CS 761¢ Randomized Algor?thms , gFrinj 2023, \Waterloo

Llectuce 3 = Concentration Inc%tmt‘»ﬂer

Concentration ]r\o%mt‘\k\es are 'lm?orto\nt tosls  n am%‘mg ro\no(om'%uL Q(gor\tkms.

We will stact with the Simple  Mackovs ineqoality . ond then  the Chebycheu's ineguality and the

Seond moment method , ond finally €he  Chernoff- Hoaﬁdmg neguality.

On a MSH leve |l > o \nq%ua(lt\es of concentation ?n&@hmalltizs %I\/g/ upper \Obw\d\s on the P)’DLDD»lo\(ft%
that the value of & Yandom Varioble 15 J{a( "E(ow\ 1t ,Qx?aﬁad\ value , and tlese  aloy  we To

Show  thot ‘(M\d\omlsaé\ a\&mt\f\ms behove as  what we axpe with lmg(,\ probability (almost  deterministic)

Thefe are jcum!io\man\“m +oole  in awﬂés‘mg rqv\o{mﬁged\ o\ljom‘\%m +hat  wo Wil e JgLromxhouk the Course .

W will e tlae bostc  and  miost L\SQ&’U»\ ones todo\é. Thae QTMFLZST on2 ¢ the Markou {GQ%MQU{V5~

Morkou's  Tneguality Lok X be & non mapﬁ\ vo discrate  random  vaCioble
S 3
‘TL\QV\ P( QYZD\) < T:[Kg)/o\ -Eor amg o >O

Dreof ) = T Pe(¥=1) 2 3 0 Pex=n) 2 2, aPed=) = aPrza).

=2 o

Quicksert © TE 1t known that the expected.  Yuntime oﬁ Ymdowsgok quicksset s 2nlnn .

Then  Mackovs ‘mmﬁuo\\'\%g fells  ws that Yuitime ¢ at least 2enfan  with ?(obab‘\\h’%\é\ < % foc ez,

o .
Coin :C\riwg‘ng: X% wa %UP 0 ?a\( cons . the xpected numbec  of heads W T3 L and Mackoys mcz%m(i(—i

3
Tale s that +lo ?sokm\o\k%n thot €here aye 2 % heads 3¢ ot oSt *g

_Rowmack : M ackou’s m:z%uahté VS st mgr{yu\\ whew  we have ho Information ka\:\ov\o\ the QKPQJGJ\ value
(o when  2nch ’mﬁormmm\ S ok\%&cmt to QHMV\,L&, +le fandom voariable s QDW\PUC&TM to am\ﬁ@_

In the above 2xamplet. we can prove much  gharper reults using Cheenvft bounde  that we will See %oon-

Questions - @ T¢ Markou's vae%m(\ha %,‘TSAT ? Can You 3FVQ on ﬁxam\au%
@ Does 1t hold 'Eor gav\e(q[ Cardow  Variables  ( not :)msf V\Oh¥Y\Ej!’\ﬁ\/5L§?‘

@ Can it be modified o uppec bound Pr(Xs<a) (Eg. Prl X s de/2>> !

Mowmeatc and  Variance To 3‘[\/@, hetter  boundss we need to wsa wwore M\‘formqﬂon o bout the

Vondom  Vafioble, and o Commvnla uSed %wnﬂ% $ the Vvacdiance o% the (andom Vatiable |

which  measuces  The t\égtm\ diffecence o§ o (ondom voariable o e Qpected  volue -
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The  k-th momest o‘§ o fondom vadiable X g d\t%ﬂec& oS E(_XK} o 28 Lewnd  moment 1S YEXZJ
The vaciance of X 15 defined o< Vare[x]= E[(X*Eiﬂ\]: E[Yil\LEDGJv E[X‘ﬂ = E[f]*E[K—XL,

The  Stondard  devivation o& X s defined as (YD@:\\\/m[ﬂ.

The covadance o{- tuo Yawmdowm vatiahles Y, Y 3¢ d&{‘m@d as CWW,\(\): E[(“'"\ELQ)(Y"E@{T>}

We Sa XL e posifivel (vvvelate ) CO\!W,Y>>D . negatwely corcelaled Y Cov w,‘() <0,
d R e

The %uﬂew‘m& ace two Sm\%[e /EOLCtS Whoce Pyoo-{s oo \Z{T oS  Axeccises .

