CS 761 : Randomized Algorithms , S’Frinj 2023, \Waterloo
Lectue S Dimension Reduction ond. Com?rzsseo\ Qus?ns

An \\M\)b(mn’( application e{ Chetnoff  bound s \Cor dimension (eduction of a point  set while preserving

distances . Similar technigue  Can be wsed 1o  Constract o goozk Qencing moatix for Spacse fecovery.

Dimension  Reduction

Given n Po‘vrﬁts n the  Euclidaean Spoacet . We  Con athxns mPruav\t the vectors n N- Aimen<ipnas .

Tn gzmml, We  Connet  do  better & noe distoctisn  Ts allowed (eg. the  Ctowmdord basig).

gurpr‘ws‘u\g(\ﬁ, I'? we  ollow Eusf a \lttle distortion , then +the numbec o{ Atmengions Coun ]DL g‘\gh‘\%cmnﬂ\a Yo ducad.

T heorem ( Johneon- Lindensteause  Lemma ) Given any ce o5y ool any <t of points X:%x‘,xp,u,xﬂ],

lo
There easts o map A X RS for k= 0(4{1—3

Such that
me o« LAt -Auply < oiee
i \(;AXSH;&

Algorithm :  The congtruction s var eimple . Tt Just rojects the Doints 1n  a Yandom K-dimenuonal <ubspace
~fageditnn P ) Pl P P

Led o0 be the dimension of +the ovigl“m Fn‘mm.

let M bz a Wxd wmatrix . Such that cach erﬁra of M T drown Leom  the normol Nlo,\) AVstrlbut ton

2
{ —X /o
( Gauston Yondom voriable with mean O and varianCe 1, with ohzr\g‘,f% foo= 5 < )

Daofine A = _\1@‘ Mx . This 1s z%‘\c‘(e,\ﬂn cum{;v&ab\n.
Since AR S Qa [tnhear ’tfaws’\cmwvﬁisn (Q& A(‘O‘AL\(P? AU*L&) S the theorem Con be reduced. to the *Fb“cu‘mg.
L _ N N ~ = (¥ (o QJ"))
2mma L*R» A s Constructac bk& the oabove o\\gamt%w\ with k= § s> A B

then  Pr Ci-e <l ALX)H; <\ g > = =% fovr any unit vecktor Xekd‘ ond any ¢elo5).

TFirst L we e how  the  lemmoa Tm\)\ug the Ttheoram.

log
We  Sekt %"’ﬁ and  khus k= B ( Q; )

< N . R R ~ 1.
For any ot € ixy L the S%ma(id\ \Qm&th o—? K;»xj 1S maintained +o  withia  1¥S wWith Pro\oa\ﬁki{’\g E2N S

BLa the wunlon bour\d\, the

Z

At stonceg uii ocll Pairs ove  mointained to Within 2% with \)rulom\mkiﬂd 2 Ai

Hencaforth, wz Ffows on proving the lemmo.

oo Ydoa *  Consider the umwm% unit vector esz,o,-»-,uvv

Then, Me, is Just the et column of M, with indepandant  ond wdentical Goussian  values.
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We are ntarested Tn the \m\gt\« of  this column, which < the Sum of RIS ERS u{ these  Tauwssians.

L .
Note that ET: E‘ Mil} = “\E\\:EH:"} = kK as the varlance a{ 2ach Mii Ts ong, and So

‘\,\\ the l\iPagtzd\

\thi‘ﬂ\ o{‘ AQ\ 1S one  as EY_ H@r(’_\lc} = JE E{\\Mﬁt\l:—_] = 1.

B\(} Sabﬁng k +o bo Largo_ szmgk, we L\(Im& that the ungtk XS ]/\?gm(ﬂ Concentrated.  orounch 1t<¢ Qx?zcmﬁor\.
\
Tyom ouc Mtwition of Charnoft bound . T we et k= O(‘%) . then +the ergor Pr‘obﬁ‘nﬂ[‘h& TS

- G}g

ot mest  ae O L llhz

roo The oactual P(oaﬂ— ic  Similac t the above idse . There ovre +fwo 1ssues 4o handle .
® We  cannet  assume X=e, , onk wg need To deal with any ¥ .

@ The Standatd Ql\ﬂ(anfHoa{»fd‘mS bound. M Lo3  Cannst be OxYPULf\\a (N\avkizd\, becouse +the

fandom variablas are unboundad. (&\'Hr\ou&}\ with o Umodl '{‘{A_‘\{)\

The fiest  1ssue Can be toaken cace  of h% the nice Prbpnrﬁzs 06 Gawssion Yondom Variables .

