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lLecture & ¢ A‘)?(ox\w\o&'\or\ A\3or’r\7kmg

We see  Some Oﬂ;-klc;uﬁons 0\C Charnoft  bound 1w d&s?gmng QPProxImmotion o\kgur\thmg.

Congestion H'm'm\sod'ion
)

This s ?ro\pub% the —\Qh’ﬁ zxam?\z of dDWhg fm\domged (‘o\md\nj on lineast FrsjrAmm\mdﬂ golution .

IHE\A{ > A dicedted oy undicected grnPl\ G=(UVE) . K Source-sink Pc{\(: (s +3)

Tor wach ’Pa\r G,63) ., find a Faﬂa Ps Qwv\ecﬁns i to t; , Qo that each LokjL 2 < wsed lag

Task

Q% }’V\DSJ( C Poﬁ‘H\S.

Obrective - HIMMTSQ +he Qungesﬁ?on C.

formulation

TIntegec  linear  propram
3 N

This PVD\S\(M T NP-complete oand  we  will dt&?\gr\ an q}:Prox]maﬁon alfﬁriﬂ\m jfo( Tt

QP?roacL\ < b ’?!NW\»LLW‘VL the P(OHEM as

N\ - A\ s .
on m*‘z&;er [Tneav pregram ond  thon velax” It

The 30)\{(0»1
Po&ks in  the jrAPL, ( There could be QKPonehﬁmHg mméy)

}C; L with  the intention 5‘{ S‘iﬁ‘w\j it be tme \_]C

Let (P be -the Sef of all Si-t;

For each pocth P(—OD; , we <create o Vvariable

ond 7 . otherwise we set W b zero.

wao  Choose  this path  to connect g

The Qmugzsﬁcv\ w“m?rvﬁso&?w prnbum can be  formulated ac  an ‘\Msze( linear program.

‘N\RV‘\\M“SL Q

S\/J;S:LLJC o PE@[ -FP\ =1 Y ol$igk //QXACHJ one ?qf% n PT s Chaten o Commect S and T
K 1
Y X WCP < C bYeck // 2ach Qiga e 35 wuced n at mest  C tTimeg
=1 De@fl &P

{i; Guzn‘\ll IS ‘dpe@j

Cince this s an exact  formulation of the NP-complete problem. we do not  kinow how o Selve Tt n Po(jﬁmz.

Lineor foprammin e lpyotion
3

Qo, we relax  the discrete  conshaint ‘FF‘G{OJ?J b‘ﬂ 0 < {}; €1 , and Then the lneor Progroam Can be
as there S o 2quiolent

golued  In POISHW\\D\\ tTime . LEVW\ tkouj’n thece oare Qwau\‘tIo\Ha \mm\(ﬁ Variablec |

linear program  Lovth wla Pnlnnow\‘m( number of variables. Not our focut - detollg ermitted. )

not correspond o tha

However © 1n the  relaxabm L we  allew “{md‘x\om\ Solwbions ~ and  these ey

Solution that we wonted Co.  Si-i; Po\ﬂ\ by

Rounding  lineac  Dropramming  Solwtion
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Rouncing  linear ‘Mog{a\mmir\g Colwt {on
) J

Neovertheless . +leo optimum of g 1P

Qerves as A lower bound i the oth\m o{ the ﬁr‘,g\nM P{ob\am

gV\PPD§L wae  Counld ‘E\M an ‘\V\Ta&ro\[ Solutmn  which  has w&uﬁm al moct o OPT o, tlen Tt 3 &

k- approvimate  Solution o The o¥iginal  prblam .

o fuch{ a{ B
3 Sol yyt Sol- 1wt
. D — = R > <&
SARNR oPT_
SRR SRAT Sol T INT

Plxna{on«"\guk fow\r}\‘w\? v The Ydeo e to \H\WerT —F?; as  the Probakiktha oqﬁ ckoosing Pmﬁ\ P 4o Connect

8+ and T:. Then , the o\lgorﬁ%m s Lo sach 1. Pmk onQ FoHrL P (Muwdinj +o tha FroLmLDILH»J WPP\
Thescem The  moximum (’,ongzg‘(\or\ Ts OCca tnn /QhKhn ) with ?ro\:AL:M—\J z 1= %

}Yoaf Lgf ><Q =

] 1 T b path comechng @ and €7 wses the adge o
o) otherwise

'

Xo ., The Cw&asﬁon on e

"M~

LJLJ( X e =

i Y n
Note that ELXeJ poge . eep b

K ~ -
Anch thue  Elxe] =X 80 ] = 3 X fp € by the P cmchaint,

Tzi Per: e d

Cince  2ach  Xo 1§ awn Wndt\mnkaﬂf 0-1 variable. wo Con  wse Checnoff  bound T obtain

¢ $
Pr(><>u+gjc§ < < © o=t ot C=21.
Gy GO

§= 0 Cnn /2alnn)  Hhen S LalH$) = O L 0nn) .

