mPLa_ eoch 2lement Tr\(io,i)z,ndﬂr\tLj as it Coquires ted much Space

fo  Yemember “the Scme\ui Subset  foc  the update operations . The Fix s to we o hash fwxcf‘lon,

A\gcﬂt‘(\m

Rwn €= (000 by N copies of the {:o\kow\ng in parallel -

— Chose o candom hash function h'TalTn)] Lom o ctrogly Y-univecsal  hash famity -
for o<k< lgn , let Ty =3 tetd | hive /a0 b
foc Ok <logn, Yun 1-spacse oy SkT(x) of Xp .
for o<k < [oSY\ , (etun a non-zeco entey of (X Moz 4

(16 the al{ocithm retums  Sevecal noazecoS o Just  fetun one of them )

gpo@cz T There ac C=l000ko%n Copies . In Lach Copy - thae are bgn many (euels .
Th 20dh legel . the 1-sparse Yecovory Sketch  needs onhg 3 numbpers .
So, the Sketch (e quices O((oglv\l numbecs . Tt T o (ineac Qketch oS L-Sparse (ecovedy 1S [inear.

Aotdlt‘mml\ﬂ/ we need to gtore C)Ub&m) hosh functions, for o total of O(toKnB numbers.

Cotrectness * T{  we Somple eadh element  (fullyd indepondently . then  the ?o(lowiv\& clom ig easy to prove as in Lod.

Here we need fo  work ece CMLQUM«G SMeL W onk\ﬁ We  a paicwise  independent  hosh Fuaction.

Clain Swppae 277 Slxlo< 27 et Te={ velnd | hee "5 L Then Bl Ixpdo = 1) 2 /g
coo Pe Ll = 17 = ESM PlieTe and J&Te for ol JeSp i)
- %Sm. brLieTid (Lo [ jeTe for some Ve Smati | rc_TKU
> I PelieTd - Soany Prliete ! Ay I union bowad
= 3 eelnwsnd b - Prlhg < “/1@) ! paicwise inckependence
= %g K - Snzl >
> rcsu 1“K %) NN
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W
ool

/18,1227

We will use the Ro-go‘ka.v\& Sketches o o{es‘ngn Some g(qyk S'trmm'm& algorlthms.
The apploach is to Store  the sketches of the {raph and use them fo onswer Queries to Solue Some graph proble

The grqph probmms +hat we wil Solue ore obsut cuts .

The —Fo((bw‘\ng motrix  Cepresentotion of o graph s crucal for Soluing - cut problems .

Tnadene.  Hoatfix

Let G=(U.E) be o Simple undicected R (aph.

n
The Incidence  mat(ix Pr(;( S an nx(ﬂ mot(ix , where 20k fow s Tndered bj o vertex  and. 2ach  Column

IS indeced bnj o potentiol edfe  (ie. all pessible pairs of veeticesd.

TFor a column indexed ‘OUS &I,p) f{ (I,})QT—., then Tt 1y a 220 Column

bl

while 1§ U@\&E, then 1t s a Column wWith +1 in the 1-th Zntr«& o =L in the (-t Z“trﬂ L and 2000 6thelwise.

0
Tach fow 1S o (J-dlmm‘wna( vector , ond 2och column {¢ an n—dimessional vector with at mest L nower

The Tmpoc tant Fco?utn o\C the tncidence matcix s that we com (ead  Ehe adges in a cut Csy bﬁ Qo\dif:g)

the fows n C.

Claim Lol Q5 be the T-th row of {\&.

Tor Qm& it CEV, Lot Qg = pS a; .

Then 0 (J,&) Ts nenzem if ond enly G s oan edye ih ) Cia clossing the cut ).

E[Oof: 1& the Q_i&e QS;@ has  both evuiPo‘n\ts in C , ‘then QQCS,K)ZO becawse o{' canc|lation -

f  +the LCLKQ CSIK) ho$  hoth Jlr\d\PoTY\B in \J=Q, then O\QL\‘\r@:o OB\/iou&(Jj.

