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lecture 15+ TElectrical networks
We  present  Some boade vesults  abouk  electrical flows and effective  Yesistances.

Then we Show o commection o amlﬂ%‘\n& commite Tme  and  (over time of  Yandom walks in wndirected nglqg

Electrical flows

An  electrical network 1c an  undirected 3“‘?1" L Whete  2ach edpe @ s a feflstoyr with registance Ty,
The  eleckrical  Tlw Th o thate  netwerks  are Qousrned ‘o% tuws  vules
klrd\%nﬂk law the sum of ?V\cow\\ng cureants i e%wo\l to the Sum sﬂ— th"‘"g Curcents .
_Ohms law  * thecz 2dsts a \/otto\gz Vertor (ﬁ)lV%TK Such that Cb‘pé\,: fuv Tuy .+ where \C\,\\, 1<
the electrical flow owerocs —the ng& Wy Lowhich Te positive  In the {ovwacd  direction

and Y\Qﬁmﬁ\/e In the backward oljrection .

2 6 2
3 = 3
Tor example., considey thic network - ﬂz*@"ﬁ:ll )\ /—\/1—k*@9ﬂ:1L T
o & &)
—= —® 5@y (0>

jwt one Ompece s In\‘\@ckmi inte € and one Oompece S temoved Trom t . than the Voltages ot the

nodes and the CurrentS oh  the feGstos  are Shown 1n  tThe ‘?\\&M(‘L on  the cight

The et qgw&ﬁo‘n e ot hou Yo compute  The &ectrical Llow o{- on  eleckenieal  network 7
We will show 4hat This can bz done b‘g go\u‘mdp o Skjsﬁw\ ajy Tnaac Q%umfion&

Before we Show that _ we fiest set up  Seme netation ~€or the  modrix ’EO(MVAD\TTO(\ c{» +he Prcb\xm.

Notation

Lot G=(0EY  be  the ur\der(\s‘m% wnolice cted 3“;?% o{ the electrical network o with  n= |Vl ond  mi=1E\

ket q;eﬂkh be the vedor of potentials  at  verticas.

Lot LCuv)  be +the curvant qctuw?ng from veerter W to vertex v on om edge v,

This s a  dicected %(,«omﬁ‘h& ,oond we  define FLW = - £l .

Co, wao interpeet positive  flund  ag the £ low qeine forward  from w to v, and negative Soing backward

et fFéTkm be the vector of cucrents 'F(ow‘mj over the edgeS | where  gach zdgg 2= (,v) bmha appascs
one  as Flun)  whee v (assuming thew s an ordering of  the verticas ) |

let We = l/re be the “Q,onokuudo\nuu D{‘ QASQ Q.
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Meteix ormulation

The Ohms  law €T\’§af(_<ls that ’(‘Qu,\ﬂ = M = Wy (Cp(“)‘QS(U)).

YKA.\/

To <o 4he Kirchheffs law . &z}csf Congider  on vertex which 15 nst & Soutce wor @ Sink , then the total

v ol o3 o
O{»/‘\) s
ncoming flow should be 2Qual to the total outgoing £low - °

&
m S o/

0.

Since Flu=-Fw) | this

IR JZ%(A\\ID\L&KY +o  that the +otal

outgoln s Llow g z%wu\ to gee, fa 2 fww=o0.

WVWET

More %znuaué, WS bh be the Lt of curyents fn]ec’tivxg into W L e bu s Pos?{hm fo( o Soutce

Y\QSQ&N{ doe o Ak L and =ero {—Dr other vertices.

Then . the kKirchhoffs law enforcee  that PR «EL\;\D: by .

wWrVuER

Cum\;‘m‘ms with Ohws law . this SEVLs b\J = ’%U’\*\J

T W vweE s

- Y ~Ocu = ) <p
= Wy ( qS(\h (P( )) d\‘lﬁ ,LV}CPCU] W\m&Emw UAT)/
whera OK*ZKWC\JW = {

ot Wy s tho m‘(gmu\ duzg(zg o\L vertex v

> -
Notice  hat whan wuu=l for all edes Wi, this Can be  watten as b=L® whee L is the La?[adom ot vix

~ oy ¢ wux v
More gmuo\uj, let L be +the \,\mghfm LaPlan\ matCix whe re. _ g
Lty
> > deg , () o ou=v
CEGW\" ¢ the \/o(hxga vactor  and be[?\n

A8 »
¢ the  demowd” vector

Then, Sackt shying Ohws law  ond  Wechhotfs law  on euery  edge and evary vertex  Con ba Compactly
>

N =
witten  ag Lé=b.