I’? wa Set

144 4
We Con chosse +he hidden Constant to be largg u%SL So  thet (gD > n o
Thig Tmyﬂes that 2ach szg& hag ungesﬁon D Cctnnl2nlnn) with \)nbakttﬁ’g < 1?3_

ELA the union  bound . Some LD‘\&L has congest{or\ S Celpn /2nlan) Ts < Jr? , as ‘thece afe

ot meskt A7 ngtg in  +he g{APL\; o

s etill the  begt APme\mm&w NSM‘\WM for  the Qon&zgﬂor\ wiv\}m‘lgod\br\ Problgm.

Open Quasﬁon s Thic 1

CO\V\ nom \'JQ,DL% It 2.

Cetagh_Soacsificat

Given an  undicected gmw G=(VE) wth o weight w@) on <ach edge eek, v 0 Subset  of

verfices eV, (et %&(s) be the et of edgec with one andpont n £ and one endpont in V-S

and, lef w(bg() = {E&quu) be  the fotal weight 0 the edges in - bG(2).
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and b w(6g(O) = éiﬁq@ Wi be the total weight of  the 2dges in G 9.

We are  interected in \Cmr}\in% o \\Sva(seu g(ff\ph H  that approxi mates the  Cut  Steuctyres  of CT we ll.

DL%M&Q(W%\/CK M)\)(Ox?mﬁo() We &OL(LS H:(\J,F) s on  ((x)-cut C\Y\)\?(bx‘\mc\for D‘g Cji(\I,E) w‘f
Lo all SV we have (1-9) Wlbew)) ¢ w(SHE)) < (H%)w(éqtsﬁ\)~

Note +that & ond H  are d\&%ﬁr\u{ on the QCoame vertex Cet but  Cowld have G{{{Qmerﬁr Qolge Cete.

- L?\ctum ’E(Dm Nick Harvag’s notes )

This turme out to bz G \an(Tant and.  beoutiful p(ob\em with oy ‘m%ue&th\& and Sur?rismg results
Tm{m& we  wi)l See  the {'\cst ond, S?m?lagt (esult  in thic diveckion . and mention one guxrwtsfng
O-pplt tion  in d\asTXMn(& neac- inear time a\ﬁor‘ﬂ\m %r minimum cut

This st result  needs o Qomewhat St ng assumptivn  on  the input ngh :
Ase mpkion + The  input ngL\ G=(y®) i< ww@‘gkfedx ond  hot ywan-cut valwe ﬂ((o&[\/o
With this hssumption . thete o ey gmple  uniform  2am p\‘mg O\\gnﬁ{—hm Awy gpars?%& o olense InM gmy%

seithm Qet o io»m?lhng P(obo&:?tﬁc\a P

TFor every @d{@ e BE) . with Frobabih‘(% P, \;ud 2 in W with ed&g wz?&ht \NQ“—L\;‘.

The 1d2a ¢ 4o Qb +the epectotion C\‘ghtj do that we expect to  choote P«\C(Mh‘bn of :zotgzs . andk make
their weght %o be B eo that the ypedted totnl welght in gocch cut in H i the some as that ™ G

But. of Course, it ¢ not anu&‘n to have the axpected values +o be corvect , as we need to @nsure that
all cute In H  hove approximately  the Some wWelght  og that n & %7muj;anaom£l%,

Tor this. we will use Cheenoff bound.  ownd Qmumu% the &QSum?t{on that the min-cut value S &(Logh)

where  we  cecall that Qxyetfed value &Uogn) j¢ the mgim that we con Qchigue tight  Concentfation.

“Theocem. Qkovrier) Qe P = ngl . whete ¢ 1S the  min-cut valuz off G
<

Thea H 3g (£~ ek appfOximator JY G ith O p [BU0L) edees  with probability 2 - =

I on w P o I w PR e & w F obabili % g N

Pfog{; Considher & Qubset  QeV . gaa %Ev(@ hoe & aé\gu. Nota that k=2 c b% definition.

