CS 466/ 666 (-\lgorithm Desig\n and. Ano(gs&s . Sprinj 2022
lLectute |4 Hix‘mg time

We Q‘mohg convugan@ (ote  to +the S%oﬁt\onw% distribution  in  undirected Srayhs ms{hS sPec‘cmt amtﬁs‘ls-

Random walks in wndirected SQraphs

We will  pfove the fundamental theorem of Markou chaing in the special case of  undirected Qrophs

ms'mg an m\i@bmic O\P\)(OL\(K

?wthuw\wg, this awromck can be used ‘o oznat%so_ the m?xn\a ime of +he random walks

Matrix  fo¢mulotion

let &G=(V,E) be an undirvected SraP?f\.

let Po N R be the mitial distvibution , e, PoldZo vuel and \EU pel) =1

A Common geﬂcbw\% is  we gtart A tandom walk at @ gpedfic vectex 1, in which cose Po s the {-th unt vector
Tn cach step of the Condom walk. we move to o umﬁormk% random neighboC of the current vertex.

fot pe VAR be the Frubab'\lmg distribution on the vertices affer € steps of the candom  walk.

Then.  Pptwy= \z\m) Pb\(‘/)’(\iim for all el and for oll tZ\ . where dw) oclendtes the degree of vertex v
Let A be the odjoceawy matrix of (. and D be the diogenal degree matix whece Dy = do

_ . -1
Then. the oabove linear Lquations  Coan be weittea (‘,omv&d\z\ 08 eng  matrix Qﬂ%umhon Pewy = AD Pt

-1\t
Thus. by o gimple induction. we hove pt:(ADW Po

Qt’atiov\argl d.ist ribution

Recatl that o Probmb;tﬁg distribution W V>R ¢ a staﬂov\wa disteibution of the vandem walk ‘n§ T(:(RD"J)T)

Observe that 1 i< on Q\‘gewector of AD’L with eI&zn\/amz 1

Tn  undicected qraphs. thece 15 & notural gmtiona(% distribution bated on  the okkgru of vertices.

-

let d US®  be the vector wWith the -th entn& ‘oz‘mj Aty . and = 1EL

-
A
Cloam W= "=m & Sto&ior\m& distribution  of the foandom walk.
M TC s 2oy 4o check +that \%\j ) = L
> =
-\ - <t L4 s &
Alce, we con check that T=(AD D, ac (AD DW= (ADDSn = 9mPL = 5 =T

Fundomentol theotem for wndifected gfoq?\“;

-
A . R .
Does Py > S when TS0 no mattes  what 15 the initial  Aisteibution Po ?

Not  mneessact \A .
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I% the g(aph s disconneded, then the  AistCibution P depends on  the Anitial distribution |

eg which  Component  dloes the gkwt\‘f\g veltex be(nngg +o

Note that on  undirectad iragh TS Cennected ?'ny the Lof(es?oﬂd\‘vn& Mackov cham 3t (rreducible.

Euen o the g(“Ph i Connected, Py moy not  be Conver ging  teo & Aigtribution .

Congidec O Connected b‘ﬂgmh‘t& Qfaph. T\C we gtowt ‘ch‘m o vertex on  the left <ide o\f the bipmtftm

%m?h then the Current vertew  will be on the left side in even time stepe  and  on the  right ke

W odd  time Steps o . Px s not (,Drwz(&m&

Note +that o  Connected bi\)acﬁtz (&m?\r\ 38 mon»\ok\;mtwk ﬁ{ the CO({QSFOr\d'mS Mackou c¢ha'n  i¢ asfu‘mdkic
Tt tums ouk that ahese are the on(\g obstacles. oand we Wil proue +the %omw\n& Spectal  case of

the Fundamental *heorem

-

R
Theocem Tor any finite, Connected. non -bipactite graph . Pt:(AD\) PO%L

. 0s t>o reqardless of  bo

LQ;% Candom _walks

We can (emove  the o\%um?‘t\‘bn B{’ nbr\—b‘n?wh\‘m{;s I{ we  considetr o S\EKW\HA muo(\fizd; \)FOCQSS

Called  the [as\g (andom  Wale ., In Wwhich  we 3@1\3 at the <Cucrent wvectex with \XO}?D&blUt% 1/1
Ond move to & um‘&mm\\:\ Candom  neighbor  with P(obo\\:i\x‘cg 1/~

We con Just think of loay Candom walks 0Os aoL:kMﬁ o Self (oop on Qach wvestex to  (emove Perrao(\m%a

\
More preciselu . pgewd = 5 P (ud + S P (V2 for

2 Couws dow o\l ueV ond all T2 1

-\ AN
Mote  Compactly. Py = (T + 5 D >P£~\ and  Tnduckively Py = QJ{T * \lv_’\D\> Po .