Co mputi n% Vo tto\gu

>

To Compute EP we Jwt need 4o Sove o

LO\P\ acton nghm D{

| \near Q%{mflor\s

This can CerO\w\\\a be Solued in O(RY time using Faussion €limination . but It % now kmvwn That this Can
be Solved Tn hear—linear time HOPLJNH% we Wil have fime to  discuss this ip Some Oletonl (ater.

Poudo—inverce  of 4 moata ond  +he Set  of

all So(ufﬁons to LX:\;.

Notice that L is not

of Aull vonk . and %o 1t Ts not Thuartible.

Pt if we oslume without loss of 32r\1r0\[(+ﬂ thot the 3(&FL\ ¢ Connected ., then we know ‘?(mvv

s

Ly
-
thott  hullspace (L) = 1 o it s st pesaible o characterize  the et of all  Solutions.
n >
ot YER" owd woe weke X= z\ Q3 whare v 1¢ an orthondrmal bagts ajy zx&,awutw; o{ L owith vi=1.
Than Ly = TE Cihvy = El GXvi o A =6 and %o LX

>
1< o\\wmﬁs ?arx‘)zr\d?u«\c\r to 1.
ga, “Fo( LX:E TO

. . >
have & Qolutdon , 1t ¢ nc_quSqna that b s Paf?er\ohcm(ar to T

Observe that thic i olwaﬁx satisfied  1n the electrical {low problzm . as Viév by=0 becawe tha {otal
Cufvente \ﬁjz&e& to the eloctyical  network (¢ Q%wd to the total Curcents

Yemoved from  the netwoerk.

‘,}
On tha other hand . 3 18 Sufficient for b11 @ +that l'x = b hos o Solution-
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n
To Qe 4hic . £ b1l then b can be  written o¢ b= 2 aivi for Some 4.4, 0.€R .

N that X»gﬂ\/‘ tisties Lx = L(g&\r}: 3 Xy =12 Q\TQNV‘\iEO\‘\\/;:Lj
ow, note o Ttz A Sot s = i v T=y A: | 2y TR ; :, )

n

Ja) ~

The lineac T(D\Y\S&DN‘AD&:DF\ to MQF b= ‘z s to X = E D\/L:\/I Con be written 0N {’o“cw&.

=2 =y A

"

Define the paewdecimerse 1P of [ ac T T Snusel

n

N S nes 5
Then [jln z&}_l >\~,V7V?T>(21Q‘V\> = 7:510\7;\/\‘ , ‘D\A tha ortkuwrmrx\\&a a’% Vs Vg

s

N N Ayt
Tn genecal The pseude-invscse of & real Symmekvie  mabdx LS defined @ \\24?0 R VTR

N ore the ZTKU\\/D\\\A_ES of L ond the vi form an orthonormal beosic of Q1 penvectors.

Lt mMeps ony Vector b Tn the  fonge of L t the unique vector x  Such that  Lx=b ond AL kerne| (L) .

w

And  the set of all  solukions go\t‘ls&nmg Lx=b 1 S\ Ub + Y | Ye keenel (L)}

>
Thn the electrical —How Pfob(em on &  Connected gro\pk, LW\ Maps Oy vector b l1l to the W\T%uq vector

X Such that Lxzb ond Y11, awd the gt of ol colutions Qor Lx=b s Y\LJYbJrCi \Cekk]]<

QD/ the set o% all tolutions 4o Lyx=b i< ju&t [y \\Sh‘\{t/’ o‘i’ L+L;.

In ?art\mla(, s Mmeans  that there ¢ a L/u\\\c{,hz lution +o  Lx=b with K= 0 ‘—Emr instance .

C omp utin electrical lowe

Once e hoye me\;mtuk the \)o(bxgac, than £ ¢ Qqsg to me?u&b he Flows. e \Qu\,v}?mw(q)hﬁ~¢(u>>,
Let e Witte down &  matrix \Cow‘«mmttm\ jcw our digcus¢ion  later-

Let B bz an num marnix whece  each  Column  be aSsociated to an edge 1:\3,\,\)\%(@ be  hac  +l

tThe -th oentry and -1 in the Jth entry  and zero  otheaise.
Let W ba the  wxm ATAKMO\& watix  wheee \AJL,Q:\”L . where Wo IS the conductonce e—f @d&@ e
N ~ T
Then , Tt ¢ oty to chek that £ = WB CP .