B% l‘mzmdb& 0& Q,\L\)&Lt&‘t\on) EL\%H(SEH = 2 \E[fxax = S &FVL%(\/P)O> < F\gq(g\gPK wheee  Ng

ees &L%) Qegé‘(g)
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TS aw Indicator yaciable where  Xp= | i{» the edgz e 1< odded to H 6and Xe=0 otherwise.

Q‘\mlla(kj, E[w(éH(s)ﬂ = J(;F [6gesy| = \ég(sﬁ\ =k, and <o +the @xpected volues are what we  wont.
ASY Vi
Next . we consider the Probab;mn that The actual value o% \%HG)\ ie {ar \Cmm the expectation.

Cinee \%HKS)\ con be wyitten &S o Sum o% ”\OLQFEY\OQEW\T 0-1 voriobles (e P ’Xq)

26448 we Can

- K - i\'(—— nn \E—E
O\W\% Chetnoft  bourd  and Qet Py (\\6\—((&3{“ \DK\ Z%?K> <0Q Epls =0, S =an <

where  we  used owe  choice of p:mz“n/u:q

Recall thet kzc by definition. So the Probo\]u'z[x‘{yﬂ that  §u®  violatee the fequiremont D{ an  C(LEL)—cut
approximator 1S at wost WL Which s pretty  Small

But there axe @KPonen‘t‘\mH% mama Qubsetc o{— vextices LSV, and L0 & naive union boundch \NOY\I'L work .

T he ‘\n\\;uvtw\i observation ¢ that the P(omh:uei thot o lA(KL cut (ie klarga) i< Violated is

sk
much  emaller Ciee n T) , ond. there are not manA cmall  Cuts |

o
Lemma The numbec of culs  with of mect ae Qd\gqs foc oz e

is at mest n

X 00 We have done  the Case when ®=1 The gzmwx\ Case 18 Similaf  with & wmodification .

“The Frco% i< hz%t Al an  gxefdage Of o homework F(obhzm a

With thic [emme, we can do & wmore QQ(Q{\,«\ union  bound  bated on the iise o{ the cute:

Pe [ dome cut 3¢ v\oko&zo\)

< S?\/ Pe( cut Q e \/‘\ntaw&s / union bouad
- S Prleut € 3 \/Io\aﬂ&) /I divading  iwto  casec
R=1.2,4,9,.., Sey: %< )5e (e s ane

based on the cut 2izes

Qroupsd wto Qe < \ég(s)\ ¢ 2-\*\@

4ol
< DEI: 04l N -~ Pe <Cxﬁv S ¢ violated MLSI%Q(S>\§10\C‘> /i h\,& the lemmo
- 5ac
< > . r\Lm . xn e /! bLA the U\Q(ncf& bound  Gbove
X=2 f04ig0
= = -
Azl 0Sis o0 n
< Q/H 7 {*ifd taem D{Dm\r\tﬁ?ﬂ\
. " 4 . .
T}wmﬁmh with ?(Dbmb\hﬂ& ot least -7, B ic an (1£g)-cut QPPer\monor o{ G .

?\r\&\lﬁ_ b‘é\ a &"\mPke appli cation of Cheendff bound - H hos OL? lBCe)) adgu with H‘\g}\ \DFobab:h{’j.
This completes  -the P(oo{ a

Remack Usin& Chevnoff bourd  ond  umon bound can o\\rudé olve many mhmg{‘mg P(ob\ﬂm&

J:_m:m?lL: Thic result s Ceckyictive . since £ oGSumes  the %mkﬂq hoe o Somewhat LQ(&L min-cut  value .
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But ‘%u< &raP\ns “hat Ore esgev\tialhﬂ mm\ﬂm (12 Ctﬂ(mf) L, the theorem ngs that  there s an (i) -cut

approximator  with Otn\o&n/{) edgec, o sigmbicant Q?mgrﬁmtaom Feom Q) 2dges in the inpit K(a?%-

_AMM\; One  noguial  Opplication 1 fo deesign Task opprovi mation ml&mt%ms for cuwt Pfohlemx-
Toke owc %m/o(‘\h_ ?(OHQW\ about cuts. Sopy the  Minimum et cut Fmblem.