T{  the 2dgz Q:)/@ has one endpomt in C and one andpomt 1 U-C Cle. (.}k\eSLO))

Then QQQSJK) is either +L o¢ -1. Q

Tor %m?h %‘C(!Z(zm\nj ngonthms, we Wwould ke to  uwse os little Space  as Fosstk,u. t Utere  khe g(qpl\,

whil still be oble to onswee useful %U.Qries Q—o\/ Sow‘mg P(ob(&ms.

The mam tdea s o Onk:j malatoin o sketch of  each (ow a;  for QQ_SQM(J“)\S. Se , instead of %tor‘u\j

an (rD—okimm\gtonal vector for Qadh fow . We Suxt Stove and  maintoin  an Qb—gam{ak‘mg Skatch gk°(q1) o’§ Q;

o\c pmta(o&&nﬁ - dimension  for (o NPu,tOLﬁbr\ . Y%, the tetal Storage s OCh‘PB\\&QO&(ﬁ)} .

Recall the Tmportant Pro?actj thot the Sketches desceibed in Previous Qections  afe oll _inear Slketches -

So., thecg s Some (\mpnc‘nt\ matrix M Such that sk)= M-x . where the matix W is defined
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‘0\5 2. hesh  functions  wed " much less Space and st Skl can  be Q‘y%ic\ke'\tki CWPwt&i .
( The cCwdec is Qntou,(&&ed to  whk2 thig matrix mgn c?tkms %w the lineag¢ %ketches that  welye Seen )
One  ady w\‘to&c o% w\ocm'l'o»‘m‘m% o linear Sketch s that 1t S oSy to update W o xé&x+

then 2k (x+a) = SKO) + sk(a)  So that  we om& need to Compute k() and odd to  skx).

Fi r\d’m& an l&g!?. in Q QLA.t

In QPPU&W&D\'\S that we Wil See, wo wowld (ke 4o Lvm?udiv., Qc ond  use it to %W\& Somg sao\xt in 8O

T do $o, wL mowatain  the Qf,—gwp\‘mg Sketch SKa(O\-\B o0 each  verfax eV, and use them to
Compute sk’(ag) = Ma, = H(?gc Q) = ?ec (@) .

Note thet we wee the same hash funcklont for Qoch voctex TeV , Se that theww <ketchet are  based o
the  Some linear  transfocmation M <o Wt the obove Tdentity  holds .

Since wo mamtain - An Le-Sampling  Skekdn ska)) o o¢ , we com use W o etum o Coandom  mon-2eco
2ntry ol O, whith X o Condom edge  Tn SO

This is  +the moan bmtdmg block oQ the gtrmm\nsﬁ algaﬁhmx Lo g(o\?h el prob\umg that we wAll  See.

Geaph Streaming Algocithms

The Setup of qraph Streoming  alqorithms s thot we  stat From an empty graph  with  n o vertices ‘i\,:, ‘,n73,
and thece & a dﬁno«mic, stream  which s o sguenwe  of  edge Tastction oc edge deletion  updates .

We assume  fhat on edge  deletion  oceuis only when the edge ists, ie. no “mgodc\ve,/' edge in the %rth.

At any ?smt of time. we moy need to  OmSwec  quedes obout +the Curfent g{ayh ;g whether Tt 1S comnected ,
what T the wminimum  cut  valuwe . ele.

We dodt know the updotes  nor  the Quectes n advena.

Tf we o the whole graph. then thew l¢ nothing  Special obout this Setfing.

The Cha\\engt T to ue oz [Ttlle Space o possible , So that we Can Sbll update JZH-\‘GQnﬂﬁ andk  answer the
quesies Lawrox\mat’chj) COrruﬂﬁ with high probability -

TC s cructal  that we allw  the C\Lgonthm; to make mistakes 14 this Sett‘mg , as & i Po&slb\a to prove

that there are detecministic algo(‘\thms that or\k% need ol space .