Note +hat L = 2 Webeby = B\WE'.

ReE

> >
S, b Lﬁg = E\,JET(P = E—E . which can alee be checked @Ur;uﬂ\a —From the definition

i

Effective  resistonce

This is an ‘qurasﬁng Concept That comes up i diffecant places.

The effetive resistance  between verticas ¢ and t 15 defined os G- dE)  when one  wnlt DWL

¢ lectrical Flow T gent LTeom &t

Tor  axample 2 2 2
ampie, ’Fsv:‘f b= fo==%

ﬁ@‘@“@‘\
bt O T3 ——® 4., ol CHE T

Yasiste
£ -2

RR.H_ Cs.X)= —%
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® \;tg ®lo

Y'asistor

beo

wr|e
& —

T ® g -

2
Fop= X

We con think of T ac the Yesistoance between @ and t when the whole network 08 a S’Sng\a Cesistor.
Wa denste  the effective  cesictance b% Qaﬂ(si\»
To  Compute Rage oty o Liesk we Compute  the velbage Vecter of an unt electrieal flow Teom g te T
=
%ka the wmetrix %nrmu&o\\‘:br\d thic Vs the solufion o L(#: \cgt,\,ﬂ\uu, bgt is  the vector  with  +l in the
Q~th lvx‘tra ond =] Tn the +-th Jar\trka,
_5

Se. &= Ub%/ Gnd hﬁuﬁ%i¢@*¢mt'b&ﬁb%-

Onece  we howe \j, we Con  compute 21_%{ Cu) %O( all wu QO\S‘\M.

Enery

This s o \\m?b(TO\N\‘ CBV\CLTJ't oboukt  electical &:\uwg.
Racall %(cm ‘P‘n\&g\\ts thot the @hﬂr%% o&‘\gsTpcd\-su;\ in o Yeststor netwok With electateal J;Lou -QLLA/\)) Yu,u 1
= 2
defined oc  EC{D = uvja': Lwd Yy

> kg 2L
Note that ()= 2 Cuw fw = = (dw-0w) /vy = o My (DU = ¢T<E—%wwbwb‘l>¢ =¢' L

Wt Wuen
Int\m%ua\a, W owe think of  the  whde network  ag one resittor of  vesstance an{_ks,t) fom s %t

than  Regf (XD = Co-dW)) /\C(g,’c\ = %(E) W4 s o0 onzeumt electrical flow Tom s to t.
This can be proved formaly  os  Reff (s4) = b Ul by = LoV gy = dLitid = fug = ey, as

wtoas 2oy to \)Mi{a that LJLi L.

To Summarize ,  the effective  (esistance vetween S and Tt is  the eho( gy of the onz-unit St 2lectyical Liow.

Theorem QTRQMFSen's ?r‘u\c‘\?\a_s EQH ) < %(?3 wcbr any one-umt s, t - jﬁiaw ? .
> -
(oo Lot £ be the one unt s-t electrical fow . and ¢  be the (_ov(‘SLSPD"\DUnS voltage  Vector:

) -
Consrder € T%*%
> > . . ~ = S
As both ,E O\V\dg gq*ms%\a Llow  Conseevollon  Congtroants . 1t can be checked  that \2% = Ei = }Jgt >
a5 the v-th entry of ’\gi o2, (=gl v 2 30u W) = = qluny = bg (W)

_ WU ER
wvetn WwWVER

= > _
Tl\a({"ﬁo((’_‘ %ii Et{l—ﬁﬁzm which \\Y‘r\?\keg that pX cv,w) = O %o( all .

Nl

SN = Y - bR Cu. B N
Qo, ita) e AR SUM\A T Lwetn Yoy ( % uM+ Clu \A\)

> 2
= X Copo Tl + 2 T Yuwn —Q(\A,\z) clw) + X Yo,u Clowd
WU te wueT wéee

col

S -
Observe thot the frsk teem ¢ CLLWC)) and.  +he loast Term (s positive W £
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Hence | we will complete the ’P(uo‘(‘ thot Q(S?)?EL?) \o(a showh\j +hat +the middle tem

1S 2eyr0O .