-
- o
Theotem  TFor any  finte and connected  qraph \),C:QLl—LJVA{AD\)tPOé—l—M as >0 vegardless of  po.

S pectral analysis

Let W= AD' be the f(andom wolk matcix . ond z:\’l1+%AD~l be the lagy candom walk moteix.

To gt\m\% the behavier o{ the tepeated applicatiens ofr a  linegag Jtmr\g\tormaﬁar\ Such as Pt:\'jv\)e/

toie \/Z(\A useful to undecstand  the Lpecteum sJY N}
The matrix W s not Sl\lsmmetr\‘c

Cbut 1 Symmetaic 3L the gmph N d\/mgmm}) So & Pprior:

we do net know whether W has  Yeal 2igenvalues andk Gn  ovtthonormal Dasis 95‘ elgenvectors.

\tbvtuv\aukﬂ, W s Similee to o Symmetic  Moateix L Qe W= R'AR foc some Symmetic  matvix A

ondt thus W has  yeal 2lgenyalues

A L e - L - n
szu%iml\%‘ D wWwD> = D(ADID> = DPAD * =& | 4he normalized odjacency mateix of (.
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A

A -
ond. So W= D & D 7.

Lemme. W oand  H hove the Same Ech‘tmuy\ f= Kk, 2R22 . 2 oy 2 -\
(oo et w2020 2dn  be the eigenvalues of K, with QOr(u?ond‘vr\j orthonormal Qigcnveﬁcors Ny Nas Vi
We know from  L13 thot 12d ond oz -l
4 .
Nete that W= D7V, s on e\ganvedo{ c”g W with eigenvalue ®; | because
. . -5 Lok 4 X
Wue = CADX(D*V) = ADZv; = DP(DAD v = D Fv = MDD v = «ius .
A
Qe vy v 002 linearly wdependent and D> is of full fank  when the g{aph TS Copnected

Uyroo i Ofe algo K'\nea(tu& \ﬂdzvzndznfj ond  thug the ggedmm\ ojg W s oz Raz o200 o

Tdea

We lustiote the tdea of the spectrol quh&g‘lx in The <implec Setﬁn& when W hag  (eal QT&QHUML&Q
VAR SIS S with ofthonormal Q'\gu\\/zdorg Vi Vs, LNy Cagte that 3t hqweng when C: 1S (QKLA\O\.(),

We weite Po = Qv Y CaVn . o lincar Combinotien of the eigenuectars

“Then \)Jtpo: Q\txt\\/\ + Q,o{f Ny b C,\oﬁ;\/“ . Whese ol 20,32 .20, Q&fe ergan\/o\meg of 9

WwWe know That o=\,

Also, we know +that oo<l W ond only £ G e connected

Fucthetmore, Wwe know that oy >-0 L and only WG 1 non-bipartite  (Hw 4).

Usw\g these Conmnections  betwean eigan\/ames and  combinaterial P(D?e(ﬁes, we can  conclude that when &  is
Connected  and non-bipartite . then \mtpo S eV, 0s TO®  because Dkitéo for 2<Ten ac t>m.

This  provec thet there s a wﬁ%ut llm?tInS distiibution  when & s comnected  and non-bipactite

To avwdma the Cowergznca (ate . let A= mR L-dly |, Dy (7] be the “Qpedml gaF ", we can Then

bound  the mi%ing tme n terms of A in o pretty natural \,\m% Gz, how £ag% o\?é o)_
Tor Kag)ué Condom  walke, the <pectoum QJ% Z is A{K\ﬂx,) Z..Z A{(\Jr Xn) 20 , 2. Mo nzga‘d\/z Ja‘xgen\/a(us-
Then. the “sgpecttal qup” 3¢ juet >\:\~rlo(1 , which g velsted ‘o +the graph Conductonce  through

Cheegecs Ineguality . ond. ¢o we Can Contlude ¥hat the lagy Candom walk of on expanter Qeaph Converges %u‘\ck%.

