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lLectuce 11: Probabilistic methods

We will use Soma probablstic mathods b chow the axistenes of infcesting  Combinatocial objects
Tmag we Wil <ee #le st mement methed  omd tle gecond vapment  mathod

Next  time we will cee tle  Lovace local [owmma .
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Last twme  we wsed }'\/\a\&](,a\.l &mﬂxs o dag}gn Q ast a{jnﬁ%m f‘,\( network ccdrn&

construction 0{

We row ghew that  ow  efficient mmmgaok

MO\X\JO\J gm?l\&.
Recell Hot  Halls thascom {v/ B?Pmtﬁou mo&dn\\r\& gaag +lot g\\\/n\,\ a \OTPMT\T&L SMPL G—:(UJWJE\),

o Subcet SEU  Coan be ’\Mr&aoﬂa matched 9 N f and ml\% T{

Y T<S . we have \NUN)/ )Tl
whete N ¢ e ijg\ﬂ\;s\( <et o{ T.

With  Halls Hesvem Tn mind w\c\%“ov\ g(q?ks are  defined  as \Cu(Lows‘

Let G- (LRSE) be o b?Fa(ﬁtQ ngL\. Wa Saa that G is an (n,m,d)~ maj‘wu\ gm})% )f
@ lLi=n, @ HL\:M‘ @ Q\/a(\é\ \q:t vartax  (vertice in L) has ok V\v)\&\r\\owi , and ﬁM‘Hxa
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Tach  left vertex  Copnacts T a (m\dmta chosen 2t of A verBas om tle cight.

We daim that G ¢ o Mag?ul gmpk with \/\?j% vabc\‘oT[\‘Jﬁa
Lot el with

=gl <€ V\/l ond. TSR with 1= \,T\ < \.g\

et Xg}( boe tle Iadicater vacioble +Hat all e,o\&u ‘f(sw\ < go o T, ond XZSSTXS/T
Than

Elxgrl = Pelgr=1) = Com)™

LEN
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LUNne tle ,zxpaduk Value  v¢ \es¢ thon one

ond X ¢ an W\h&u volwe  vendsm  vaviable , tleta
0BT Qome  putcomes in The ngu Space tlat X=oO ,

\””Flﬂ““& that W\AST(;\\ Srayks exisl. 4

Tn fmct, T-f A s oo (a(S(, an\fl«\ cengtant gaa A= 20,
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ol c\usma related To  exponder SMPM , whitch  have oy applications  in Thaovelieal Computer
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gupnrconco,n‘wad“oc
Defimition Let G= (V,B) Yva o olicected gw@k ond Lt T oand O ba tan Qubetz Djf Vi
with  n verfices | zoch colled the ‘\n?mf Oond mTF\;t Setc Fzstc,ﬁvaLa W Saa tlat G ¢

O Supercmabratee T e avey Koand ey SeT ank T=O with Isl=I7l=k , thee gxist

koovertex disnt paths in G from C ot 7T

We are tnteccted n c,mshrmﬁ,\(g o EuPzrcmuﬂd\rv\t\m with o  few edges oS vas?btz.

A C,S‘M?‘Zhl bTquﬁfa KMF\\ %w T © O ¢ a Super tomumbrator but Tt Yegumifos n Q&&Q&.

T4 was (,w‘rduru\ tlat o Suya,r(,mum*wcdw with O xw{ju does not xist | but Tt Cuched oal
that  ome Can e W\AXT(AL ng]M o cmsStuet  fwch o S%Fz(Cmuv\*‘(ﬂw.

The construelion 15 fecursive . We assume  the 2vistence of o Sm\?ucmuwv'ﬁw C with /4 hpute
%n/q OW{FMS . ond D(%\n/<+§ uk&ms The bote case 8 whin = Ts o Comstomt fw which o

Complete.  bipactite  graph  would do

We wse tws  (n, 3/, O(Q)«Mag‘,@l ngh:, CT\ ond (O, .

Now . a Supefemantrator  with  n inputs  and owlpute  con ba ConStvuctad b\a ?\Aﬁ‘h\g ¢,q,.G, \—QXLTLJ{'

(p:chrL &‘rm Evs Suwvay ):a\a Hmru\\—t\r\‘\n\~\/\ﬂ£r}\£r§m\3

Note tlet tleve 1w o Pu({ut W\atc\,\\\é botwarn tleo ‘\v\PV’VS and  tha

W’f?mt& .

