CS 466/ 666 F\lsorithm Design and Ano(gsis . Sprir\3 2022
Leecture 172 : §1>ut‘ra\ Qraph theory

We ntvoduce bosic gpectral jm?h ﬂxao(\& Tod\mj,

wWe Wl nwe it to Ona\&e Condom  walks . and  also in ¢ raph Pmtamnmx and gmyh sPars7§‘7cz~At{on.

Elgmuo«\uas and g?ggnyg,a;ocs
Griven  an mon mateax A . o honzero vector v it an 2iqeny ector o{ A 7{ Av - \u

Lor gome  scalar A,

whidh s Called  an elgev\vo\ma assocated  with  the e?j&m/eq%w V&
The set of z]ganuatug of A s g}vey\ bﬂ the  set of solwtions to  det(A-AT)=0 , the characteristic Pn(jhnmw‘q{,

Tor on A with def(A-XT) =6 , ama vector v o in the keﬁ\U/ang?o\Le D{’ A-AT i<

on  Gssocioted e‘»&@r\\/e&nﬂ

Real Summetic  moateices

Ouc Stm’(mi Po‘mt ot ngm 3(0\?\(\ thzow(\ i< the {oumng §(\)ectral Theorem -gw real Sﬂmrmtr\‘c motrices

Thesrem let A bz an nxn {eal g\i\mmetr\c WMot (X . Then there s oan  oethonormal  basic o](- Rh

Qohg',sﬂr\& of eigenve tors of A, and the Corresponding eipenvalues  are  (eol Numbers

We witl et prove this  theorem ;  See 2.4 the book o\\gzbm‘\c ijk ﬂ\ur:j " bnﬂ Grodst | and Rag(z.
The above theoram applies o the DLO(SQCEHC:] Mot ca ¢ a§ undieected qu?}\;, but  not {or kirected BFQFM

This is the wmain feason That Slgu*ﬁq( jra}ﬂw t\m_o“{l S much mere Okevg(aPeé\ ‘Eov undkirected Sra?l\s.

LeT  vivs,oovn ¢R” bo the orthonormal basis of elpenvectors  quafanteed ba the above spectral  theorem

with CurragFond\mS e?gem/g‘lwu )\l‘/\U,,))n
Vo [
LQJ( V bz  the hnyn matrix with the i-th column bamg Vp o f.e. AVIES IR V”-k i
A A
Lot D EIL the nxn dv‘q&ona{ matelx with  the OUD)-th ﬁhﬁn Bo_\u\j >\f L, Ve D=z { Ay . .&
X

Then the Conditiong AV[: Aiv: Y1<i¢n can ba Cnm?u\-\ﬂ wiitfen  ag AV=\VD.

0 ~l
Cinee  the columns ™ U —Ea(m on  orthonormal  bosic . (e havae UV V=1 and  thus \ :\/T.

- T M -V —
go/ua, Can Yewrite AV=\yUD oS A=UDJ = VDV = [m~ \(Jh\l[ \)H V l
f An VA

This representation 15 very neeful 1N CompuTations.

POwu_‘} oi matvices
k £ T
To ch\?\ﬁe_ AK/ we obsetve Tthat 1t s Swst {\kt(\/D\/T) :&\/D\/T)(\/D\/T)-»-(\/DUT>: bV oS \/T\/:L,
k. . A e TAS
Cince D is o dlq&ona\ maXvix, D g Qasy to  Compute . 1< D:[ Ao, X , D:I A, .
h
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4
This s vary wseful . In “““%““j vandowm walks |, ag P W5 the tansition matix  of  the randem  walk ofter

t gteps  whace P ¥ the Htransition  matdyx  in ne &%@F.

We will wte the a(gev\\/ames of the dronsition mattix  to bound  the vv\‘lx‘mi Lwe  In oo ka;\e of lectures.

E‘,%gn-o\uom\gog\gion

- . n -
Cnce  the eigenvectors ’%o(m an  orThonormel  basis, any xe®R coan be written \Am%m(n 08 CUy t GVt o+ Cpua.

EL& ‘w"chomrmn\\hﬁ, Cx Vv = (vt ot vy, Vi2 = ¢ Ky, Vi o oy +oe g, <vp,vyy = ¢

_ T T T
Theefore , A = <xuDuy ¥ AxuUPuy oo+ AX V> U, VR A VAV e RV VA O GRVAVAR SN uav ) X

N T N .
Thic s true foc all x. and hence Vv, v oyt \/n\/; = T | the \d\ev\tﬂcg motrix .