= Var [x.Y) = Varlx) + VarY] & 2 cou (00D

B I-‘: X and \f Qace Tr\io_?&nd&r\t, +hon \/Q(i\('\’\(-\ = Var [X]“{‘\/O\rLKK.

We  wouwld ke +o msmgmw Setibuons  thal  Ore  Concentrated  acound  TLTC J&XPQ(J‘@J\ value and thoe
— T
thel are not. One  possible  4est i to Compute  EL) and see how fac tt s from B

Qh@g%gmu‘s 7/\Q%w£rtud Promiu such &  bound

Qhabgsho.u's Xnegvuaki’cg Tor ony x>0, PTQ | Y-T] \20\\} SV S /al,
Preof e 1x-Bx) \>/o\\> = Pr ((»(/E&m>/5> < EW%@H/& = Vo /0’ inece

2
the W\e%&m\lfa —?aubws ¥rom Mackov's \me%mﬂ{{?a oS Q\/\”Eiﬂ> w$ V\W\AV\QSML\\\/L, o

Coin £ Uippin Lot X b o numbec D—& heads  1n N ‘\r\d\m?anépav\{f Fcf\r Cown 'f“?s-
A&a\n wa t\f% 4o brund ?((ya%“/q§ Lo but thic tiwme we We Ck&longkw’g \me%wdrt& ‘

Toc This, wa need to um\mﬁa Vae (X)) -
| \,{ Ttk Coin 'ﬁi(‘\? i< head

0 otherw;se

%ﬂ ‘md(’.?m\tﬁu\u,) Vor (X} = ?( Vae (0601, wheee X = g

Ny IERE Ll ( 1,%\1* % (Dg%\l: “}\i ) & qeneral o heod with mG, P +then \/wi\(\]?v(vw )

Hanc . Yy Chabyshoy Pr(Xz2n/g) < Pr( -0 2 %) < vmm/%l = &

_Romack: Ckahxagl\mls ir\q%wltha is most  wseful whew Wwe cm&v& hove the <etond  homent or when The

Second  moment i< ersy - to compute and s QMU@‘ . 2g. ceond moment Ynethod , data S&(Mm}n&, efe.

Second Moment  Method

The %(\'sﬁ woment  method ¢ to mvmtk e Q\(quﬁed\ value .,{ 0 Yondom Vodioble, and  Conclude that

thece T¢ on outtome  wWith value  off  least TUO or ok west EEX]<
Tor o nononggotive  fandom vadoble X, we can wee the Marckov "Mzwlrha to prow that Pelx>1) ¢ B

ond. thus conclade that X=0 with ht&\\ Pm\oa\amha Tf TOO <<1 —go( on Tn%z&m\ X.
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Often we ako want to prove Ahat PrlX=21) 1 la(&L.

Tt 3¢ net an&k to 3“““ chow that ELW
s \QV&& . 0s it cowld be the Coase  tlat X is \/U\A [mgc %o‘( o Small %ngﬁon 0& the OHP\:\YS,
while X=0 {\o« a la(&a f‘(obchcn of  tha o ukputs -

To exclude +his Case, we need St Kind rr% Concenteation N\r\zqﬁmaﬁtw&

La.&. variane e—{ X x %mﬂ\),
ond. the Sewwnd mowment method F(wiok@s one waﬂ to  establish thit.

Theovem 1{ X T on :m@m\-\m\w\ fondlom  vouioble |

thea P¢ (X=0) € NMac LY
(=LY

P(ooﬁ %\a C/‘r\a‘oisheuri \(\g%m\'\tk&, P (X:D> < P(( \ X - Ely\]l Z -EY,XW \) < Vac EX}/&E[X]SL u

Qwum% 1{ Vo T = OQEU]%> or T0C) = (1+ ouﬂ &?U]\) , Then X > 0 uith H‘\g}\ F(nbab;lrkn.

Theoshold  Rehaviour 3n  Random Gcaphs

et (;,\‘? be o &th wihn verfices  where each edge  Opgeact  with

pr obob Lma \? .

A Droperty  has o threshold bohailew I thece e o function such  that *
Property

- R ) - tlen ostT ( , n) does t h o
when '::\w ‘{zﬂ L O _ tlen olmos Sucely & (n 3¢ ) es ho ave  this Pro}urhg

- whan T hln) < o, thlen almest 5mra\\6 G(V\,L\U\)) hos  thig Pro?zrk\a.
"o —le

& pr oputg hons

o Q}\mP theeshold  bohauiee ‘\{ tHere 15 o ‘ﬁmchon f cwch  thet —gnr Cw\\a %20,

- @gkh) U*Q{Lw)} olmost S\Avd\a does  not  have +he pvsParhg.