A n?mu o“\P\,\xg

O

Tlesk | we Show thet 3¢ s o Super concenty otor

eX zioli\,l,._uhzj omd Tl wtc\&v\& Comect vuhxi in L0 vectaex 3o 0.

Lt S<I and Te0 with 1SV=1Tl=k We wont tv o ghow thet  there are k& vedex disjoint
pothe batwien € and T. ( In the pictwre , SeL, ond TS1, )

1% Soal k¢ when vk of tlem as gubsets of ?1,1,.7.)'\7) oo than we an wse the dges
in Hle Vv\aﬁb\‘m& 0 Conrect those pos  Tn Sal.

W, we ocwme Hhat SN T= (i) - Tw partiadar Vsl= TV =k £ nl=.

By the peopucty of the wapical groph . for oy swbut SSL, Cset above pretae ) with Isl€nfa,

we hove e =z (s
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B\Z} Hall's theorem , this Trplies  flot Cel, kas o Fufub mahkn\é o Sova subiat S% W R,

Ba +the Qama w&uw\mt, TSL1 hos o Pu\Lut m&hlmxg D™ Qomae Subsen T% ™ R

Cinvee C e o Supef Lontntrater tlere oce \Q%IZKT*\ Vartay c)\\S\JoNT Paﬂ»& b cen S—X ond T% in C.

Combining with e twe meatchings, These form ISI=0TV vertex dispont paths botween & and T,

Pmtvﬁu\ba ) Co. 1t s o &mrchmﬁk‘a\vﬁ

?Mﬁ,\\\%, Lot E(V\B Yo the number DT 2,(}\&@5 ™M 4z jrﬂ\’rﬂ«\.

Then B = 2 dn A w4 E(gv\/%) L awd &o\vwzg tle NeZcuvvene g?vu T:U\\?DUHB.
4 R Ay

s magical Qeaphs W‘H\m\'\& S \) Supef contamdeator

Q\Avugm%ﬂ%ﬂﬁws OYe ;Lﬁm‘mt Commun Cehv et ovke ng:tom& y\mo{\@}‘

EXPW\MK &w\?ks Cav also be wsed 1o Ceonstruct opﬁml gwﬁn& netwprks YA&%A‘Mkolw\o's,gm»wun’_dﬁ]\

Hi ickth High Cheomatic Numbec Grophs

CTW‘N\ Cv\u("\h& < the objeckva s Ao use Tl minimum  humber bf olovs 4o color all verfus ¢o 4laf
l\m(% poar of ao{jaw\t VecBes  vecewe  differont colors.

T general W would LTke bo Lse as fow eolovs s possible . and would (ke to understand that
what gmfks Ceguirs /argg chrometic  number.

One ghargkﬁwwm{ condifion for  a graph to have {,,\(SL Chromabc  numbec s o have a LQrKl c(:%m‘

but thete  exict Qraphs  with Mo Wiangles (chw gf e 3 ) ond Yet with (ﬂ(fz Chromatic number .

Tka\co[tcwmé thowem To 2ven msve %wwmn&

T}(\u\mw\ T all K, Q, there  2xst gm?ks o—f chromatic number > k and wWith no c\\/]c(u o«f [m«\gﬂﬁ fﬂ.

=

E‘Ooi Considec & Condsm qu?l\ whete  2a.ch LCJ\KQ, s chosen  with onbabm% ]j
LQK X(("[) be tLQ (L\v\rmﬁ(‘ hvwmber U'g C]’ andh X C(I\ be thae i\\ée_ ‘aJ[ QA MRS Mam Tn OLQQ)EV\J\J/V\E Ht‘ in CT R
Note tlat n/xle) ¢ (gD L oas the \&ﬂk?‘v\ [ Pmb‘ﬁmu e X&) Tnd\g?zv\ﬂuﬂ sefs .

This %= h/d(&). To (ower Bownd (4, we wih wpper bownd ok(é() oS Th

(D ~pLEd RNCEVAN
Pelaled=t) < (YJQ C-pd < ntet = (mz ¥ >

Qbove .

Sex b= Yguh/?\ . e Pmm\a:\ﬁa e at  megt ‘/z (Just o loose bound. ) .
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S we beow thet  thete are no indepedant sty of 3% &X(ﬂnw/FB with  good Fvo\m\i\i‘wa-

Naovt o we  bourd the number 6’f Oactu a{ m&t»\ ot most L Coll ©hg number X

A . .
Than Tly) = ég (vz) LT ? ( QY;B Subsels . {o¢ 2nch subset, i Pt muctations,  gach C/AQKL O*& \zn&t\r\ v cowrbed ’ﬁmes>

\ N

< % N \ n v\;
< 2 — P Ceeeal (Mg )

3 20 )

Id\m\kal we would Wke o choete P o that TIx) < Ai Sma , Ond Conclude that Hlere are wo  Qush oac\zg.
A
Howwver ot do So, wi naed P < TR

Rut  then e beound on D((Ey) wonld hotemze OCn D | and vue Could not ga\a OuV\&'H’\\'\& abrat X LED) .