Hmt‘\\ﬂ\am% both &ides bﬂ A we get Ax = A K\/,vﬁ . *v(\v:§ X = (/\\v\v:* /\Lv)\/:w»r Xnvﬂth> X

— . T T T T

This implies thol A = )\\\/,U\l + NL\/W\/«,\ T >\w\’v\V,\\ , which can also be geen d\lvectt& f{om A=VDV .
-1 T \ T T . .

W:mo\lhﬂ_ we  claim that A = ﬁ\/,v\l + xvu\/i + ot ‘\)Tﬂvhvn \\E A0 For 1< <n,

h A hl A T} _ 1
because (X\v\\/\7+ .o+ A VaVa )( [N o VnVn ) = \/\u\TJr. Y Upvn = L

Later on. we will wge this ideo to define  the L\\)SELAd\offﬂ\/Q_(SEN o{ A euen when A s gmgu(qr.

Positive <emidebinte  matcices

This ¢ on TMPD\‘TD\V\T definition . an ano\lo& o‘f a  matrix ‘oains V\Dvwhegqt\\/g-

_Foct et A be e readl S%W\ML(‘(\\C matrix . The {auﬁw\xv\g gtotements are Q%M\m(zﬁ,

@ A g Poi?t\\l& Qemi dq%m&&l e, all Q?S@mva(mu cr§ A ace hm\—vxz\go\ﬂvz .

-
@ For ony xeRh, we have X AX29 . je a

| %uadrc\ﬁn forms  are hnn»v\ﬂgmt\'uz.

@ A=0U For some mabix OER™.

M Recall that o vzral Snmmﬁw?c wmatfix A can  be  wvdtten  ag \/D\/Tv

Lo, L 1
®:3® Snee all z?genum\MA afe hownegpafive . \uz can wiike A:&VDISKDl\/_U wheee D> s the

nen Alggonal  moateix with Vi =3

i
Theredore, b\a Iettir\g U=VUD™ . e See that A can be wiittze ac OV

@ > Q) A = xTouTx = <U% 0T = ML 2 o Lor any xelR.

@ = @ We Prove the thJ(Yo\Poﬁﬁua . 20 D 7@ .

2
1—&» Vo35 an Q\‘xen\/eﬁfor‘ with f\l&oﬂc%vg Qifen\/akv&, then \/TA\/: >\\JT\/ = /\H\/\\L < O 0

Wae  will  wie the notation ANGo  Fec A is a pesitive  Cemidefinite  Mmateix.

This 1 the baste  of “ggmtd\aﬁn\{z Prb&)fawm\nj Y e powerful %m{ra[rsqﬁnn O]L [ineac Proj;rqmm‘mg.

Uy\for‘twnﬂ‘vzl\j‘ we will not be able to see Tt In This  ceurse
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Some  identities

The ’%B\kowln& ot Cays that the Sum of eigenvalues s 2qual to the trace of o wmatcix.

nwn n
of AeR Then , I, A = traw(A)

Fact let Ay AsLoL An bz the zKiewo\\ues

troce(R) 15 defied as the Sum of diagonal entries of A . te Trace (a) = E‘ﬁ\u.

whare

Efooﬁ; The \)(oo% S b% C/or\Sid\Um% the Coefficignts ofy det ()\I—/—\S e a Po{ﬂnom‘)a’ in A

The <(obks o% At (AT-A) oxe +he Qiganvumas of A, and Go Cﬁ&t()ﬂ&{\) = (/\*N)U\J\Lﬁ‘ (A- /\YQ,

Note that the (eefficients mf AN e T

A=ow —O = On
On the other hand, det (AT-A) = det Qkun A0 . »?\X“j

TOh ~GQas Ao Onn

%\i\ The Lc\p\me QKPW\siov\ m{ the determinont. the coef{icients of X“_j 0*{\1\6 a ppeass N the  T2m

n-1

(/\*Qu)(%%)\nv --(?\*O\MB: wheee the tvefficient u'% A in this term g ”E\G\‘“.

n

a
Tk@f@‘%bfll ?: Ar = ? Oy = trace (A) . o

| =y

We Con wuse the <same teo to derive othee  dentities b\g \/\Hi&'\V\X othe« LD-QHTCL@()TS D—g de(AI—R)

. / .
in two Waus We wont need them and S0 leave OS On  execcise.