As discassed in the P(tzv\ou.s section . e Will wse the Incidence moateik of The graPL\, but or\k%
maintoain o sketch  sk(a)  of  enach cow of the matix that corcospends  to  ach Vectex 1 in the groph-
We will use the Same Candom bits for 2adh row (Q»g, came hash functions ) S that the <Sketches swclsqflj

me(it% sk Cad= ?C:g skla) os  diScussed in the previous Section .
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When o JLcLKQ (i,j) Comes in. we update skCay) ond Gk(qp ms'mg the atgodthm cLQPenol‘mg on which ttdela{skthk.

When o queey Comes in, we peed fo Compute  the OnSwes m%ln& sketches k(o). . sklay) ijA
We now “sketch” o §ew ‘lntamdlng strmm\n& ngor‘ltlnms {30( some ngh cut Probk;zms_

'F‘md‘mg a_spanning  {ocest

We oadapt the classical  Bocwyka's algoc ithm for ‘?moun& Spanning  forasts -
Tn thic olgorithm. we maintoin o seb of  Supefnode  which repeesents o Subset of  vertices in the grq?h,
The atedtion s the each Supienode s o Subset of vectices that belog 1o the Some Component in the g(qPL\.
Tnif\aUg, thee ofe n Supemodes (Cy,C... €y . each s Simply o vectexr © 0 the graph.
Th coch cound , for each SZU,E)Q(nod?_ Ci. we find om suk&o, ]K € 6(0,)- T no such edges exist foc o Superaede Cy,
then we know that C{ ¢ o Connected CBMFDI\R«'\‘( in the graph and we call it “inactive Prom now on.
We Store  all these mgu > and CQollapse  the Supecnedes that O Connected bni these odges Wwho  one Qupernode -
Note that the numbec of  “active’ supernodes  aftec 2ach Cound Ts at  decceased b‘j o Toctor of %,
and So  this algmthm QtoRas Ta ot mesk Lngnn Tounds .

Then, Wk Con -F‘md\ o s\?mning ~Fomst ms‘\ng the LD\&Q,S thot e Stored I these  (ounds.

Tt Sheuld mot be difficult 1o See how we QW we the Sketthes to  execute  this algetithm.

Tn Qach cound, we Wse J{D-Sam?lmg Qketches SKOLO\J,.\,SKOQ%) ‘o Compute slad = ?&%KDQO\}) TCN Qach
Supenede  C , owdk then  Wse W) 1o vetun  on 2dRe 3k i §C0).

To owyold di?.\)endan% between the Counds (e, the Taput to The nwt (ound  depends ©on the output of he
curcent found ), Wwe we o hew Qet of  Sketches  <€(a) ..., sK°(an)  Tn Lach cound , 12 In the
Lo- SO\M{)[‘U\S sketch  eaplier . we We Tndo_gu\oten{ hosh  {unctions to Compute the Sketches ™ @och fourd.

So, 1n total. we wse OCn\oSM sketches  of  the ‘%b(m sa) |, where gadh Sudh Sketch reguires O((ogln>

numbecs  of O(Log,n\ bits ‘oﬂ the (esult —Eo( Qo-sumFlmg. Thus, “otal Spoce Coguived 1S 6(\'\) Space -

K~ Edge- Conneckiviky
> J

The Spanuing Lorest o\\goﬂ‘d\m Can be used o5 o buildig block to Slue the  k-gdge-Connectivity problem,
which s to determine  whether  the win-cut volwe of oan Mﬂwz"nxhtao\. Und.ife deok %rqu is of (east Kk o not.

The mawn Tdea is  based o©n  the —Gol\ow‘m& Combinotoclal  [emma  ((which will be Zeplained i class) .