The new Tdes, ¢ fo et P (argz( arh 4o Some Outermmistic modﬁ]ﬁuﬁﬁmi latec .

NS p:r\%‘ whete €<\/k
[

z n
Then EL)(] < 23 —; = OL"\) 0S¢ < \/Q

n Paﬁ\w\o\r o Prlx 2 h/l\) < A{ b‘g Mar kovg Inz%mkﬁb_

gaj wikh &eos‘\ﬁ\m P(O‘oa\é\\*\a . tle &(D\P\\ koot lags thoan “/z ok ( \{V\KT\/\ < < L/23 uadsz_s

ond L) < ZV\\"%,va\

Now , the Tdea ¢ to delete one yortex ™ 2ach Shovt Oadz o obtanm CT*
Sine we ned to delete of most nj2 Vertes , Cj4 hos at least wja verBias |

Furtlormove , 1t hos no shert O\QLLLS and o MMPMMT get s af Gye ZV\I{QV\V\_

T\\wo,ﬁng %((T*> > [\IQ({K)\ > W/ - ne
ok(ﬁ*) PPN 6 2nn

BE TS \m&u than mmg k ﬁrf %\,dﬁ%\()emﬂ\a [D\r&( n. g

Thie  “daletion method”  ( wive %Qv\ﬂx{ﬂvua © daterministic md?ﬁcaﬁw> s oo wseful Tulw?%u ™ \;(o\m\oik‘\gﬁg method.

Second Moment  Method

T Q\\st wmoment  method Ve to uwvm‘\L tha L\L’P”—LITQ,A\ value ef O Yoardom vaiioble , gawnd  conclude that
Thote T¢ on outcome  with value  of least ©X) or ot mest ISR
T o V\V‘r\»V\aSD\Hva_ fandsm  vadable X we Can wie the  Markov "\v\eabx,\g\tr‘na o prove that PVD@/(> ERSCSP

ond. thus Conclude that X0 with haigh ?(o\oa\;\tiha ?f T <<1 fr o TM‘I_SN\\ X.
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O%Tu\ wae alse want te F\’Ovt tlat

Pelxz1) ¢ la(&t

Tt 1s net Lnou&}\ to Su&t chow that T:b(]

os it cowld be the case that X Ts \JU,(\a Lﬂgt fvx o <mall \Qcadﬂw\ o{ the O\M.‘Pvﬁ\_s
while X=0 fw o la(&a ﬁad\\w\ af tla amwaTs,

s \ac&m s

To exclude this cate, we nied Soma  kind e\‘ Concamtya Fon mzﬁmvﬂﬁes La.&. Variance er{ X = $WH>,

ond the S2cond mowent methed P(OVRML one vvma to  establivh  thig .

Thesvem

1\5 X ¢ an wfqgm\-wx\»\uk fondom  Varioble Than Pe (X=o) < ALQ\LDQ._l
(=L

Pfoai %a Cﬂ\g,b\dS]/\M/S M@%ﬁ«&“f\a - P\' CX:O> < P( Q \ X”E[X}\ Z EEX’X \> < \/“( Lxl/%[x}i o

ank\b\r% 1{ Ve X)) = o(@i‘(]ﬁ) o ELC) = (1+ o(l)j &XEEX)} , then X >0 almest  alwons.

heesho haut ]

an d.om

Lot Gm? be o &W?\“ WEh nveius wleta eadh Rdge oppeats with proboliliny b

A P(o?e(f&g has o threshold bohaior T‘ﬁ there ¢ o ‘Euxct%\’\ ’f such  that -
- when E;\w %{QM\ ~ 0 _ tlen 0lmosT gmda G Cw, Btvd) does not have this PruPAv’%
n

whan tm hin)
wSoo ’%U\S

>~ R,

tlen  almest SLAVELA (;(Cvx,\r\kv\)) hos  thig pw?zrha

& Pmpuk\a hews o g\\mF throsheld

bohauior Iy

\«E tlee ¢ o ‘Ew\m\m ’f cuch that fw ova 650,

olmost Su-\'dxa does nhot  hove the pTDP@rhﬁ.