- G, LHCQ%U\)S olwmost amua has  €the ?m\n(h&-

Tov .QXQMF\Q,, Comside s tha '\)(O?zr(‘\a afy ho\v‘mg o ch‘%ue 0'% He 4, le- %’

ot X bao e number 9& 4&~QL§%\&LS Tn CT,\,F Then EIX] = CZQPG

2
=z

Wwhen P:O(V\ Y. then EX) 20 , ond we Can Conclude that Pe U("Ov%’l \o\a the %‘w(&f Moment  ymethed .

On the oter hand . when F?w(\f\ka), then EIX) > « , ond we Can wie the Second moment method

to conclade thot Pcx>21)>1 | b\é\ %huwm& that Var LX) = OQQE(K‘&Y). Qee THOU) Cko\FTzr 6.5

Theotem  The propecty of howing o cligne of e & has & thieshold fuaction flad)= n 7

_\—:Xter\d:m& this  reswlt. one can prove thet C‘((y\}i\ Contoung o cl[%u,z D‘F‘ S;il "’)-LDELV\ wh A h]jk Probabi(vt‘j,
See  Section %g of  Alon-Spencer .

let's <ee o ?(c{)g(%a with o g‘(\m(}: threshola
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Consider  tla FwP”tUG that & Yondem gmph has  oltawmeter (ess thon of Q%uo( o fwo . 1.e. ‘y’or euué poir

0&1 veeties thece 38 a path a{ lZv\&tlr\ of most  two Cnm\ad‘\r\& tlem -

Theotrem Tl P”F”hﬁ lak G_(U\,\y) has  Adlomettc  at  mott two has a Qhar? theeshold ot p= \J'ZQV\I’\

N

We omit the \)(oo{ this fime . See 2013 L1 for o P(°°€~

Random  Graphs onk Rondom Stcuctuces

Threshold  phenemenons  Qre Common  n vondom qrapht  and T is o Subject of  intease Study -

N N 4
An importont  resutt  Is the  emergence o f gmvﬁ CWFO\AQV\T © When  we  Sample a candom  Qrogh witth

edge proba‘o;\‘ltg ?:Jw +the [m&est Compunants [NgS ojy 93“ O(n™) ond *mg a@  olmest Surely tTress. -
But when ?ZUH_)VM then there & o wﬂw &‘\m\‘( component ef 27202 Q) while ol other

Compovents  ave v{ S\ge O((sjh>

Other random structures alse hove Thic phanomanon e*{ “?kmsa Nonsition .

TFor random 3 SAT \cv{w\mto\ wheve 2odh clante Ras  thiee Condsm  votobles gy tley mgqﬁms),

It e Cﬂ{jo,c(wfuk and gm\uo\l% belleved  thaet  when the clause-do-vadade  yobio  Ts lese then &2,

than the fomala 1s  almost S\ndxa Sabsfiable | and when Thic (afio s greater tHon &2, then tha

‘fo(mu(q s almost S\«Wf%) UV\SWC?Q}C?RHZ.
The Same s Conied(u(&d\ for k-SAT, omd the Conjecture s very rch'\ﬂs Settled ‘0\‘3 Dlr\J, g(j, andk Sun

\ln ‘QLD» ?m?é( * P(oo—} S{' ‘Hr»( 30\{‘5‘%'&\"7(:]“5 L&S\;\XLCJK\HL "'0( k"*(g@ Y\//.

Algovithmic  Tssues
J

The Secondh moment method coan be usd 4o ghow that G, o hees o cligue o«f 3L L\oguv\ almst Smb.

while 1t g aasy to find o cligue  of Sy (sﬂln C o Simpla grevty mgmc\w would  wock ), 1t 1S net
Known how +o find o chw s{ %?SL L=+ 6Y (o&;n in 'PO\av\vm\\al Bme , ond Tn fact there
TS Seme 2uideonce Smﬁuﬁng it Moy be c\sw\?tﬁmiwalla hoack

gmnmm tlete T ne  kavwn Pu[\av\wm( B q\&u(TtwA v determine whether o fomdom  3-SAT
Aormula with Clanse-to-varrable  fatie &3 s satisfable o not. Tn fact |, thess ave

Soemae

hardest Snstances for  3-SAT  that we know how o Jerecate ZHXQ\»Q,A%\Q .