[emmo  Given G and k2o, let Ty be o Spanning Locest of GV\Q\:‘UFlv..,uT-i,\),

Then G( TS k~Q_0\l§QsC_01\1\€.¢Uk Y? ond Ov\k\j [{— H-= ¥\ UT‘AU . 0 F\( 1S k~2d&¢—-€om\qd‘ed.
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Fiest . we construct  the sketches needed  for ko independent  Tnstantiations Ty, ., T of the spaming forest al gocithm.
Then, wse Ty o Compute O Spanning Locest Ty of G

Then, wpdate Ty by Cemoving all edges in Ty fom G, and then Compute o Spanning focest of (G-F,.

fnd <o on. until we use T-(FoRo oTe) o Compute & Spanning  forest o G- (F,0 . 0T )

Then , we Check  whethee H=T,0.. 0 Fc s k- adge - Connected (us\n& any vensonable algor?thm).
The Space Complexity ig g(r\-k) . Se 1t onkﬂ works  Wwell when  k  is Small.

A??(Oilmq‘tﬂ. Minienum — Cut ( “Sketch”)

The K—-Qci(gqfconnect‘uﬁnﬁ qk&of‘xthm Can in fTun Y used a3y a bw](d\’.n& block {-o( O\PProxTn\atTV\& minimum  Qut -

The now  ingrediest. O You  may howe Quessed. . is kw&u's &m\oh S@Ms’.ﬁm\or\ (esult  n Lo4.

T4 the ma-cut volwe i O(Logr\), then we Can wse the K'tdgt—bonntat\vifkj a(&ocltlnm to CDW\E\A.tQ
on xact  winimum  cut LA.S\ng 60\3 space -

T{ the tin-tut  value S much kmxax thon Log\r\ . thoen the Tdea s to wse kq(gu'g LM\l-Go(W\ %QmEU/\K
akgor'\t\(\m to gpa(s\ﬂi the %(qp‘o\ G ot. the wintmum cut  Tn the Spacsified gmw\ H has O((o&n) QO(KQQ,
ond. use the gcahzdvue min-cut Value as o food O\PP(ox\mqﬁbr\ Cie. mon-cut (H) /P whaece P s gQWEl\h& Prok)

. < . Y Jq 4

To find out the Corfect SO\mpL\»\K P(bb&b\h“ﬂg . w&  Can tus all  powers o L i P=. 7 XL

So we tun  OLlogn)  Copias of  the k—u&gvconm&\vthﬁ Q/(io(ttlﬁm/ 2ach with o diffecent Sompling P

Tt is not cifficatt o show that the larqut p <o that  the min-cut volue Tn the Spacifred Qroph H baecomes
Ol 5 logn) A Yo ) et :

2 g ), thea min-Cut (H P i on L1+g - OppYoximation o the min-cut volue.

Lo, ta total , we need (5(‘9503 Space J(:ov app(ox\n\qﬁn& mintmam cwts.

A fechnical Tssue  is how Ko do  the Candom Sompling .

A vokwal Ydea TS to wse  hoash fuactions, but the problem i that  bounded - Indkependence 15 not enough Lor
the onalysts o show that the Spacsified qraph s an (<) cut  approximatol .

The £ s to use  pseudorandom  Genexator for  Space-bounded Computotion . which s s\lghﬂﬂ outside the Scope

ol the Coucse.

Refecences

This lectuce s heavily based on  Lectuce 6.l and b2 of " Intcoduction o¥f aldgocithmg

v

b\3 That thaphol  Saranurak
( Mickigan 2023) , ond Lectuwe § of Creaph %trmm‘mg Algofithms  and  Lowec Bounds b‘j Sepehr Agsads

(_Q\A‘Osug '10105 .
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Some o(.\g'mal reﬁrmmes are
= Cocmode and Firmoni, A un'&glng Lromework {:o( Qo- So«mphng Q(go(]thms ;w4
~  Ahn. Guho, MeGegor Ar\q\%in& gcaph Structure  via \inear  measucements ., o (2.

Hore (uzf\tl%, these tdeas are wsed to OUKT%r\ Lost dato.  Structues ‘Por graph algocithms.
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