= &, (\~i§{uﬂ

- CT\LV\)LHCQ%U\)> olmock emua has the PrSFE(hZ)

For oxomple . consider Fha propecty of havig o cligee of sz T, T @”

[\D/t X bao i“Lzz_ Y\vwv\b—@r 9& Q"CUWS n G(NF TLEN EY_X]: L:\)Pé .

\N\/»Q,V\ ’\)= O( n = D. then E[X] >0 , and we Can conclude tL/}vt P( LX:O> > 1 \Oa tle %\(SY mowment mathod.
On the othec kawd . when P:w(wNSJ

How EIX)D 0, ond WL Can uce tho Setond  moment

method
to conclude that Prx21)>1 | by shoimg Elat Vor Ly ] = O((Eb(]\f). See  Mitaznmachec— Upfel Chagter 6.5.1.

Theovenn The P(a'@a(t\a of Mvﬁn& o L\IW 9{ S?SQ 4 hae o thieshold ‘fw\cﬁo»\ —gm\: n

~2/z

Let's e o property WAth o SMWF theeshold
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Consider  the E}(D\:nzrt\g that a Yondewm %ra?k hees  olbowmeter  |ese tlan o %%wﬂ o huo_ e ‘ﬁ:{ Lvua I)a'vr

0% vertes thece Yo oo path u{ LZv\St\A et mest ftwo (,mna,ﬂﬁvg tlem -

Theorem The p(o\)u\w& that CTU‘,‘;) hos  diameter tTwo

n

has o Sl\;\r? theashold o T P: \JM

(oo We S&\a o ?Qir siy veerlees 1 oand 3 s a bad Pa‘\r, ij there © no U{Sz Datween T Qr\d\:)‘

ond  no othec vertex  in CT Te adyjacent to both T and J

Note that o ngk has Atometec ot most Two f and “LQ} 3-f thete 3¢ no bad Pmr.

Tov ety P of veelices 1§ owd ) with ‘\<‘J o let YTJ be on ndiaator yariable sf bj) bz‘m& e. bad pau:

lef X= 2 X7 bo the  number bad  poics..
3 A P

n-x
Than EDGJ] = L\»p) (\~P)) - o< 2ok of the other N2 verties ¢ not adjacent to both?aw}\J.

RAN
P

Co, BIXD = U;} U»P) (1»5)“71 ~ % (\(F‘BW VLI
nw > - Q<V1V\ L-Cc
Qo P* \JQT . Then B~ §n 2 ¢ = n )

TL@(L%YL , \r'f c >, thlen EEV] 20, oand S0 Aiameter  Te Two olmost S\A(lka-

Now, cmeder the case when ¢ <% tlen EIX\D> w .

We wese the wWomd moment method o chow +tlat X 21 oalmett ?\A(Qla.

T = EK&E]X‘\Q} = & 3 %y ka\ = E EEXT‘J Xl

K<L k<®

We eplit thae Sum Wb bhree cases O all ?A‘j,k,Q ove dtﬁm“t
@ theee Anstwet vertes oulb af \‘/3 k0

@ Two  distinct  vecas owl o 10, kL Gl v Seme pave ).
J ?

Toe (O . the fwo variables ore Tndgpondont | and thas ‘\E,ku& EEXT) Ko d = E\\),kd Eb(t"g] ISS'0N

€ Z RO 3, Bl = @LO)

Tor @/ the two vanables ace ¥Fle Same , Owd  thus 1S ker EEYYJ XKQB = 23 Ei\(;}} .

2

Snee X‘Q ts on Thddcabtyw variable X;S:le L and thus this 18 j\wst \23 ”\::Y—X]BF} 2 T:EX}.

?s(®/ \ot Uf‘]] and (iLk) be tHe two bad '})&Tfs. v O\v\\a othar wverteox w, other Yt ¢ wnel

odjacent to i ox it s not ad\jmu\t to  both ‘Jm\ﬁ\ k. Thie l\awm\; with waab}n\»a

Ufpﬁ* va@l = \«1};*?3 x \'zﬁ.

