CS 761 : Randomized Algorithms , grrir\j 2023, Waterloo

Lockure 2L ¢ 1Sola’c‘m% Cuts

We Studu& o hew method *o  vedwe the Sloba( minmum  Cuf \)(ob\bm to  +he mMinimum St ocut prob\rzm.

This s based on on algocithm foe the iSth'mS Cuts problem . wWhich hat Lound mony apylications (’LQZn"C\A‘

L sQSat‘mg Cuts

The  minimum Rso\ak‘mg Cuts P(ob(gm was  introdued in [L\’M] to Solve the determinittic  min-cut P(O\D\Qm.

Lnput s A weighted  undirected gcaph G=WLE, W) where  2och edge e€k has  weight  wie) |
ond o Subset of terminal  Vectices RSV

Output:  For each  tormmal vectex veR. Lind o cat SyeV  with ve Sy and R-v € V-G
Such that W (8CEW) = F Swe TS mmimimiged

(Trn words. for 2ach v. $ind & wmeimum cut  that isolates v feom the ertices i R )

One  nice ?(OPQ(&\A o§ the {gokat\yxs cuts 15 that the cut YLSVZSV@R Can be oglumed to b2 Vertex d‘.s‘Jo‘.n‘y

This ¢ o CDV\SQ%(AQV\(O. of the Prm{, but Qo odse be Ceen d’\rec’tlﬁ wsing the %quoo\wtari&ﬁ 1}§ cuts

in - Undivedted g(an\; Q\Nh\ck Wil also be used in the Prob{')_

Submodulac function = A function ’E-‘l\/‘BR s Submodulac If  for Quary pair A.B of Cubtets of U

it oholde that LAY + £ 2 £(auB) + F(AOB).

This s on Ymportant  Concept Th Combinatorial oPﬂm‘Sqtien ond 15 useful Th different  oreas.

One well-known example  Is the Cut {unction  of  wadicected graphc .

Qmm Let G=(ULE, w) be on 2dge - weighted  wndirected grap\\, Lot @) =w (b)) .
Then Ay (A) + 4, (B > dy (AaRY + dw(AURY  for all BK,BCV.

Proot (bLA picture)

Check  that eoach nga contributes to the LHS

0e much oS to the RHS . a

Tor  andirecked glaphs. the cut function Ol g Symmetiic o Qe A ()= dyy W-S) .

Rp?\tg'mg the obove \emma to the Qom?\amu\’ts %'wo.s the {-U(LOwlng.

Qmm Let G=(UE, W) be on 2dge - weighted  wndirected gmp)\. Lot @) =w(bE)) .
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Then Ay (A) + dy, (B > dy (A-BY + dw(B-A)  for all B, REV.

Ona  can alse cheks fhis d\(ukkb bj o pictuce.

Clom The mmimum i&u\atin& cuts SLSV?]%K Can  be ossumed to  be vaertex d;\sjomtA
Pront Let Su ond Sy be  wninimum i&o\q’m\g cwts for w and v, with %un&,:c?.

Note that Cu-Sy and Syv-Su  afe alse isukoﬁcmg cuts foc o oand v (QS?QK_’t?vdﬂ.

Theredore . bﬂ the Sewond (2mma  obove. A CSWO+ dy S = A (Su-Sy) + d\w(g\,'g“\ 7 G+ dy(Sy).
s, egualities  must  hold throughoat , and  thus

Su-Sy and Su-Su oare olse  Mintmam \'Sb\ﬂJﬂnX

cuts Sor w and V. ond Jchen& O Vet olisjoint -

Apy\ging g O uv\croSS?ng// C\(&\Amer& rQ?m&m&a will 31\/1 poivwise VQ(WX—d\is'\oRM— Miny mum 15akm.\& Q\A’cs.a

This Showe that the total o\zsu‘\\ft\on siye o-} the  minimum T&O(O\‘Hv\g cuts ¢ WL anad %\‘vz&

hope  that -there is a fost algorithm  to  Compute  the minimum im\oﬁc\f\& Qufs .

The moin Yesult in  this ledkue s that we Can Qem?u&m mMinT mum i&o\o&ir\j oty in Lo&l\/[ moxx:QKow tolls.