Consider on QYBIJV(Q(% entma Léj of  the vacter Mx for an arb:{mra untt  vector X -

kMJ‘:K; where M T on  NUCo,\O random variable-

7' M-

T]’\Qr\ kﬂj -

A
S Y5 1S o Qum b\L Gauwsslan varioble ., ond It s a well-known ‘?o\cf +thot 4 'S oon N(b/%\(;L)

Condowm variable . Snece X 1S a unit vector, Y3 s Jm&t an NCo,n) Yandem voaciable.

So L 2och O% +he k Cobrdinates o-E My v J‘m& ‘wquzv\o\u& G aussian.

B% the Some o\rguw\u& as  In  the F(cc&* idea o +he b‘PeL%cd lxr\gﬂw o«{~ ﬁ\%x TS tha.

The <econd  tssue wq{mru Some  work , To  dexive o Qhuno{fg bound fcr Squace oJf Growsion  Yondem variables.

\3\6 elzmav\m(vd Colewlus, we  con Compufe  the  moment genzcating function of  the sum of Squares of

. \ N
‘\he‘\ewnmnf Taussions (ve. EEQ& 1:\§m Lor Y<Ai \Cur )("W\JLO;‘U) anch use 1t teo

ket
< /8

prove that P ( HAy\\iz e ) < The detalle ace left o a Chocder) exercise.
QTM;\M\%)LJL can  bound  the |lower tail ond %UC o wiler  veswlt.

So, \0\6 Seﬁ‘\n& k= O(F\E 9«(%\\ 5 we howe P ( \\\V\X\\i ”\\ 2 Q} <% . \)fcv\mg the  (2mma- o

Remorks *  The Some yesult TS true 2uen when M s o vandom £  mateix iAcMaPTo\s].
The pfoa‘f TS more dv\{{xmtf but  the alfom’t\m s muweh  easier  to imPuwnt.

AJWXH\A/ i owe use  a Candom EF1 owateix ;. This 1 similec to what is wsed 0 data S(‘(Qom\}nx leof[ﬂr\m&.

AEZHQAHM\&? Ona  Tmmediate  and imPorb\v\T opp lication is to do agproximmﬁt near hQT&JH;Dr cearch .

A Unear Scan  takes SU\L) time.  but only Olnlogh) time after Mimension reduction-
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Note thot 3t werks for Tuckdean distances DMV(} Cag. not Ffor Say Ly - dis tomces )

Anothec o\\;Pl\\w&\m\ Vs Q?onximo&n, matix W\MLHF\\\Q:&‘\M\‘

Given tws  hwn metclens A and R e odko dlimanslon  reluctions on  the fows c{ A ond thae Columns

Diy R o DQLogr\) Aimensioné.  So that the P{mkmt* Can b2  done in O(v}[ugh) Time,

as  thae  Tnner products e a??rox‘\mqﬁd\ with V\?Sk ?r‘sE.

while each Qv\i’fg ¢ O‘\;P(ox’\mcizhd +the ame

More rzc&nﬂaj, Adimension  Yeduction s me%wu\ﬁa ued  in d\zs.‘gn‘mﬁ ‘Gm’f Q\Sa(lfhmi for numecical problems

os  well ag  CombinatorTal  Problems  Sueh as graph Sparsification .

g;gmgressei Ser\sh\g= The Cetup

The gehe(a( Smﬁ\ng s that +thee 'S On  wnknown Sixna\ xR | and wWe wouwd +o make “few mec&u(u\uts/

of the sgral % so that we can “sz{\ﬁictenﬂ{ ond. “szxmtﬁ” (eowe X .

Ca,x> where aeR” . where we have the {reedom to

The weosurements  that we contidec ore of the form

Chossz  0e®  ond observe the outcome {a, x>

N n . N R . kxn
go/ l_g we  choose O .0, ...0 e ond woke Kk  meaSucements . this gweg us a §Qn$m% matCix Ae®

where the th (ow I a; and o k-dimesional vector b of outcomes.

Then, the Question s to  (eover x Qiven Ay =b.

O\E Course , we Cant hope o Qxactlﬂ Cewover every X when  kan.

-Spatse . meaning +that X hat of moct S hongecos
A\ 3

The odditional  oSSumption  that we make & that x Is

Cbut of course  the (otatiens of +the Nongeros  Owre unkaown to us).

This is o reasonoble Ossumption os  most signak are Spatse in an appfopciate  lasis.

Now. +£he hope (S that we Can St k to be cloe to ¢ and Wwe Con cetover any  S-sparse Sipnal X

exadly  ond z{thlenth&.

s to  Construct O SQM'\n& matx A So that there is onln one  S-Spacse  Solution o Ax=b.

hos (Q(gt Keuskal Yonk .