Qoo BLx e B Gop) - ()™ m Geagd) w0

2?
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2
,')_?\r\

L, ¥YX]3 X‘,g? ~ Q\»v\)x- (\~XPL)N3 N U~1€)“ ® 9

3 g
Sine  thoce oca al  mest %LY%B suwch MP\RS , the Sum in @ ¢ at wesy %’ en
cinn 2 ~2clnn -2 &G-2e 3
Now, Yewll tok D= J n thic Ts ol mest —é n" L = \_1 n =oln )= OQQ‘;DQj )

> X RS
Therdwe, ELLT 2 (R0AY + o(EDD)) + BOA = Cro)EWD).
Henee bxa tho w\(cﬂ&va 9“( the  Seeonh wmoment  methed . wo Umcddude that Y= 1 almost %\MA&—

Thie TmP\ith ot Tl gm@:\ Ns  ddamder ot leagt three  when Pt JC&%" Ty e, o

andem uctule
Thashold  phenomavons e Conmon T vondom grapht and WL T4 Suhject of infense chudu.
An \m\mfwt Cesult v the L (fent ot h g?zw\ mnfrmnt”v When  we ample o Y andem &mFL with
2dye ?mﬂ\,m% ?:JW‘ tle \q(gm Compements  ace of Siye OlnT)  and tua ate Clmost sucely trans.
But when Pz(wa)w tlen thoye g o0 MW g‘wm Compmant of 37%2 ) Cwhile all otlec

Comprmantt  ave o{ sigz O(Loj%>

Other fondom Stowctures  alse have this  phenomensn of * phose tonsition .

Tov rondom  3SAT formula wherr gach clawse  Aag thizn condom  vactobles  (ov tlew mgqﬁm)_

It e cﬂ\'juh\ru\ andk gmumﬂa belioved thet whin the clamse-to-vadabe yvotie T¢ less than G2,
than  the fﬁmwto\ Ts  almost s\uu\a Satisfioble |, and when  Thic (afio T grester thon &2, then the
\Cn\(mwm T¢  almest sz% Unsﬁt?gfw‘abu‘

The Some s coljectuied for  k-sAT, and the coyedue Ue very mmta settled ba Diap. S(J and  Sun

7

Tn “he paper - P(Do<} D{' +le So‘ﬁﬁﬁm\ﬂ:f‘g LS\AN\SLLW(-L fﬁf L“(gﬁ k

Algoyithmic Issues
R

The second moment method Can be weed 4o show that Gy, hes o clipe of siye Monn dlmst suely:

white 1t 3¢ posy o ford 0 clige of S bﬁ‘” Ca stwple qreedy  olgorithm would work> it 75 nef
Known how o find & GL:W ef Siye L=+ 4 (OS)W in ?O\\ahvm\\al Bwe . ond Tn Fact there
s S evicnce S\Aﬁuh‘ng it may be cmmmwua ha ook

gsm“(mL\,&‘ tHlete T ne  kaown Pu(nv\mTQ( AN q\&umw; o doterming whetler oo Condem  3-SAT

‘EVVMMLOL with Clanse~to-variable ratie &2 1% Saﬁsﬁv\‘ow\ sv not . In ‘§0¢T , these ave  Soms
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hardast ™etmnces \Cw 2-SAT  tlat  we know how to S@huam, &"ﬁidmﬂa,

Re ;{g enteg and 330‘,"'&(3

Mo\&‘x@\\ gm\ahs and Qm?a(%\nuvﬁ\(oﬁ\ws are {rw o S\Lrvma h Exyw\ier sgrap\/\& ond e a\apl{uﬁ\m\g /
\Wd Howy , Liwial  and \:\J‘\&o\@rsm ;o 0n whidh uou con alse tead abowt deterministic  constructions
ofy axpardar  Qrophs:

The bwk 7 Probalilistic  wmethsds \mé Al and S;Pmu/ <a &Sruf Y2S0ul 'Fn‘»/ v arouws @\FFI;@{M
T Combinatevice  and alce C,wa\%&v‘hg. The Wgh gieth high chrowafic  humber  examgle 15 frem  thece.

One \\mFm\“wﬁ &amm?la af( “+lo f\ugk mement  wethod  T¢ the  wevk o—g Channom  whe  Qhewed The
axistence of Roed  Lxcor Govroiting odel.  We will see Wt nect time.

The diamster twn axample i eten from o new book T Foundationd of data  Sclena

b
§
HOK)C(D”&Y and kanm\ .

- 1 OLD‘V\/T know ojy N %ooot Swvmg obowt  thyethold x?\,\xznww\mﬁ Tn Candew  SAT, QS\NGML«Q there
e slc g% (2cent D{D&(ugJ bt }{- Li\om are nteceitad \QDV” could Stk —{rm ¢ v Lx\)grtgz

\’\WLFR&Q—S such e DV s Ac\/\“a\ﬁfﬁi . Amwn CD}?\"OSL\IO\\'\ . A“G\n g(tﬁ ot ...
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