Tn genecal 5 W does not have an  ofthonormal  bosis of  eigenvectors | but we will ogan use the fact that

W 1S imilag to \5@( ond \%’ Ros on orthonormal bosis o{ ejgzv\uut‘m(s to C,QHLA out the aml\sg‘\g.

Pcoof of +the fundamental theotem for undicectod R L0phs
BN
a

We are Czad\é ‘o prove that ?o( O\v\a ¥‘\r\i"tgv Connected . Y\ch~\oi\?a\<°cﬁz g‘({x?}\ 5 Pt: wt\\)o >S5, Os +om G?O_
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let (=, 203 2. 2 0ln>-1 ba the Q\genuqmas b{— 8§r onk Uy Vs..o sV, the CDT(QQQondH\% ofthonofmal Q(ggn\/edcorg.

L LAt -1
Weite  W'pe = QD BV Po = DA D "o

To toke aduantoge of  the  orthonormal bosis  of z?gewutwi of R, we wlite Dlyotd\\/ﬁr-v-+€n\/ﬁ

Lot -k Lot S 2 * % . L
Then. Wpe= DA D ope = AT (Taw) = ¥ (T axivi) = o, poaly + 2. b ol vy

=2
Recall that =1, o<l when & is connected , and  op >~ when & s non-bipartite
This amplies that lo; V<t foe 2¢isn . and 20 O(f9o as  too .
t = .
Hence, W ?D% ¢D7v, as tdeo . This Shows thet the tandom walk has a un}%uz \1m\t‘mf disteibution .

.9
o d
Tt vemowms to check  that C\D1\J\ = aom

p.

>
Recall that V>4 it on @igenvector ot K it eipenvalue 1 Cehece this)

Y

R, Vv, = Dﬁi/\l\ff\\ as  lvii=1.

L5 oo n ) A _
Uine N D412 X Ay = 2m, we have vy = D~

=1

A
Us’w\& Vool Uy afe orthonormal ond D TPo = QU 1y, we howe

om

X -5 ST Ko ( > 1
¢, = <D PO)\/\> = <D ?o, D1 HW\> = Jor <po}’k> tﬁ as P" L Q \)(O‘oo.%“lf\a Adist i owtion

X 1 A = &
Thetefore, ¢, D*y, = 7= D> (D71 /H) = ﬁ b1 = d os  desived -

o 2m -

This proves the —%um&amzr\ko\\ theore m ’F"‘r Un adwedted g(mp\q

The \)roo«ﬁ \Cu( the 1&3&3 Candom walk version g essmﬁm\% the came . with the Cpectrum o{ 2 ‘o@‘mg

. A
Swad 2z o2 (D20 L0 s0 we m‘kﬂ need to uce the Fack that o<t when & TS Connected

Cout cdont need 4o Qlume &m\))&mni about o, We (eave +he p(oof as O @xe(cice

Mixing  time
) 3
We would like o  wundecstond  heow %u\ddx wE Po  Conuerpes to TW="5n

n
A ctowmdardh  weasuce of  the closeness s dry s P“t> :Ll:i \TT(13~ \)tLD\ = %\\T‘Pt\\ﬁ

Definition  The 2 - mixing time of  the Yondom walk s defined a¢  the Smallest t Such that

- P%\\ L 5% (egar dless  of Po -

We will  bound  the mlxlﬂg time of the fandom talk  based on  the iPeUtm\ SO\P//,

Dz%\‘r\e “the §FQ¢M\\ qop A = min -E; Vooky , e \dn\Y] , %o that Yol € e {'m( 2<¢7<n
“Theorgm The - wmha " time  of  Yondem walk 1S upper  bounded bz& IT\og &%} )
t N L
_u( Loy We gtoct %fom Pt=Whpo=T + El QK D>y in the proof of the \Ewoko\mmta\ theorem above
< Ao . L2 n + > B
So, llp, - ‘WKL = 1\ D* X GRO(;C\/', \L < D= op \ ?;C?[X\ V‘\\\i where 1\ N\op = mox AN, ¢ the opecator norm
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P(boj&: We toct %\‘om P%\—\/\]‘CPOZ ™+ E} c'\m\t D;\/*‘ n the proof o% the an&o\mznt&\ theorem  obove

gb, H\)th T\“; = 1\ DLI élcao(;c\/; \C < \\ D'L Hﬁop \\ 3 CDMt \\\1 where I\ N\O? = mox \\AX\\: s the o?uo\‘\o( norm
. N WX,
= diyox 1\ Ele\“\&\/'w\\, whefe  Apax 3¢ the  maximum okagrae in G\
— o 2 ot
- Okh’\o\x‘ :\z:lQ'\ oy s V... Vy  ofe octhonormaol
€ domo Q=N ?élc? as  logle 1= o 2¢i<n