WuekE wvet

To Seq this DI (VRS STS FITE R = C = pevd) clu,ud ‘mé\ Ohms | aw

= m?);&E K CPUA\ clwu) + C#LVB CL\/,L,Q\)

= L dHw T Clun) = ©

wé&\ Vv ER a

_Remark: This P{oo{— s elamentary  but pechops nsl as h\sigh‘vfu\,

There s an  alternative onc{— bosed on  CoOnvex O\’ﬁ"'\‘\j‘”ﬁ("‘

The 2necgy %u“ck‘\on VS Convex  and 1t i< m?n\migerk when  the &(M{Iaﬂt a,@ the Lagfanj\an S 20Y0.

This g\\)u a Short P“’D\L o\c the T‘Aom\»un's ?r‘mdP[z.

Effective  resistance  as  distance

Let we im,& to Qe yrore intuition  about  effective tesistances.

The Raylighs  monotowieity  principle  Saye  that +he effective  vesistance  comnot  deccemse Tf we  increa

the Tvegistonce of  Sowme e&g&

S,
Theorem (Rma\eigk's Vwmo*tuw?dh& Pf‘md\;\m} Lot Y 2¢ be tThe Aesistances

Then , \ztﬁL?IQS,J(X 2 RLIQL?LS,%> . whece Qnﬁ?(g/t) denotes  the effective (esistance 57\/@0 vesistances 7.

oo Recall  that R&L{_{;;Cs,tB s Q%mm( to  the 2nerqy D{ the  electiical ‘F(aw Q? LF)

>

- = >
So. to prove the theoren, we need to Prove  that Q?,Lqﬁlﬁ z CL? (£). where £ and {,/ are
the electrical flow wnder resistances ¥ and I

/ i - =
To See this note that 9?,(%3 Ed %? ¢ as X' =zY

s

2 %? (%3 o € mini miges energ% bi\. the ThOMFShﬂIS P(‘.nd[ﬂa_a

Ihtu?fwa\j, A there 3s & short po&k between, < and t.  then the vh%ut\vm eslstonce.  befween § and T s small
Also. & thee are  wore dﬁs\jo\n% Paﬂ\& betwean S and b, then the effective  tecistance s Smaller

We con Lse  the Raﬁu‘igl\'s W\onotov\‘\dfg P(\\r\clp\g “to STVL a bound on +the effective  vesistanca .

Cloim Tf thee oare K ed\ggw&lsyu‘w& PMM Leom s to t , each of kar\jf\\ at mest L

T hen Reff (s4) < Q/K/ (lgsum‘mg that the rceistance on each ongz s one .

(ov Tnecease  the  fesistonces of  all othec Qs\gﬂs to ih‘F\nTt\g Cof. z%u‘woﬁ\zﬁhﬁ, oolete al| other Ld\guﬁb

B\ﬂ tha Y‘r\hv\ﬁm‘\dﬁg pr‘m(jp\z/ the effecdkive fesistonce of the N&utﬁvxg network  ould  wot be smaller

and Tt s of west  K/p by diract Calewlation - g
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Tflective  vesistances P\'ov‘\dz ow alternative \/\Ja\g to measure  the distane of ftwo nodes

m  a gquL\)

Sometimes  more  WSeful than The Traditional Shortest Paﬂ‘ distance

Tor Inskonce , one could wse +the sffedive  cesistance. og distances +o Yol:zm%(a clusters ™ a Secial wetwork

Ac o SW\HLJ check,  affective  (enistances gaﬁgw the ‘t(\\qr\gb\ Yneasmatitl,

Cloim QQ%{ Lo, b) + szf (b,c) = RL{]L Ca_c) foc any a,b,ce\V .

- > -
oo Let CP% 4¢b,c , ¢q/c be the Vo(fqg& vactors o{ the one—unit 2lecteleal \c(cu ’QFOW\ ateo b, b to .,

and a to < {Q;?eﬁ\\/a(j

> > -
Then C?DMDi L+(/XQJ\<Q Do J(/X:,\-W(c}) ond (I)\,,QZGQ’X\O»'XC) . whate (X;GTN ic the wvector with

1 3 the -th Qr\fvg ondh  2eco  otherwise .

-

NS 0

- + + 3 + B =
apb T Pre = L ( Xa-%p) LU(L,JXJ = L (’X,{’XJ = qu/t<

T e Ty
Thus RzﬁL o)z (%% Pae = (%) Rbm + (Na-¥D Cﬁ\o,L'

-

> > > >
Note that (Yo~ XD Oap = Daypla) = Papled € Doy (o)~ Gap (D

- -
o Dapla)2 by )2 g% ) e,

T2
(Mﬂéb) @G/L = EQ&{-LA,\;).