Theorem L'lgo\odc‘m& tute)  For o Subset RSV . thue s on &lgo(Ithm that Computes  that CDMPULTQS

the minimum isoloding  tuts for R using ]_\DgllRﬂJrl calls fo  wmin St cut on  weighted

grophs with  OUVUD) yertices and OCIED edges , plus CN)K\E\\) detecministic  time outside of the Calls

The first Step of  the O\\&ocitkm s to  Compute  Vectex-olis|owmt  Sets 5\\)\,{3 ver That  Contain Y\S\ﬂ]vek

* Ocder +he vevtices in R from O to IR)-|, and label eoch vertex TeR bﬂ the \olr\&(\j Steing of

= Tor 0 <t < K(ogll\ﬂ -4,
Lot RLSR be the Vectltes with the +-th bit baing O, omd R SR be thoe with t-th bt baing 4.
Compute o rinimem  Ag-Bt¢ cut G CGie with ApeCp, BeeV-Ce Lond w ($CC) m:nm?s«d)
- TFor veR, et Uy be the Component C,uthO\‘m‘mg v in G-Q%(C@ the grcx\ak obtoined bg

Cemouing  all the odees Tn the union of S - //__- h\\

/-_ h .’;. i o, \
[ i

T och Cy Com be Qom\mftuk LAS'mg one.  min S-t cut  call. { '

ObServe  that X’U\Avek are (30\0&\”\& Cats . \__,.. o ELy

?rc‘mw 'e(am ELPI%’X
Q_&O\\m U\/(\R = XUZX HU&R.

Dot Considec owother Vertex  weR . Since uav . thar b\n&flﬁ skengs ave diffeved Tn ot least  one \;'.i—,mbtv
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Se, aftec rmovih& the  adges in (L) . w onk v owe in diffecent Comgonents  in  The eraining gmpl‘v

Thic  opplies to Quer weR , ondk thus v iS not ™ the Some Component with Gny  other weR . g
*
The kz\s Claim is that fthere tw till an is:;\o&?w\& wt Sy Contovnedk  n Uy > bk:s an w\uo’iging arjument.

Claim. Let ¢ be on Inclsion-wice  winimal — Minimum Tgolqﬂn& it of v Then Sy CUL
< € . <
E(ho&- Tn Qoach Ttecotion ‘E, et Q\/: Qt \(~§~ \/EC{) ound CV:\/—Ct i—? U§ C&; 1.Q. Qv (& the Side D‘& Ct Cbr\foi\\\Tr\S V.

* < *
We will orgue that Sy €C, for all £ . and this implies  that QveUlUy as Ug & QCJ\C,

<

*
guﬂ:oﬁq, bS Contradiction . thot S:,k & CE Sy CV

Note thot Sf(\ Cf s olse on igobdc:ng cut .

Ynce L ie on Taclusln-wise  minimal  ymintmam Isoko&(mﬂ cut o v, wlCoael) > w(gf)
By swbmodelacty,  WCSH £ wCCE) 2 wlSInC) + L(STued) > wleD twlSivay),
This Tmplies that  W(ITLCF) < Wl

Note that Q¢ uCE is also o Ae-Be cut ac CJ ooes net Contoin ony othec vertex tn R,

but thit  Contradicts  thot C§ IS o minimum  &e-Be cut - g

Once we know that thow s St o minimum TSolQ‘tin& cut gf cortained in Uy, we Can fnd gf
n O Smaller groph  whee we Contract ol vectices 1n VU-Uy, to o Single  vectex.

The Second Step  of  the algerthm is  os  folbws.

* Toc tach VeR,  ConStuck  the Qaaph &, by Contcocting ol verties in V-Uy dnto o Single vertex W

*oRetun a0 mimimum v=we Cut ia Gy 08 00 minimum isokoct\ng cwt oL v o in Gg

Tor the Covredness Q“)ﬁ [NEVERRUIVE, S ' C—“, S on iSokod‘u\K cut o& YV in C—,T

%}3 the Second o aGbove . o mmum  v-w cut o Gy IS o0 Miaimum rgu\m“mg cut of v ina G(

For the time Complexity note thot \Ii&klE((:Q\i 2\R@) | og each 2dge  apprars Tn ok Mot fwo Small Rraghs

Therefore . the total time Spent o Compute o minimum  u-u o cuwt in Gy for all veR i ot met the
Time Comploty  to  Compate Ong win St cuk in the ocigiaal  Qroph G -

Altematiely o we Can olse Compdte  Q eidimum VoWt ia Gy for ol wer by Setting  wp  one
moxe-flow Gmputation  In o \\btgﬂ Qraph with  OUVD) vecties  ond O(\E)) 2dges ( Exercise )

This completes the Pproof of the theorem-

~ N
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We show a Simple  and VRTeCasking - OppliCortion of the minimum ISokoct?hg tut  algerithm  +o

the mMinimum  Skeiner  cut P(Ob[Qrv\.

