CS 761 : Randomized Algor?tlnms , grrinj 2008 . Waterloo

Lecture |b: M?x‘mﬂ time

e av\A(«Ag& the w\‘\x?qg time o+ rondom  walks t‘nromgk Sro@\ Conductance ms‘mg the  Lovasa- Simnouits  Curve .
\\l

Thit  also %‘xvu us o ocal ” algoﬂﬂxm {lb( 3(&&)1\ ?o\rﬁﬁor\\m\g_

Random Walks ond  Eigenvaluas
Q

We stact with o discussion of  the algqu?c aPP{OmLL\ to o\‘(\o\.(\agg wa‘ng Fime.

Tn tla {oklm}ng/ W  08Sumi  the gmyk S undivedad  and mm&\mc

Rocall that ]{ tha &(cPh s b?\?a(ﬁ’m‘ than o Condom  wolk W‘“ﬁ nof Converpe +to TR Shﬁmana Arstyibuliom .

To aveld this problem,  we  omsidec kﬁ% Condon  wolks | whate  we S‘k‘a\a ot the Come vwtex wWith Fm&mb:mﬁ% %

TRs  wonk chomge tle pansing fme much but mokes tle vondem walk apatiodic.

gu, (et W= Aii* zLd\(\ be the tangifion maty'x eﬁ the fondsm  walk , wlate B Ts the mk}wznca PO -

Sinee W € o S&mmmn‘g matix Lo the &m?k ts undirgeted) , 1t Ts known that oll @SM\\!&\L&\L c‘( W are veal.

Lot >\\>,>\12..2>\p bo tle elpenvalues cf W .

Tt con bo ghown that =X >X, 2 .02 A, 20 Tf Gr s commected.

TEois known that thote ¢ o sythonoymal  bags a"{ Jz\\ge‘«\/ovctw& Vg eeoVn (le- <\1[1\f\‘)>1‘3 \\‘f 73‘\) )

Aleo

J

n .

<\/~,,\/~\>c’l and m\a vector xeR tan bo wittten oc o linear combnation Of Vi,V 3
Lot pp be the probebitity  olisiribwkion offer 1\ steps of vandem welk. Then  py = \/f\yo
Wate Do = CV,t. 4+ Cavn Os o lwear combinabto c% the ,@.gmudurs

&

Then Pt = W po = Q )\f\h Tt e, >\“t\/n , logcause VT is on L?&nkuw wWith m&zv\vo\[\& A
t -~
N fw( 2<7<n, onk thus Pt%Q\\J\_

Whan € >0, since 1 >A,> . 2 20 Y

P

L A L A
Note +that Vv, = (\\7\ W\> and C~'—<\>o,v‘> = . % we have Cwv, = & w, o, N ke

Shﬁm\q(\a Alctionbion  when  The %raP\\ 1< (SZSVL\Q(A

Thie \)(ovu tlat tle condom wollk Wil (‘/m\vo,{&Q o the %ﬁﬁ\n\ma dtibution -

Dgzhmku 2P

Now Suppose /\15 1-¢ {Df Some  Constand ¢ > 0. et w be tle %&M?b\r\m’\é Arstribuwtion .
_ 7 £ * it 22 2t st
than lpeull = 0 E, axvvill, = 3 Gl < mB G ¢ Gy

Qo when ﬁi&l\oph) Cotlen Wpa= TN, € 1/oolutn) . and the fwe  dickibutions are vern close
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This proves thol  when Thete T o lmrgt gap boetween  tha %\(st ond  the Second U&Qm{aho\, tlen

the m\\dv\g Bwme T3 OY\L% 9“8&1{\) ) luga(\&%m‘\c Sn the gTSQ a% the graFl\.

Cheepar's  ineouality
3 % o}
Whan ¢ thfe o \O\(SQ, g&P batween the {1\(3*{ onk the <erond )@“\&U\m\w; Q“
U\w&e(g “ma%ua(T%% chows  that Wt L\D\PYD\S M and Or\\g Tf +he gW\P\r\ S an QXPOLY\(}\_Q_( SrQPL‘
A&mn, assuvng  tle xSmP‘ﬂ i d\»m&u\a(

Define  thee Comductance of & sef & o ¢Co) = H}(S)\/(W\S\) , ond PLE) = gi‘x\:\smﬁn{)(s}_

Then  © € CPC@ S, and QL) s {argg ( bounded o\wa\g\ f{w 3&\'05 TWE and. mlé T{- 6 'Soan QxFaAN,ﬂ

Chasgec’s maqthhé A ) ¢ I

G, M s bounded Aoy f(m e TH @ (&) T¢ bounded awny —f{ew\ yero:

Rbmgma g\;u\dmg C Candew wadks have  Synsll h\\»x?vg Bme q[‘f tha Km?k s oan QxPamur.

s, 4o prove uppes bound  tn m‘\wg T™me, one Con prove o (ower bownd. on the gmfh Condmctance .