Sum of Tadependent Vaclables

( \
I
|

The %Q,Y\e(fk\ %uzs{»‘nn i< to boundd Pr (X> (we) EDQ) Kv\p\)ar h\\) and Pr (X< L\—i\?ﬁ(]) ( lower \oﬁ[).
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We tmgder the gitwation when X < He sum of

many TV\N?zv\d\mt andom vadiables , whidh 1s CMMM\!

Seen  in  the O\V\ahﬂgk o,g fcmdbm?ggd aﬂ&nr\xﬂ\ms.

The law of facge humber ogsarte  £hat the sum of n Tndependent Id\avxﬁmu\a Actibuted  variables s a?woﬁ\mm\g np

whete  po 1S the mean of o Condom Vociable

The central Limit theorem says  that )%ﬁi—% NCo, ) - tha  deviation ’Erom N ode +np?ulta sf the order Sng
ng

where & 35 the Qtomdactk derivation of o rondom  vaciable.

C}\umq% boundg &Iw_ ne qﬁumvﬁc]{aﬂve, et matel o‘y the Probabi\‘\ﬁas that X ¢ fm ’E(mm ELX) fvw ané
Um&a Zv\w\,&\,\) valuwe ”JY n

Consider o Smple swﬁw& whece  there afe nocoin fhps , 2ackh ¢ head  uith ?mbm\:‘l \Wa ?

Tha expected number sf heoAe 1S np.

. ond

ny . -t
(o bound the uppec tal , in Prineple we Just maed to Compute PelXs \<\) = EK(\JP U«P\)
chow that % 1 \Jgﬁé Crall When K TS wuch lmger <han np (Sm\a k> (\*Qﬁ\/\?> L, bub this sum g

not us\a ™ work with  and  ths methed 1S not 2nsy tp be %Jmemlrsdu

Tuastead, we exdtend <he approonch o*% ms‘\vxé Mackou's ?v\q%ualﬁg\ The Mackou’s m%mwﬁ s Y,&Qﬂ top weak . byt

Ceeall in the Prwf rf Cka\:&skaug Tme,%u@mr% we con g‘t*(u\gﬂ\aw e FF we  know  the Sacond moment e—( X

fo 2xtend this  one can WS the {O\A(Hﬂ wovment o ony LK -th mowment o Qet (WlMa 2ven }

Pel Ix-E0l> a) = PeC et > o) ¢ BT (e-vma) 1 /o

The idea in P(ov'.vx& Hee U\l(r\sﬁ( bourds s Yo congider ¢

Pe (X20) = \jka\yz A’LTO\B < EEQD(]/Q*Q ’fw any 20,

X
There ace ot leask 4wo resone that we congider 2t

£ © 5 '
- let MXLtS = EY_SLfXJ = EY %D—I\: X ] = TEQ - wlx'] 1% we have MXLﬂ, to ODM\NCCL ELx ], e

5
Can Jwst Compute My o), whece M;lq&oﬁ e the  k-th denvative o—f My (£)  2valusted ot t=o

Lo, Mylt) contame all the moments ‘r\&lc(mhﬁ'on, and s alled the wmomeat gav\uaﬁr\é _{Zw\m\w\

1t %7\/15 a S‘hovx& bound  whkan awké}na Mar kou's \‘“Q%““mé , 0 the denpwinatoe i< Exrmzwﬁmu(tj Lw&q,
— + - > . >
T X=X %, ond XX ace \v\ckrz?ﬂadzm’, then ELQ Xl = Elzw‘fy 1= E[!@W}EYQH ] .

Vo |, thie Qumﬁon NS easy to Compute when X ie the Sum DJY ir\&\@?ar\d\@m tondom varables .

Cheenoff Bounds {or Bounded Variables

QO\I\SL\\\a SFUAFMS, Cl\uneﬁ—i\Mm bounds are the bounds obtained \06 Pe Xz o\v 2 EiltX]/QtD\.
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bt uws comsider oo wsaful coce whan X 1 the Sum of “\ml?mwc hetacogents  Comn £ lps.

Hetaro gonous  Coin Flipg
3 :

et X,, ., ¥ be TV\DLQ?.P.V\(J\QV\t Condom vaniables with  Xy=) with F‘ubm\g:\t&\g Py oand Y;=0 otherwice.

Lot X = 2% Lt = EDA = 2 EOGL= 2000 b e expacted, valut.