< d\mp\x (‘“Aﬁl‘t \\DWL;\%“:—_ oS Dlpoi EC‘\\/‘

= voandk V.. vn &2 octhonotmal

dmax - -L _ Npolly (
B dma: Ci- >\3 0s o Foul <lb* \ \ FU . —gﬁ dm“

Tt folows that  Up -, ¢ Ve (1nd < J Gen)t < Jne™t

dmin

%& Qqucké Cchworz, 1 PN \\1 < {n | ’\)t*TY\kl < Y\Q—‘Kt.

T}\Q(a{—oml when £z %\‘ ["g Q‘%\ ,  we have ?{“Tﬂli < <.

This implies that when A= QW)  +<hen +the mw‘mg time 1< on\\é OUOX%), [Dja(\fhm?c in the gm\ﬁ\ g‘%z

>

TFor exomple, when  the &my% 15 re&mlm( (go  that “ﬁi%) and. A= (1) L, then we th(,] need  to

Simulate +the Candom walk %b\” O(Logh) S%Q\js fo Somﬂz an olmaect \AHT‘ED(YYW veetex %ﬁwn the &m?%

La ondom _Wol

Whoatt grqp\r\g have oo Constont %?adm\ &m\ﬂ

TL ¢ wasier to onSwer  this g@wzgtlon b% ums\clzm\i \agi (andom wolks.

The 2ame ™Mixine time  analygis  wotks ¢ la Yondom  walks.
£ b 34

The spectium Sor the mm Yondom wolkk matrix i< = Ji(wrw z %&\»ﬂxa 5.z %Uﬂ(n)'

b

ond <o the Spectral gap for layy fandom walk s simply U- Qr%

whete Xy s the Setond Smallest Ugemm\ua of the normalized Laplactan matrix.

%LA U\wgz('s Mwbuah%tg , we know thoat Na 2 Cl>Uﬂl/1 Leom  the hard  dicection .

Covo\mné The <- w\\x‘m& Time oJV loaag Condom  walk. 1S uppec bounded b\a @i(@;kbgi%E'

So. whenzyer o gKQP}\ hae Constont  Conductane | then e know That the Laya voandom walk mixel in QUQEV\)

time, o eublingac time m\gcnt\\m +o genemm an  odmest  wunidorm gmw‘;h

This T o very impoxrtant  result o The analysis  of-  Mackov chowns  omd the dasign of

{mch {ondom Smm?\ing O\\&n\”\thm

Random gqmg\\v\g
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One of the mosk ]mPortmﬁr applications 0’% vandom walks s to obzsign Post Mjoﬂt%ms Lor Yandom gmm?[mﬁ.

We ‘A\Ast Avscuss  the woenn Vdeas  here without go\ng into  the detals.

Card shuffling

We have o deck of €2 cacds . Our gosl 1S to obtain o (andom petmutotion of the cacds usin g S!{V\Pf@ opereatione.

Lets oy in every step  we pick o umform  Cendom  Card  and  put & on the top of the deck .

Q) Wil we et an almest un?{ocmla Vandom  Peomutation  f we (epeat this ctep ‘Eo( gufﬁwr\t(% mony gtz‘;s?

@ T . how moiny steps  ofe enough to guacantee  an admost  random ?Q(mu‘f&ﬂonl

Thece Corcespond. o the %?rst two  bosic %uasﬁam of  Tondom walks in  thig Q{)ectf,c Qq’dmj

We coan View thee  as guestione  about  Yondom walke en a bigper Votore” graph. where fach vectex
(',Drﬁzg?nr\(kg to a per mutotion of the card . ond peimutation A has o diracted Qd&l +o \Fum\ﬁro&cion R }{

We can obtain ?Jl(mxd’oiﬂn\ B h‘i\ mo\/(r\ﬁ one cofd in permutetion A to the )er_

%o, we have o state Rfaph \with €2l voctices and eedn uttex s of indegree €2 ond outdegcee $2

The Yandom gkmﬁmg by the Gmple operation  Corresponds exactly to o C(ondom walk on thic state Qlaph.