Qim?(wha, the <gecond tem s ot waskt RJL%(B,C) . ondk hence +he Claim follows . o

Th the {"uk\»u\n\g, we Wil talk aboult  the Connection b tuwean Q{\fzcﬁ\/t Y2 stonces ondh \f\‘v‘rﬁr\i ‘t‘m\u)
which Wil %Tvz 2Uen more  intwitions  about ug?ng effective  vesistances as  distonces.

Random walks on undicected g(m‘;hs

In an wndivected grakﬂn, the  transition PWDEQL\UJPQ P‘M = \/d\(u) 9 owu eV,

The Mackey chawm 15 ereducible }% the g{a\;}\ 1 Connected

A\so, Tt Com be checked +hat

the Mﬁrkov chain  1g D\Pu‘\oli‘\t \\f— and on\\& T‘f the 3(4?% 15 non - biPa({\\‘Q_,

<
S on odd Qﬂda can be uwsed to show that QPLAQ >0 for a Largc emmgk 1t for ary wve V.

Ug“mg the  Came ?\’oe% o in the EBEulerion  directed 3%:?1/\2 .

s asy to check that Ty = AW /am i a

STAUWWJ distioution, So we have the 'Eouow\vxg theofem \Qvum the ’Fm\riameﬂ&[ theorem D\C Mackoy Chains.

Theocem Toc mxé Connectad Y\vaLu\Fo‘rﬁ"[L wndiredted 3raFL . Yondom walk il Qo'n\/afgg to  the

distbution T = d\(\])/lm \(lgmcd(ﬁss of the Imitial  disteibution, where m=E()],

Next. wae ate intarested  in

Sfu\&n\y\g *he “Foltaw'mg qbuw\t'\f\e& "

©) Hicting time iy

’

@ Commute *ime Cu,u: L\u)\, + 1’1\/}\,\

;
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@ Cover Time : +he Pieet time when  all veiticet ove visited ot least once

@ M‘w‘\n% time : how {o@c the Candom  woalk Camvecges t the wﬁ%uut \‘\w\{ﬁng distibution.

‘Lﬁuestm&\z, there ove  Close  Connedtions  wetween The %U\ant\‘t\zs ®—@ and  the concepts in eledtricol networks

“Theorem Tor ony two  vectleas  § and t. the Commute  time (gt = 2m Regr (s where m =\l

Prbéi Ro(«gkha Svgak‘mj ol ono{‘ goes b\g SL\D\N\v\J thoat  the Hwo %mo\»\tif\es §o&y&§x<\ the <ame Set Of Z%uaﬁonn

Fest, let’s  wovk out  the z%uc&‘xov\; Lor P\Tt%]ng timeg.

\ -—
Note thot  hue = G(R Jwer = ' Fwe)  Foc any VeVt L with hgezo.

This s Q%ul\/o\\e“‘t‘ to d) = dwd \q\/,t - %VWC’E h\m\- = \vaép C L\ut - hue ) %0\” vel-t.

Obgerve that this i egser\tm\\é a Lo\?\aﬁw\ Sy stem of  Uineec Qogu\o;ﬁxms.

To tee this. congider the zlecteical fhuw problem  Whee we Inject dev) units of cucrents to each

vel-t ond  (emove  2m— k) wnits o{» Curvents  Lrom T
Let due b the Voltage ot v In this electrical Aflow  with ¢y =0,

Than . we  Wouwld like €o claim  that dut  and hot  Wouwldh vaﬁgfa the Sowme Q%w\ﬁchs.

Tn this elecdrical Lhow. we have acuy = w?me‘& Lww) = \ME\»Q—T: ([PV{— - CP\,\,tj bg Ohme [avw . ‘R:*g( vel-t.
.,>
et b be the domand vedor with  biCud=dw) o veVU-t ond \;tkﬂ = a4 Aty

~ -
et q& be the vectter with d)t(\l\: qSut

S5 0> >
Than . the wvolwes  Oue go&‘:sﬁa the Lapladan &istzm L&t =be with  $Lt) =0,
3> =
Cihee CT i< Connected, oo know thot the Set of  Selutions 1S QL,Lti'Ql ICéW\Z]_
[, thece i3 unmque  Solution With Qre=o -

Stnee  hog 0o saticfy the came et of equations  Lith hee=0 | we wwst  hove Cﬁut:kw

S 0D > >
Ro, We alse have  Lhp=he . owhee  We s o vector  With he (W= hye Y.