Leput s A weighted undirected Xra?k G=ULE W whee 2ok 2dge 2e®E  has  waght  wile) |
ond o Subset of terminal  Vectices RSV
Outeuts A ek SSU with SOR%Y ond  (U-S)AR%G  Such that w(EEY) s wintmized-

Thn wcdS, o minimum Cut  that  Qeporates  Some  torminal  Verttees.
Note that the lobal  minimum cut P(ob\Qm s the Special  caSe  whon  R=V.

IF & minimum  Stemee cut 3 an ?solaﬁn% wnt - then the \‘sukat‘mg cut O‘[Kor\thm will find L,
the  winimum  Stelnec cuks  Could contoin many teminal e eties.
The tdea IS +»  do rondom Samplng  of the tecminals. samplog
S’uwosm o minimum  Steinee cat S Confains K verfices in R @ ~
et R bt o Tondom Subset of R whee eoeh vectex Tn R O35 in R’ with \)(oba\oﬂifg JE
Then, we Clm  that  the probak \\tla that S Confoins JZXOLLT\\:& 1 wvectex in R07C o0 Constomt
Tnoeed, this Pro\mb}\ttta is KHE)U”J\Z\H%“\Q‘ , omde 1t can be boosted o U- To\g&\) b5 (zpemf\rxg O(\ojn) £imes.
T this hoppens,  then W2 Can nd this minimum  Steinec cut bﬁ Linding  minimum (&O\Q‘th Qutg D{, R/.
We do not Kmyw k o odvene, but we can t(ﬂ ewy K that (8 a power of 2.

To %umqug\z, the {-olkou'\r\g s the (‘Mo(‘om‘\%eci (Klg'o(\‘b\r\m j(\‘or the  wintmum  Steinee  cut P(obULm,

© For 121 fo le%znﬁ

Let % =2

et R be o random Subset of R whew foch verte« n R Ois in R with \;mba\\ac\mi Ag_
Use +he Tsolating Cut alforithm  to find *the minimam Isolating cats of R7 in &

Rekurn  the  minimum  cut  that  we have %om\d\ So Jifkr

B‘j S\:&ht\\s \mod&ﬂm&: the colculation abowt the Q(ob&‘o\\‘\%\ﬁ, We ee that  the Swuwcess Q(o\mb\k\t% o—? ohe  @xecution

of this alfocthm s at least o Constont.

[
%“i\ \”Uknrfm& D(lujh) Imisz?szno\zv\t executionS. the ucess Frobabm’rzﬁ ¢ ot least |- ?"\‘AU’)’

_Thoarem There ¢ @ fo\notm‘.saot algud‘t‘nm that Find¢ & Wwinlmum  Stener cut  with h‘.xtq Probab.‘(ﬁrﬁ,

- 3 : N : :
using OCllofnd  max-flow Computations  plus  Olm)  processing time .

This Simple algecithm s 6 Qignificant improvement ouvee  previews work on  the  mimimum  Stemec  cut problem.
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This Simple Cxlgorlthm s O gign‘x{?‘\cant improvement owvec  praviews  work on  the mimmum  Stemec  cut  problem.

This can  be Aecandomized o obtorin  a  deterministic Q\%octhm with  imilac (umn‘m!g time LLP2ol.

\/1ch (uu\t\uy thete ¢ an  almest  (ingac - time (xlgoﬂHnm 'Qb{ um\?wt‘m& minimum  S-t ent T_Q\<\_\>P321:\/

and this implies  on almost  lnead - fime O\kgmit\nm foc the minimum  RWeiner  cat provlem as wal.

me:mm&_(_e_mu_ks_

Ka(gu's near  lineac-time Ngor\‘chm S oveey niee, but ik TS more ad-hoc ok does ol Seem to gfu\em\tgt.

TThis new opproach  using  solating Cufs  works  dicectly for  the weighted Setting and (ecent  works  Qhowed,
that WL @ be adapted to  Compute  all-pacs  win-tats.  vertec connect\v‘.tﬂ . hlj?ugm?m, Symmetic
Lubmodulac "R:vmt’flOY\ Mim‘mlsmion > ond So on.

And  determimistic a\gec‘\&\nm as  well.

An infecesting open  quastion i fo design @ Fast algocithm foc gobal  minimam-cut  in  dicected g(o\?hs.

This topie 1s  excllent %)r the  Cowese \)ro‘\ut [

Refecences

- ELPlﬂ Li ond Pan\&rc«h\ , Defeyministic  min-cut o PD\US(DKO‘(KT\'\MTC max——?[a\os
- [Cckepps 12 Chen. Ryng » Liw, Peny . Probst  Guuteabeqg . Sachdeva ,
Modimum  flow  onk midimum-cost fhw  in olmest ~ lineac  time.

= See a0 o TS+ talk by Thatchaphol Sacanacak  about  oll-pairs  iinimam-cuts oo tutocal.
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