A notucal Tdea

One sufficient condition  to  enforce +this s+ ewsuwe that the Szas‘m& motcix A

We Say on mxn metnx hos  keuskal fonk ¢ Tf every  Subset of € colums o LMQMLK incepenolert -
Claim Tf B hoo kouskal cank ot least 25 then for any b we hae A¥zb for at wmost one S-Sparse X.

Ayx= (\\K/ %’f two S‘QFQ(SQ vectors X#X/,

E\’OO'Q gue?osn/ 53 Contradiction . that

This implies  that AG-x)=0 RBut note that «-x" i 29 -sparse . Con‘tmd‘tcﬁnx A has kruskal rank 2 g
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With this  clam. given & Sensing matcix A with Yruskal (ank XS . the problem of  <Spacse Cecovery  Can be
fotmuloted o an Qo—mmrmtsaﬁor\ \)(o\:\fzm in i X\ \ Ax:blj , Where Wil dlenstes the wumber of nongecos in x.

But the problem of +this Lormulation 1S that we dont Know how 4o selye Qo—m\nlmgo\tior\ aﬁ‘xtier\tlb.

Tn Qenecol. Qivea an C\r‘o\tmr\i\ A omt b, the Qg—mln\mlgaﬁon problem s NP-hard .

T our Setting . we  Can O\es?gr\ the SU\Q'\nX matex A . but Skl it TS not cleoe how 4o Solue the Ie(o\olem ok\ce_cﬂﬂ.

Th the —Foklow;ng, we Will define a St(onger p(ovn(’tﬂ b\C the anxmg matcix  Called the Yestricted x‘iomt’cr% P“’?“J“j’

and  then Show that the Slo—m\.ntmtgqt\or\ P{D‘D\QM Can be Golved ‘on the Q.—min?mlgokior\ Problzm Q\C{lc‘.uthj.

Restricted -XSemtt(s Pcoprety  ond Q- Minimization
PRty 3

The -?o(\ou‘o\g propectiy of  the Sengih& matcix s Strongec +hon  the klaskal ronk ?“Pe‘t‘g above -

Restcicted TSOWWJYTL:) peapecty (R1P) A owatdx B is (tle)-R1p 1 for ony  tesparse vector X

with Wdl,=1 . Tt holds that l\M(lie[i—e,HQ].

This s a Stmhier P(o‘yc(tld than krustkal Yank blcawe not ontj we (equce the Columas to  be (mmrlnj
independent | but also  that Omlj Subset o? € Columns Ore olmost ort)\ogona\.

Note that o Ct,€)-RIP motrix with @<l has keuskal (onk  at (least £, Se £ we have a (25, ¢)-RIp
wetix A wWiEkh <1 then thee is o unigue  S-spacst  Solution  x  to  Ax=b.

Inﬁ(utmgkﬁ . the Stnr\ger RIP Prbr&‘tﬂ Glows «us +to  Sslve the Qb-min]miSation l:u\x So(m‘,\g the

Qi m\\h]mlstxﬁo\n ProHQm min { Wxll, l AK:b%.

Peoposition Tt the SEnSing  matrix A is (3s.e)-R1P for some €< /] | then the wnique optimal

Selution  +to m;r\§ s, | ﬂx——\:% < alse the unigue  optimal solution 1o m;ng\lxlli | szb%.

Note that +he L4- inimization  problem  Con be Solved, bkg (ineac P(Dgﬂ)\mm'\r\j) ond So the obowe e(nPoS'rﬂon
Qives us o ?olﬂnomiql time  olgocthm o Cecover the S-Sparse Sijnal feom  the Sensing modrix A and b.

The (meMm‘mS fesue s how to  find o Qood RLP matix for Qpafse (ecovecy.

Neot Surw‘(s‘u\g(kj, we  wall [enerate Such o matnk ‘(O\v\dom(‘a . o0s Wwe Q.\LQeCfC that rondom columns (with

QPProPrTo&L distributions) are  olmost or‘t\/\u&or\a( to each othaec.

L emmao Thee s o \’m\dom’ngei algorlthm to  Construct o moatrix f\GIKKXn with k=6(s(og n)

So that A ¢ (32.¢)-RiP for Some e<l/q  with higk P(obabi[m&
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o (35 ¢)-RIP  mataix with £<1/9 asing

To Summacize | for  compresced sensing,  we st genecate

(ecover  the S-Sparse Sigr\a\ with €the sm‘.ng

the lewmma, and then W wse (ineor Prngro\mm‘m& to

Motcix K and the  measuement outcomes b whose Covrecknost i bfj the proposition .