Geaph Po\(ﬁﬁm'm(g

?’xv\d‘mg a  Qel e'f Srall emductuna | called a Spar e wl ) ¢ an memtm”t ql&withm?c Probuwx
that s wseful ™ o&?—fﬁzmr Qreat @Jf Computer Sdente . 2.4, image Sﬂ_xmanhﬁm"l c(u&um\aa,
cmmw\‘i\a dtectm  in Social  networ KS.

The cha‘f of Ckaag@rls Inaqgmm(?fg acmal(cj provides an 2fficient a/fp(}‘t%m to frd o Sparse
with  Cendictan OCJK) but we  wonl prove C\\QQSQ(Z ‘maﬁwm‘na in this course (e CS 466),

Tnstead. , wa wrll prove o olivedt  comnection between  Conductune ond m?xméz tme, and This wonld
‘W\ﬂ\a o gmy% Po\(ﬁﬁw\mé atgoﬁtlﬂm with swmilar Xw\(mfu 0g C)\z@gul Tr\Q%wﬂﬁ‘J

One mivmhgg of thiS Gpproack s that It fives o local Kmpk Pa(ﬁh‘w‘mé a\gurlt%m that
Ceometimes )  ohoes not need To yvead €he whole SMPW

Thic tc uceful ™ applications  when we have A massive grovh , 2¢. the Sodal network.

Tro™m npw ™M, WL  work agam o &ln@(q\ undi¢ectad KMPM) not yszco_gSar\\\a (‘z&m\c\(

Lovasz Simomouits Curvug

Tn the Sﬁ&ﬁm\ang distibution | tle ?TDBR\DV\\\\\IA ot o vetax v CKL\D/»W\ , onh o the P(Dbc\,‘o:\;% afl
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o edpe 3¢ e w\ﬁwwa distiouted  on the Qo\&ws.

Tovr tha O‘vxalns\\sJ TE TS vace Convenlent To think b{' +he_ gm?l\ os o darected gmg\u whete each  undicected
edge e re‘?\mm bé Two ewos\h A Cected rui&es (v \"@F\AUL wv \w(\ WV and oW

Since we  congider \mSa candam wolks We alse add  one sdfipef {w 20ch, omga\,\g ingg

Qo there ar ‘tofm\(% G dicected Jld\SaS in tha ngL, ond o 2ach vertex vk has AW @\A’Y&m%

edges , Al Imm\\ng edges,  and W) g&hﬂm\;s.
Lot Py e tha Fmbm\atuhg AtsTRbuiion ef the \‘XS\& andom walk  ofter cheps.
We let e donste the tnduced distibution on tle directed m\\(u L %tm,\ﬂ = P%(u&/zd&@
Wae  Congvder  the culmulative oistabutiom %\m&n‘m\ f %t, which  we call C/c

Wa define CO) 5 be the sum of the laggst K valws of 9.

Lot V= %\\, 3, vﬂ)

T we order the vecbus o thet plD/2400 7 Pl 246 2 L% prO)/2d0n), Hhen
CF(ad) “&%LD , S 2dw+ mku)) = \’*m*?*@ , omdk QtKldLu)&..,%l&kk)}iP&LO%\-W‘?{L\Q

The function will be plecewice Fnear  betwen these R;n'w\t& We call thase ?D\w&s the oxdveme P@«ﬁ.

| ot Xé =20+ 42dW ba tha locatim of the k-th extrome pomt

Note that wi nwed +o re-order the vecticas \cor cach £

Hoce are Some basic F(cxgo,(ﬁa»& o\C the  cuvve ct.

| g, Extend ) b ol ceal weloum) \0\6 Vv\m\&\& it pletewie [meac  botween W\hgm\ FvNTS.

Then Ot Tunction  CY60 v coneave .
(D Lo every % wikh XS e lotm) ond ety <SS, we have
%Q ) % (‘fu»s)} < £ S xa+ CF Lxx))
@ for vy sbsel F of dirackoh edges with mo sif-loops , we hove §u(F) < 5 (e,
M We prove @, and note that © Lollows mmediately by Setbing o,
> e%u‘mlmt o CCoas)-ctuar) < Ctufv\~ cfx-9) L whidh %@L\MS Toom the defintion
as  the gor m&m appLer loker have ?roer\p\b‘ﬁas ot mest the ¢-r onges 2o ec |
o8 we  ocdar the UL&u ™ ‘(\G‘f\’\\'\“%g‘”\é probab lities.