X, " QAN X3
Then LMY - ¥EQW‘QX : Lﬂ} = ‘\\\ Ei@t A \ﬂ\é independence

N
n 1 £0 no Pl > g
ﬂ\ (P\K + (-p) e ) = ;}Awp—\w»m)fgz AR
3 %
Wa Pwt i~ Some CPad{.‘g Pammltus +o %Uc Lome \Lsafyu\ bounds \Amg Ity S =

Thevtem In the kgie(ogwomé Loin —E\‘v\uy‘mg Sz‘tfmg ., we hove ¢

S
© o e, Pelxzuep) < (2
O+ .

— )
@ {:n( o<l P((XZ(HQ/,\B < 9 13

@ for  Rzbp . Pr (X2R) ¢

R

t
Pref O (X2 ihp) < Tl QHK/Q“H“/‘ < Q/’LM’O/Z““)/“
E‘g ’@\fb”“ﬁf\a wlenluns . we —("\v\o\ owt  that thic fem g Minim 2ed when £ = Lnlt+8), and
Q+d)
“his Tmplies  Ahot  Pe(X 2 (Ip) € 2 #%/ (e proving Q.

N S _4
D Whn 0<5<1 it holde that 2 M) <

This con be vedfich by mking log of both Sides  and letting L6y = 6- (e O ld) +3?
ond Show  that ’gl(gﬁo an tle nterval To 1) L anel thi ”{(&) <o ih ths  intecval
2in e —f(o):o .ok thic implies the clom (cee MU Themem &b -gor mtﬂs»)

@ Lt R=CuOp- When BZbp. we hae $23.

\ (145 R
Honce ,  Pr( X2(144)p) < 2%/ arey™) < o/ "7 < (2/6) < yF -

Simlar  bounds  hold ‘fv\f tle lower toil very S lar P*Oof U\a uﬂ'\"\é £ <0 ). (see MU Thm ‘1-5)
Theorem Tn tle }\ﬂa(o&@npm con ’fLTP\ﬂV\({ S‘d‘\\\g , wa have fb\( O<$<\
-4 - I
© Pr(xgm—%}f\\ < (¢ /(\—S)w}

@ Pelx<iow < e

RV,
EL/A;

ch\\m% Trn the hetero genous  coin —prw‘mg mtﬁn& , Pe L\X‘}/\\ 2 8//\3 RO -(Cw 0D<$< 1.

Holﬁt‘k‘mg 2yYension The game bounds hold  whew 2oach X7 1< o randow Variable %o\king values Th

[D)\] with  moan P This s becawe the fw\cﬁw\ th i Comvax , ank thus it o\lwmﬁs lies below

the shaighl line *PW& the  endpouts (0,1) and (1,£") . This lhe hos the cquation ﬂ:nxmg $or

JETNERS GI I n R T (R TUAEX « D0 uvecnl = & fmvan o 70 = i PN .
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the g’t‘(cﬁgm Fne .J'D\Mw& the Qﬁdx?u‘xnts (o, D ownd\ (l,(‘) This e hoas tle Q%mtloh \on(er@ _Fm»

k=051 and Bl Tharefore Tl < Eb@(wg] = piloep)+ (v];;)&; = |a P;(f— D . ond then

the Some cCalculations as  oabove \Co((ow

_Romarks

— The Sowme method  holds —{‘u( other Condom \/o«?&b\zg/ R\&. Poisson  Yandowm \/g\(\\o&\xs‘ Gomtslon  fonden variables, ote .

TL o often an easier oy T Cowpte  tha moweenlz b{\ CWP\AR“& +le Ymowment gmum‘w\& f\,mm‘m&.

- C\ne(r\oﬁ bounds also hold %or nejatw\& correloted.  vogiables becansa E(Qﬂst\éz[&{x]'ziﬁﬂ/}

ondt then the gome pmo{ wovks  and thic observshion s very useful I Come Qppl?uﬂong

Fov QxamPlz 1t 1< known that two eolsu OpPLOC n a Yondom SPO\N\}Y\X tree  Ql2 M_Satl\/ata Correlated |

ond  thut C,L\wrm.H bounds amahé ‘o m\ukme Candom gpanhim& trees  even thou&h the vaciable are o(a?enoleﬂ&

RBasic Exomples

@ Coin Flips: Considar  n ‘\v\(}d\)uount {o\\f Con {-\1?5 so the Qx?uﬁa& * of heods s }A" n