Tt chowld be clear that @ Te o qust &sk‘m& whot g the Lm\t‘xm& distribution of  this  Condom walk, ond
tadead  the \,\HI%ML l\m‘\tiv\& distiibution  is the  wniform  disteibutien.

And @ s ]uﬁ as\(mg the vv\w\ng time  of this vondom walk , and this ¥ the kaﬁ %uqsf\()n to &na\nﬁt

With +his Vdea, one Can then Study the pecformance  of  Aiffecent ghuH(’”\g fules

T - w

tor QKGW\\:'\IL, N ’GG\W\OMS vesult g 4hat Seven 3&2?5 o{ ﬁ{{(g” ghufngng are Qnom&h o Swmix” ‘rhmgs up

Rondem perfect matching  / ondom Qpanming teee
You may wondec o0 Condosn  permutotion 35 not  difficult to fenecate onyway. but  the raal pewer of  this
method. ¢ to Ao rondom gam?m\& o% lome C,Dm?\?coffzd obiect:
Tor example, Can we generate o Tandom perfect mmm& n a §foph eﬁ;c‘mnﬂgz
To do S0, We con Jmé to  defime  Some  Simple  Yandem walk o\mung the matck‘mgs of +he § raph
(e&, add an edge. delete an edge L. on O\ugmﬂnth\g poth of length theee . ete).
Then, Show Thot thefe Tt & Mﬂ7%\AQ ("\M\ﬁv\g dictiibtion | and ol ?erﬂzut match‘mgg afe e%mu% umﬁ
This Step 13 uswally  easy. The difficalt Qtep 18 to prowe that the (andem walk  Converges quickly .
There one differant method¢ to  bound the Lonver gente (ote . ond «+hic is a vast %U‘i\g with own  textbesks .
Some  populac metheds  Include ° Cou?\‘\r\gu_ Sewond elgenvalue ,  and groph  Conductance
Cheager's Snequality s useful  here o Commect  second  @igenvale  to gioph conductance.

A majof  fesult in this adea s o polynomial time o\go(xthm to Semple o perfect morrc%‘m& oo bipartite
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g(m?\\ .oond this 33 wied  to U\ES\lg‘n o Qeod  appraximafion ol\ﬁbr‘\‘c\m Tor esty moﬁr\& tThe perm onant o& a
r\\mmfzgo&me matiix . where  detecministic ’PD\&AY\DM\\D\L Time olga(\t%ms &Qt powhe(e  Cloge
Mo, 00 new (esalt (200) Shows that one Can izr\l((ﬂfl o Xandom QPGV\n\V}j tree in N@ac-linga¢ Time

(LS‘U\& this Tandom walk Q\)?roaCh

It s ‘Hﬁz(esk‘mj to nste  how Chm&z(’s ?aQ%wUt% A weed -

T Sttuekione  where  we wWant to  bound +the Conductonca ngﬁ in explictt congtractions  of  constant oug{m
Lxpande gmy}\g, we. dont “now thow o bound the conductomce dtngﬂués ond. instead  we  Yound  tha
Second gigenvolue  (sinee the  constructions are usually algebraic) ond use Chaogec’s o bound  the  conductance.

In Stuabiont Whefe we wont to  bounk  the m\xtng fime , we want to bound the Cecond eigenvalue, byt
Comehow wo dont ¥nww how to bound it d\recﬂj and. Tnstead we bound the conductonce  ( Smee  Hhe
broblems  are combinatorial ) and  uce Chu&u's 'ma%:m\:hm to establish the miang time.

But thie it Qxar,ﬁ\a The  Dower of C_‘V\QQ&CF/S Ir\@%mahhﬁ, fdrﬁ‘mg on Q\gebm‘\c Pfopuh{\ 4o o0 Combinatorial

?rupuhs, G thal we can We o tﬁm\l«a I ffecent pef spective to (eok ot « Pfob\@m

Begzrcncﬂ.s + Cource notes ot Don gplz\”man on “Q\?ectm\ meh Theorzhl ond 02 860 QPF‘“& 209,
Cousse  notes bud Q}\Mur\ Oveis Crhovan on tounting an A gam’?ﬁng//»

A book ~ Mockov ehans and m‘xxm& time b“& Levin . Peres. Wil mec
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