_;
ng‘\Lo\(kS, let bg be the domand Vedtor  with bsk\ﬂ = dv) —Gbr vel-t  and \;SQS) = -2m A
- > > >
Then. ae abeves lek Ko be the H\ﬁ'w\g Lime  Vector  with %SQ\J\:%\JS and. hs®=he = O.

= 5 0>
Then, hg s +he wnique Qolution  to Lhe = b with

s hee = O

S
Now. LQ?JC”»?S): \i“bs Z)M(’XS—(XJE\ 5 ond So (?t’ﬁsy/lmi L-‘r(fXgJXt\.

| g .
N ”g—m<h{ }\33 s the \JDLJCRKQ, vector when one unit mﬁ electrical  £low is Sent {rnm < to +.

> > - = > = C
Than, Regrlotd = (A~ ) (2, Chg—he )> = J?; Chetsd —helod = hetd + hety ) = == (hee + hep) = %{: -

Once we have <stablished the connection +4p electrical nefworks., we Con wse these ideas to  decive  pounds.
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Mér For av\a Qd\&e v el szglm

Yoo Tha \)oﬁo\ge_ OM—HUQP\CL between W and V  is  at wost one in a one-unit £low uﬂg Ohm's Law),
o

Theotem The  cover time of & connected 3rﬂﬁ\ 1S ot mest 2mln-1) {Qjo\m\\zﬂ of the S\’R(‘tm& Vartex

Proot Let T be o Spanning tree  of &

Considee o \ualk that foes “U\(m,\gk T where 2ach Qd&{ in 1 is tYonsuecSed once in eech  difrection

Then this i e that wiits e tox at \east N o
en [ENEEREN Q wa o VAR ¢ Ve vertex a Rag once -
1 NSNS
So, the cover time is  bownded bl} the expected  langth ol this walk. QQ@
<°

which s ak  wost VEGTQHM““\\\M\ :\:Viq Cou ¢ Cn-Oam ,

whece +he (ast In@oﬁuatﬁz ’Qouows {(cm the Qoro(mmg. o

For the  Complets Srqw with  n vertices. the cover fime it O(Moﬁxﬂ (wlngn . but the above gives O(h;)_

The ’Enl\ow‘mg I© @ muckh better estimale  of  the cover time.

Theoream  lebt  RUE) = ma Ry  be <he vesistance diametec ond CLG) be the (woest) cover time of (.
Than,  meRGE) € CLE) € L mRED Law + 1
Proot Leb RCEDY = Ry . Then we know that 2mRuw = Coy = hue t+ hoo.
Thevefore,  CLE) 2 wax \fkw,\r\m”} > Cuv /2 = mRy, . hene the lower bound-
For the Lppar bound . note +that the masdmum %Itt‘m% time 15 ot most 2m R(G) . \”zgo\rd[ess ot s&a(ﬁr\j vertex.
Qo, & 4he Yosdom walk Yuns for 2w RUE) staps . by Maorkous nequaliby . o vertex T net couered uith
?“(a\oo\h\\‘\lﬂé ok wmoct /o3
Tf the rondom welk Yups for 2 MR Ran  shaps. then thig probabihy 15 ab mest  /n®
%\3 wnion  bound ,  Seme  veetex 15 et wisited  in 2 m REG) Lan %JUL?S vsooat mast VHL\
\When this happens . we Just wse  the pessimistie bound  that (C(§) < N

Cnm\ﬂm\&, we have C(g) < Q\*\T\L\) ‘1Q;W\KQC’OQr\Y\ S \’hiﬁr\;> < ?QBW\R(CW)',Qnr\ T n.q

Grcaph c.orm(ct'w\‘hg
I{ we woank to Test  Whethar there 15 o \?a{k {‘(um ¢ te £t tn o Lndicected 3fusﬁ‘ﬂ) We Can @melvé fun

3
O Tandom woalk with 2m SJ(Q?S

Qince the cover Time s of  west r\g) Y Queceeds  wath P(‘obsz\h{'g\ ot least t/l b% Morkev's {ni%m\‘\fg,

This a\gaf\ﬂ\m cmia needs to wse OUogY\ﬁ ¢pace.  and Sl Cuns in Po\\an‘am'\m\ Time.

4
References  ~ ‘lectuce notes on  “Qrashs and nefworks . bu  Dan Spielman
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C]r\o\‘fmr 6 OJT = EO\V\d;nm\\Sqd\ o\\:{m?ﬂwg ” bt& Motwent and Ragkq\/m\.
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