We will prove  the \onogltIon and  the emma In  the -Fol(bwirug subtections.

Random Constcaction of RIP Matcices
a8 t s Qasier ond alse Tt T Candomyed Cunile +he other step s o&Q{z(min‘.sﬁc)

Lets prove the lmma st .

‘Q\’om an  oppropriate  cisteibution-  thon we expect  them

AS discasced eoclior. % e gerecate  Candom  Columns

to be  almoest onkogm\qt o Qoch othec ond  thut satls%:& the  (eStected fsomzt(i prok)eyhﬁ.
wonld  work !

Tndeed. zxad[qﬁ the Same matiix +thot we wsed +o prove  the TohnSon - Landenst ¢ nuss

. \ .
Constrackion : A= ﬁM whete M Ts o kxn matiix where each Q/h‘tfs I¢ an Mdgvszndont N (L) vanable.

S coordinates , and we Wil use O wnon bound ouoc all SubSets of S Coordinates.

Pioof plan:  Fix o Subset of
oo finte subtet  thet

«
Tor Qoch Subset O‘E e coodinates, we Conlider An G-net 6% Tt wnit vectors
1

o’ the whole phe o that Cach wait Vector is clse t0 one of the vectors in the -net.
Then, we g‘.m?ts uce the cesult proven Lor dimension ceduction  to Show that +he \2ngth gf\ eoch  Vvecdtor

In the @-net i ?\’ese,(ve.d. with }xiglr\ P(ob&bi(tf(&, omd then use T to Conclude that +the sz/m(ch o{-

all unit  vectors Ts presecved.

This proof  technique of usig - @-net s quite common and  Qeneral. So Tt i Qood o [earm tE

space (X&), on C-net s o gubset NEX  Such that

Epgilon-net = Given &  wetric
®) okbupzi \dx)g eX , ond () Foc 2ach xeX  there  exists yen with OLU@SS

<
Foc Thete is an  e-net o{- the SPM(L QS—L Cunder Euclidean olistances) with ot most (%) vectors.

Proo E We  constauct

T:g Some {)oiht

on  2-net btj 1o %‘tm?lﬂ. grudu\& o‘kgoﬁthm.

xeX does not %ottxs{—% Gi) . then e add x +to +he <-net N

s
We claim  that ot moesk (ﬂ{\ vectors  are added to N.

To See this, foc each pont  xenN , define o bal of codius % acound Ut -

Note that these balls ore disjomt by Jopecty (D of -nek, and they are all Cortoined in o ball of rodws \+€

< g
\;/D %)

s
Qince  the Volume of a ball of fodins ¢ scales as ¢, @ folbws that IN\<-<

I{“ we presecye the \(U\rd\ of all vecters W on €-net L Hhen  we preserve +the \Q,r\&{th o{ ol vectors.
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Claim  Let N be a §onet of S5 Afor 655 TE 196 < UAXLE 146 For al vectors in N,

-4
then  [-36 €A, € 1436 For all vectors 0 8T
S-1
Prco£ et M boe the modmum stretch MMSLHM\J xe S Y) ond X bz o point O\d\lav@,}ng the maximum .
Let U be o pont in N with lxegll, € 6.

Then, M= UAXL, € Uyl +0AGAlL < 1ag + M6 which Taplies that Mi’x% 3 L e for 45

Mso, For omy  XE &g'i) I vl ZUM\\'\\P\U\-@“ 2 0-8 -M6 2 =6-U)s 2 1o Ao (23 a

Now we are (eady to Cowplete the Proo{ of the lemma  abouwt RIP modcices.
Proof et A= :TRM whete M T o kxn wmatilx where each Q,n‘t(S Ts on independent N, vanable.
We need t Show  that = $UARN € +e for any  S-Sparse unit veckor X .

Fix a Subset of S coordinntes , ond Consider the e-sparge  unit vecters  supported in these  Coordinades.

o1
To do o, lat N be an fHnet of the gphece S olg§ined \OLI thece  Coordinates . where we set %':%A
For oach unit vector xeN bl,& the lemma  In dimeasion f(eduction, -4 € WAl < 1+4  hods  with
- ~ b
PTDBO\bILLJﬂ& Oxjt leack 1- 20 ‘Fo( Qome& ConStont C .
4 S
P)k& QWK\J\»\K the union bound and  the fact that [N[E Q%} s < Uaxlly £ 46 helds For
> 2
) s snlE) - e k
all untt vedcors N with F(obc&mtﬂ ot (east 4- (%) QC%K = 1- o "% )
g-1
Tt this helds ‘05 the claim, - = 1=3h < hax, < 143§ = 1+2  holds for all vedtors in S
Thecetoce . bﬂ o Laten bound. duec ol SubsetS  of T Coordimakes, (=& € lAxI, € t+e holds
n G S £k slan +sﬁnk%)*cgk
&:o( all S~Spacse uwnit vedocs with ‘)(550\\01\7‘%3 ot leost 1 - &s\k_g\ R - =1-Q .