Pe (V4 heads A}Al Zé,u) o zev}k&/g _ 1Q,né/é‘

-\
o, oy setting ¢ = 6{? . this probobilly T at most e |

”ﬂurz&or@, wo  conclude thot Pr( Lﬁi heods - D; \ Z m) < 507

go, with \/\I&k \){oba\f.\?tg‘ the number s~f headS T within O(ﬂ) 0{ tha QxFeL%efz{ Yalue,

onk  Thie S—Y\ teim 1¢ SEW\H\A?V\S +to (‘(Lw«awv‘mr, as vt comes wp ™ AI{{&(E“T P\mugs

Ar\d 4t e +lo Y\\S\r\t bound. ag JCL:L(Q 1 on Cewstant Fro%ab\\]ﬁa "HJLJ\‘ \'ﬁ L\MA{—%\ 2 %

Recall that Mavkou's Iwa%uml‘\f& {m?l{zs Pc & ¥ heods > 53} < T . ond C}\Lbﬂlsha\fg Inq%um\ﬁg
N 2
implies ot Pe (4 hads 2 Sg) < F

n

SVE ~n/a4
C\\&H\n&j\g bound ‘I‘N\?\Ius £hok Pr ('% heeds = %\) B = L h

which s urmu\ﬂq\lé small

@ Probookals v-\a opli 5 cotion

Recall that the swccess Pfc]sc'b‘.h"t\a ol 0o fuhd\m‘.\ﬂuk elppthme  with  ove-Sided irer Can bo ah«lv'l‘.{ieck
' (= Y ]

easily © Sav fle algodit b te always coreedt whew Tt Seys Mo and s copcect with P ob D wlan
&l ad . ﬂ “ |
Wosews YES To decresse the -Jf'-c:\ lnre ?v sbal Li‘na LWL ]M*\ fepeat  the cd,.zu(. thim k Fienes

\ - . . . K e 1 - -
o¢ wetil b seus Noo, o than  the Tailwe prolco\‘rc‘-.l\t'\é ic af mest LI--pj whow T Says Yis
4} 1 | { o

K twme for a No instonce Tov  constont P ftpmb\'g lﬁgh. Himer  wall olecreate tle -ija‘.l‘“u_
N I

?'(O'bml'oi'dt\,a o 0( '/nj'
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guPPnse_ +le randmi&ei alSUr§‘t'hm Te wo-sided Bofor S.aa T ohas &0 crﬁ giv?nﬁ the vired Answer

bl Tt Cowld  make waetaker  when 1T Smlﬁs NS or No. To datcease tho —Fm\lw»z Pfo'oa'b'. lik‘a,

we cun the alpdthe for Kk Rmes and output the majerity Gngwer Sm& tha Tnstonc
it o TRES Tnstmw . The :"\"LQEQ{?{-\G omnswe{ 1S \.\Jt’on& when  the  rondowized &lgt}r?t'v\m owkputy
No for more than /3 +imes,

But tla s?_xPectuk numbe - o-ﬁ Dmiwfz.r'\hé No is oQual to

obre 'ba oul msaumPﬁon- Co ba Chefnoff bound | the moﬁur?t\a Bnswer T4 wyeng

—,.t«{z/; - ok [ '/‘-\r‘;;"% - ¥fre
Pe( #wne > (l+g)El#no) ) ¢ 2 =2 “ '

ic

_'ﬁ\aw:%orﬂ.) \D\a (QPudﬁn& K= OL'\osn) Fomas, tha ‘f—o.“\ng I(vaa'bitﬂ-\él ‘e el waeet O(l/n‘)\
This s Dr‘ t+he 2ome order os  in the caw of ovne- Sided el (or,

Thig OUOX n) Teem Vs omether %\mnt?ta to emembed  and Wt WAl also come wp in o(?-ﬁfuud ?\aus

@ Bols and  bing

We throw n balls ate n ®ing.  whae each ‘all Qoes to a (Anl'fhrfh(v& random Din inokmno\&zn*l\é.
Execcise ¢ Give an uper bound  on  the maximem ek of o bin  that holde with high Pmbtxb]l}’rtﬁ.

CRefecences i Choagtac 2 and & of  Mitzeamacher and Upfal

= The book  Probabilistic methods ” ‘o% Alon  and Spwnwer s a Sma‘( fesource

7 Onz  importat  evample et The it ynoment rmethed 1

s the work of  Shannon  whe Showed  the

gestance of  gosd erroc LOYRL‘CMS todes - Ree MU}
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