@ T also Qo\sa oy e u\f&oo?g Cb\ffasgo'\d\ms o T have the Samg P(okab?ﬁﬁu, and_ s
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P GED) 2 1%@). 4

Cuive o Lina
T the gﬁ&\%ma«a Aretabulion gvmg L&KL hat the <Qame Probc\\;‘\u% L ond So tle wurve bocomes o line.

Tha %0\\%““5 thetvem g‘mas that the cucvae Convecqes o the S&mﬂg%% \ne {:D\s‘(w ch Yhe EFAF\\ Crndluctonce. s btggu

et & be o &(KP\“ with comductane ot least q>

4 N
Thoorem  (Lovosz- gimnmu\t&)

Than, \Cn( C\“”A Intial Probov\o‘\\?ha A stbwl on P“‘ L\/Q,(\A 20  and QVUA Y,

- \\§ x<am, Hhen ) <€ %Qct"\(xﬁ—(]ﬁxtj& CE(XE* g X \)}

T o when ) £ LT - 9 lmxE)) X + 6 (e XS )

Pictur\\o«\\&, the theorem  thows that -\
| // C

1//<L./ Qj(xé) AN b beleyy thWig Pu‘mt .

[ |
| {
| |

—+ t
a X N ™ 4m

XS ~$X K& wpx

L\m\ﬁmﬂ,:{ the “chord” dfown T¢ Km\&u Cwhen the conductone i btgg{r) L then the new \ao‘mf

Wil be (ower. and  thus the curve Wil d(b\) Lostec.
u\\u\ % 2 2m 't\\_&

)

Whan  x<€rm, the \.mvxgk\« a% “4he  Chord g '\)ro?ﬂ‘ﬁm\ o +the conductonce and X

\\Qv\&&\,\ I3 P{u?mﬁw\ to (‘# ond L~ thalt  To, He  smallee  eide 5% the cut-

E(SDE We will :\Mt prove the theorem {v{ an 2xtreme pont X . and the vest {ouuws f\rmv\ mcaﬁc\a.

Obgerve <hal Ctb(é) Yo the Sum of the FYD\;&\;‘\U’CK& ojy the k ko«&zst vertices

(et +Wis gt of Kk verkices be S
Lt % be ol Glf Lovps attoched 4o S Tor thoce adgec tat ove ot self-loops | let

gom be tha <t 0§ elige_g with thaie tanls n g, ond  leg g‘\n be the et Tg Q&XU with

3 out . . N
thawe heads  In g Note that Q“ ondk g con O\/er[a? ) thaic nterSedtion Vo the Sef

O{» etkgu with  both szuk?u\mm n S

Note that the um of the \:mmmﬁu n O at dwe £ ¢ Uﬁm to the Sim eJT the

Froha\{\&\ﬁu OJY the Qo(ges C/ﬂv{mg n S oat Bme L

That 1, pels) = %HKSSQ\{M %-«(SM) .
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Ac tla P{nba\f\\:t\a ol each Sdf»(ooF Vs Q%um\ to ifs OﬂreS?w\)ﬁv\& ou{»g&md adxgz, wWe  have

gﬁ Qggl\ } - g
go/ P£LS>: %&»1L )Jt%%,L(S‘\") = %HQQ"NOSNX%%)(,\ (g%tu S“‘}\
VAT B (V] PV SR S VRSl VAT BRTA

ouk >

Observe that 187 0S

So, by @ of the proviows lemma | we hawe
Pels) < \3<C’\Uo\®+ 26\ ) + C'(uom} - a\&(g)\\)
Wl volCs) ¢ dfined os ?65 W) .

Accume %<3m.  The othor case 38 Simlow

Then &) 2 dvells) | Q, b\g ) of the \)(w\ou \2mvma
Pets) = L ( (ol s & qb\/o\LQ)) £ (Aol - ¢ uo(Ls)§}>

© N _ .
S Xe = 2volcg) | this M\a\\u Ftt@ < iikgt \(x:—t({)x\fj “+ C_§\()(é-¢xé)> : 5

U\?PU’ Bound

We prove that tle curve Y 3e o\\wa\i\s balow the Curve ot o)&%vwd\ \o\%

UtL‘O‘— \(/qm—{- w\\r\(&, 4"“»&3&\/?({)1)‘%7

8]

TE 16 daar that <0 .