For o Constant Qé%] and thug %“—%5%-[ . we ‘Sust need to  Set K:e(i'(agn\ -

{ o~ Minimaation  Via L4 - Minim; zation

Here we prove the FfonS\’t\or\ “that usir\j on (25 )-RIP malcix  with if(_j . then an optimal solution  fo  the

Ly - mnmReton  problem  is an  optimol Solutien o the Qovmlnim13qt7an problem.
Let x* be +he optimal  Solution to  the Qo—m?nim'.godlon problem . Gnd X be  an  optimal  Solution to the fg-minimization problem.
Ouc qoal is o pove that &= X-x"=20.  Note that Ao = AL-1=0.

(1§ & s 3s-Sparse . then we Cn conclude 0= [Asll, 2 (RO all, and thas A=0. But we onl assume  that & s %s-sw@e)

Let S:= supp oY be the Support of x¥ . and S be +he set ot temaining coofdinates .

The %[Low\lr\x cdam s the Or\lﬂ place  that we use thet X s on optimizer foc  the Q- winimization problem.
Caim  Nosly 2 Vaglly .

Proof Iy\‘\:orm“}jl &% increases  the L-norm of Xz . g0 Ag must be as large  to decceate the  L-norm of X,
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So that X X o Solution e—g minimum

Formally, WXy 3 (ol =

Tn‘l%wt'\’tg is b\j ﬁr\an&\e, Tnegmklﬂa . The dRim %oktowi

Next, we Sort the coordinates of § ia & in decrms‘mg ordec of thei abSolute Vol -

of 28 wordinates , and Call them Be By,

We will

Cloim %1 “ég:}\\l < lagh, /33,

Now, we use +the clm
beconse the error 1a SUBL s preserved by  RIP.
Focmally - o= lAall, > UAag, I, - 3z>,1 HAA‘;J.l\L

7 () llagel, - Ceed il“éej\\z

¢
2 (-e) Hagh, - & lasl, .

e
This implies that  Ag=0 as -2 > % when &€ V9.

Then, btﬁ the P(e\/\oms clam  that  oagly 2 “agui

It emaing to peove the claim  to  Complete  the  proof .

P(oa‘e

of  clowm

For any bucket 33

“+he S$mallest Q\«t\'% in Bijy , ond hene  Smallec than

Since  thew are 2& enthies in the buket Bj “A\Ej\\t <
Theefore . 2l agll, € 2 % | oglly <
e MRS =

where  the Second last tnequality s bﬁ the  previous

This Completes the P(ooﬁ of the \)(DPosIﬂor\ ond  thuge the

I xs+asly + logly 2 (xgl —iagly +Uagh, = ux¥ly —fagly +laglly , whee the

and So on .

we  conclude  thaf &g=o

with 122, each @ntey of A Ta this bucket s

4-nofm -

lost

bﬂ (lux(rongir\g -

and. Q (oup thewm inte  buckets

broue the {:a[kowlv\& clam bow\d‘m& ‘H\L\ total  length of the ol ”

to prove  that  Ag must be 2o, oS otherwise the actoc commot be conceled out |

/ot Tcmglq, inequality
7 RLIP foc 3s- spacse vectors 5 note that (BUS,)S3s.
7 b‘j the Claim r\ght obove .

oank  thus O&=0 ., aS desired-

Cmaller *That

the O\V(’.(qu, Qnt((j o{— BSA'

as - QM)L S o, < Il 2.\l
23 J \)—zs

llés\\i < U és\kl
Jas J2

clain  ond.  the last Enq%uo.titﬂ is bg& Cmuckj- Cchwolz- a

cesult  of Compressed  Cnsing -

Refecence @ This lectuwe s heau‘\\aa boged on the netec b% Anu\mm Gmy‘m . Leetuwe 11 of  (S-8C0 meg 2023 i CHY-

The or‘(g‘ma\ work on  Compcassed SQ/\STAK

The idea of using Ly - minimization

Lor

Lo minimization
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was  done b‘é mnf\j ?Qog\z 'w\ckmol’lr\& Dancho , Candes | Tao , Rudelson . \lefgh\jnln.

wos  exteaded In  the line e‘(; wark ‘Fo( matiix Complation.