The (\Am\\ng time &g the a\&oﬁthms mwmué dszﬂ on 1B\ 5 which couwld be QLW

To Spesdup. wa f3est %parsﬁg & by constructing an  (iycut applovmator  H o with  feuer Qo(&,u

Thevn, run an  (evact) olgorithm on H  to £3ad o minimum St et eV ond  feturn R ag

our epproximate  min &t cut on Cr o, omd it Cow be Shown that it 3t a4 (4 3¢)- approximation.

Thic %‘\\/25 ws o trodeof{ Dbetween Cuntime ond O\Wro{\mmﬁm\ gmmnme_

Benczur ond Koargee ¢ Withowt +he  minimum  cut &%Sumi;k{ovx‘ ERWINS QMZ& 1o 2  that

ImPfovamz«\’v ba
the Come  unifoem  Sompling  algorithm wond wotk L 23w M > s vy WE\ the tul edge 15 not chosen.

Bentaur and Ka(&zr dmgm& a  very elaver  nov-uaiform gflm?\ir\& algorithm . whece each adge s gam\)lmk

with \)rc\oabmf\é mvuma proportivnal  to  the \\CDY\Y\ELH\/NE]&” of  the fwo erdprnts
T}\LA defined o notlen  Called \\SUDV\& Com\uﬂv?{—\,&” ond, !P(ovad “hot So\m{)lin& with P(obo\\,\\\irg \Y\\/E(SQ\(ij

?voPur’c‘\ov\o\\ to Wt will fesult In an (Hq/uﬁ o\?pmx‘]mu‘tw with O(r\(agn/c‘f) ngas fw On gmg\r«

?mtkermqu, ﬂ\eﬁ showed how Yo C,DW\P\AK;L This  Gecut QFmsigiz( in neaf Upear time , and this

ﬁo( xomple Qives the Picst OURY - trwe a\gmwm for cm\mtm& approximete  min ¢t cut.

We will not  digcust  this (esuwlt Tn wmore odetorl:  TInstead ., we will Emia o gtcoﬂ&u esult  on QF{C({M
@:Pwsifimﬁ\m thot  wses  [ineo olgebra o Solue the P{ob\am,
Minimum cufs In neac lintar time ( optional . gketch)

An amaaing  Application 0% Km(&e(’x g?ms?{xmﬁu“ teswlt 1€ a meac-lGngac Hime al\goﬁﬂqm {:Dr minimum  cule.

et ¢ pe the wmin-cul volue of the input %(‘QP‘n . Se. & s Q»a«kgt conngcted .

KO\C&QF C\e\tm% wed o Classical  tesult about S'{Dann\n& tee ?mck‘m&, bxa Tutte awdh alss bla Nach-wWhllioms .
Theorom ™G s C~a&&erwnv\utzé\, then & hes at least L% Qd\&td\tg"]m#f g?ann‘mi 1ivees.

QU\(JPDQQ we  have nga» Oijiv‘mT gpann‘m& Trees T,%. T, T\_ch\

Then. we know that thee euists Some Tree T that efostes o minimum cut S ot mest 2 fimes

Kar%e( obtecved  that %o\vm& cudn o tree 15 would  be ey HQ(P\CM) in ‘F?nd?n& that winimum euwt <.
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because bne Sugt needs fo  Qratch  over all cuts  formed be NMDUMS ‘two ztigu ’?YOW\ R
He come wp with o sophisticated, dw\w\c Pro&mmm‘m& ,5Lm time al&o{i’c\nm to ?‘mok A wmimmuy  Cut

{OYW\QO\ \DA (w\o\fm& at  motk  +two ch&ns {zvcm T Cthe cace 0& meevin& one adgq s Casier )

ka\;g/ but how to fnd cuh a tree TG 3

Thece 15 an O Lm<) time algosithe  to {ind ¢ 2dge - dijemt Spanning Trees

Bul this ¢ too 2low '%o( oul  Pucpose.

The tdea here. of course . i to do Qraph  sparsification .

USM& kau&u's Qroph gpacsification  fesult, we con Qparg‘&% the Qraph 2o that Itc  min-cut  volue
18 OUO&Y\) while Pcesmwi the volue o& eoch cut QFP\’D\AMQWM.

Now. we con  Compute T\,Tl,,..,Touo%n) ™ the QPQFS‘wE{e(J and one of thete tree¢ will crose a
ivimum  Cut ot moest two Timeg.

Co, d\m‘m& d\\f&r\am‘\t ?(Og(amm‘\h& on each of these O(Loin) tfees would work , with +stal (,omP\ng% a(mﬁ |

Thic 15 Just o sketch of  the moain Ydeat. with many details rnissmj.
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