The P(DOIY will —Fouow \05 ndkuction  ehce. WL Show  that

- o avony e (0,am) SO P+ 0T G gd) € 0560

- Lo aveay xe Dom o), L (UM e p im0 « u“(mqﬁum,x))) <UL,

becaue &g, €T T H (T -@n) + T oep) € SCON =g 10U gy ) € Ut

Toe xe(0m) £ 000+ U7 aep) €5 (g Saep ) G-46) s L ®EH -ty

3
3
Note tlat va Tmakw teces for S:qﬁ ot §=o, we have m =\ 1¢ g@ te? ~

LU O + 0 ) € S50 v 1o g 504 ) L) T e R (- §9)" = )

andh SO

Bﬁ] Subtracting C* from UY, we howe the \Co(\wmg bound On tThe Comvegence Yate of +4ha vandem walks.

Themrem _ Pr) -w(s) € Jud®) (ot e

, ?f ﬁ{) s o conctont , fhen a{te( @(Logn\ ﬂLPgJ The n Pt TS \mv\a close to the SJVO«\HO'\Q(H ATstvibution.

Sparse. Cuk by Randem Walks
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Spmso. Cux by Randem Walks

\I\)‘L S\'\uw how  to &‘;P\\& f\u\_ \_D\fé\sz‘gwwov\\{s %\f\,u\(zw\ o ghd\ Cv S?a(i& C/\Nt

gmw\)ag& C s o set s% conduct ance QS
Then , Y 1s not diffialt cho that therr 16 oo vertae v oin @ Quih that f the random

walk ctacs abt v, than PtLQZ \\HP, That <, at eoch step ¢ ¢ (Jfo‘oa\a‘\ki{xa mass  laves S
et )= 2Ty £ é .

, |
lete tun tle Yoawdom ‘walk ol vertex v \Cv( ﬁ:W %Jra?s.

|
Thaen PtLSBZ 1‘§@3¢ Zk*%{ > 3/4’,

Notice ok ™ tle Pwo% e—% e Lovosa -~ Simemoviie estom, ‘wa m\\\a uie +the "E\Qlt that  the Conductance

\

OJY S\K e ot least O, whee Q¢ denstes  the get @& 4 lz\‘\i\\mst \)rohovb‘\kx\\a vertices  at time %)C@E [

SDJ \\% W\‘\v\q)(gi)“& ‘(‘o( \ﬁlqu‘\_qg anok %or all k then \:)\6 tho Howaem we hove

a € pe)-Tle) < \w\@br%—&})‘
i ~t&
DRy ? ,

ond. thig \\mPhag tlak &&91/8 < QS;v\ , henee O = Jm = O(W}

It weons That one of the gets 3n g; must  have  conductance. o0 mogt O(W X&QV\W\).

v

IN

Wae can check ol Sets gk: {Qﬁ' 1< 1/%(1; ™M \DDL\GY\W‘\A\ e ,H\Q(L\a% D&)\‘Q\W\‘m& on a?x\)(oxktmiﬂ\w

Cx\gufﬁt\,\m for 'g?msg el pdwost o &acé\ as T QFQU\WJ Pmﬁﬁoh‘mﬁ C{llgarthm‘

local Groph Pactitioming Alpocithm
N Q Q

Tt 3¢ \Ebss\b\l to \“&V QXPW“\“& o gmall Po\(t o& e %m?k \;a Nancated Condem walk |

Thot 1<, whentver the probability at o vertia v ¥s at pmest ¢ AW, then we get the
PXU\OQ\O\\\\\—\& o be BQ_VOI

Note that the numbec a§ vertices  with  potitive waamzha o ot mest e

%»a cmegmg on Qﬂ)fm%f\\oﬁﬁ, 2, we n keep tho set small and the ecror  Small

Mofeover , wo Can have Some Cenfrol ouer the output SPLS ukg;% this aPF(ooLck_

The \Cs(\uw\n& TCoa mwle P‘(O»C\\SQ Statement .

Theocem  [ov on wndivecdes ngk CTZ (U,B) and o0 et U\, Qiven P> ¢ L) and

KZ\/olL\)) , tlare oasts  mitlal vartees  Queh Tlot  the tunwafed (ondom  walle
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Q\govit\nm Can fnd o et 8 itk Q)CS)éO(J@{i) and VolCS>§O(KHi> \Cuv

ony € > 2/ The (untimg of the q\&oﬁﬂw\ e O (T Cﬁ'l) :

&QﬁQ( ences

- Lov&sv_, Cimsnowvi kg The me\‘v\(g Bwme e\[ Movxkou chains on Igo\?ﬁ(‘\mt‘ﬁb \\r\e%mtt%g , ond Qoumﬁng the volume.
- g?{dﬂ\ﬁm, TQ\'\%. A local Omﬁu‘m& m&mtm fw Mass Ve Sra?hs ond. itz applications  to
Y\M(\\a inaar Time S(QE\\ ]()a(ﬁﬁmﬁhd\

- Kuwok , Lauw . T‘\nd‘wxg Srmall  Sparse cuks \mé rondom  walk -
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