There & o nice id\znhta for the wodutt of The eigzmalueg and  the proof s left as oan exercise

>

Fack det (A) = T AT, where A, ho ore the <igenvalues of A

fj-mr‘)l\ gpectrum

gpzt_t(ml %m\)h “Hr\evrxé celates the combinatorial p{ope(ties o‘f o gm\vh te the thm\m(ués ond
2iganvectors ofy ite ascodated matax (e ad jocency malix. Lo\\akacmn motrix )

let's  Start wath Qome QkamF\ES onde Compuﬁm their Specteums.

Complete 3(0\?\\ What s the gpectrum of  the tomplete  graph on vestices 2

The mcx‘\aunué mateix A 1S Ja- Tn L whie 3n 38 the  mxn all- one motnix.

Pmné vedteC < an eigenvecto of  Ta with eag/mm& (.

Henee, the Qigav\uqkmg of& B ove Su\sk the ngu\\/o\\uzs Df jm Minus  oNng

Sineg Th 38 & Conk one wmoatdx, them are -\ Jzi@u\ua\wu n£ O.312 the z{imuq[u D is of mulhph‘otj n-J.

The oll-ene wvector ¢ an eigenvactor of  Jn with Q\&en\/a(ml n , <o the Spectrum of  Ta s (n.o.0...,0)

Yo. A hac one Ugenum\u o{ n-\. and m-1\ Qig{h\/o\luzs of -1, %o the Spectium ot [ S ) T D D A D)

This s an Q\(aMFlo, wWwith  the lmgzst eigewa\\m 3:1? between  the tmrngt JL‘\gzr\ueL\mL ond  the Second \argest-

3 Whatt e the Spediium of  the complete bi?mti‘ca 3(0\9% Keon ¢

m?( P M

om a
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om e i what  is the  Spectium of  the complete “oi\?mﬁt{ SYQPM Ko n °

Kmn loeks like %his :H@%ﬂ

This  matrix 18 of coank 2, g there are  nam-2 eigenuc\[mes e{ 0, ond Two nonAero Qi&znummu A Ay

The o\d&acer\w& woteix A of

A= m

Ag E{ )\; = J(\”m(@,((\}:o) we have /\1:%%1 let A}—;K and

w2 ofe To Aetecmme the value b{ k.
NEM-x N+ m PR (S R (R

Then  det (AT-A) = CAAD-AD) A = ) -k A

X,
To determine k. Wt ute the Loplace &xpansion of det( Ap}
DN

1l

d\mgma\ entries , ond twe Oﬁ-d\i&&fana{ entries 0 ’LQJI‘

nEmMm->

ﬁr\% tetm  4hat contributes fo A must have nem-L

Nt

-

Thece oo fotm\a ma Quch termt. gach Lw\m\buﬁng ~\ to the weffidiet oig A
as  the %Rgh ot @ach  term s -\
‘T\'\Qrﬁwri, “K'=-mn , ond thut k= iww\ .

To conclude, the Spectrum of  Kwn i (Jmn. 6.0 ‘.f,o,ffiwd

B\gmrﬂtv. g(o\ghs Ir\“fzmsﬁ\'\&hﬁ‘ we  can U\MMT@(IglL b;?mﬁtm g\mw\s b% the Spectrums.

The \Le\mw\"r\% lemma  Shows thot  the spectrum of o b\\)mtw@ g(o\\v\w ic Q‘jW\me\Tﬁ‘L afound the origin.

\ 2rhoma ’L{— G s a b‘xpar*x’cz g(ﬂ{h and. A is an Qiggn\/o\\mL O'g- ﬁ(c’ﬂ with Mml%i?ltc‘&g k.
then - A S also an e Igem/ alue oIV AC &) with  mult \)\Tclf% k.
Yoo %\& \)e(mmtm& the (ows and Columns | we can weite the adlqcaﬂ% of & b;?gﬁ;m gm?h as A((ﬂ:QO Bj

B" 0
* . .
S uppose \AZQ\‘Q 'S on eigenvector of AlE) with elgeawlue AL

“This kmy\[e& +hot o B KX}:}\ K . owd  hench Bkd = AX  ondk @Tx:hﬂ
g o Y 4

X
Consider the vedor KAQ

Note that (O@ B}(ib» an;{j: &J\;\: »)\Kx} , and So Ki‘é} i$oan eigenvector o{— 2ifenvalue -N.
° 4

4
‘me\uy k. hmszuA independent  @igenvectors ot Qigzv\uo(u N ove  k Imzm\u(\ Indg pendent Qngwedors

of eigenvalue -X by the above  Construction . and o the W\utﬁ\ﬂ?c;’ca of XA and A iy the Same, o

W2 now  prove  That the  mverse s alew true !

Lomma ‘et >\\>,>\1>/ . ZNa  ba The engenvalues of  ALED
T A= A4 doc 1eisn. then & 5 o bipartite 3f aph-

(op let k=2 bz on odd mnumbec
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n
K
Note that =M =0, by the ymmetry o the 2pectrum.

=1

Note alse  that X%,Xf,._.)}\: otz the Q'\gzm}o\\\u&s o& RK, b2 Cause \‘\C Aw=hw then Aku\i >\)FU,

n

E\A L uUm o% Q\"&Qr\\)oﬂug z%m\ teoce ., we hoave t(ﬂu&({\lji ;i_/‘ >\;¥ -0,

Obsaerve that [&Ka,j T< Q%uak to the number ojy \ant\f\ K walks }C(‘bm U te § in G Caxecase b% ‘md\ud(bn)
K

I% & has on odd Cadz_ ot length Y, then N, o Ao ony - Vet ex Voin the cyde, hene trae (LAY >o.

Thz({fbfL‘g\{\(Q t({)&(z(Ak\'—Q/ qu must howve mo  odd (L&dzs ond  thus G [§S bgportiu a

To Conclude, we have o gpectral Chatactenyation ot o ‘o‘\?qr{\*z gmyh . that & 3s ‘o‘\\?aﬁﬁz ‘q( ondk DM% s

the pectrum of s @dpcev\cz\ Mmatax 1S QYyrametdic  orouwnd  The  origin.

Lq?ladan matrices
Griven an  undirected Sro\?\r\ CT/ +he LO\P\QLEQV\ matrix LG s defined as D&Y~ AC G) . where

4
D(m:( Od,_‘O\ s the dxagov\a\ d\f,g(u matrix  with OG5, = D(U&(u of wvecktex V&
" da

whea &G s o« d\Arzgm\m &“"F\'\‘ then D= dl  andk L= dI-A Thus. ony -Q?sz\\/tdb(‘ o{— A with
Q\&u\\w\\um X s an e]gar\\/e(tor o% L with eipenvolus A=A, and  uice vella.
Qo, n thic Coase the Q?zd(ums v{— the Qd&memma matrix  ondk  the qulo\(mn matiix Qe bmsica({a l%mw\{znt ,

but when & ic ﬁon*(&%m\c\( Wt Moy net be <o Qasy to  velate their Q‘xgev\\/c\mu.

Let's tay to wndatstand  more about  the Spectoum of  the Llaplacian  matrices.

S >
let 2 be the oallone wvector.  Then (t i< Qm&a to chak that L1 =0

So. LK) nhas O ac an Q\gzwaku -Ea( any csm\ﬂn &

Can LIE) have o  gmaller eigenvalue (e o negative K\gar\\/a\mzvz )
Y )
A -

-1

lef @_:13 b On @i&a in CT Let the Laplacen s{v o.d\ia be Lo = K \ ( wien ont% 4 nbReco Qntvle;)
3
“Then. 1t can bg chedked that LQ(}) = LQE[fQB +1les , and it %o(\ows b«a Mmduction  that L(CTj = 2%;& Lz_

Toc Q“—\:\, et \Deﬁﬂlh be Hhe column vedtor  wikh the  3-th QV\“(\'A Q%MQ\ +\ and the Jth Qr\“w% Q%M\( ~| Ond 226 Ow.

-\

. ; -1y
‘_\'\(\Qv\l Eole QQS\& o cre that Ll = l 1 l’g = X’H&X = \)Q be_T . and  thue LLL Y FMT‘H\/L SM\O(E{'\H‘\VZ mateix.
This 'wvxg\ies that L s also o positive  Semidefiste matrde, as @ Sum of PSD matcices 35 also o PSD matyix
T\mzw:%oﬂz/ O is +the mallest Qigzn\/ olug of L((;) Tor any &.

>
One qdvmtm&z of the Lap\acmn moteix s thot e know its Smollest {igzma\w& and e u(fzsPono’umi e&gewectw 1.

Connectedness
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Tt tums out that the mallest eiqunvalue of L& ives o epectial  chacacteciytion of whether & S5 Conmected
Peoprsition A aqfaph G i Comected Tf and DY\La f 0 isoan elpenvalue of LCED with multiplicity one.
P{oo& 1& G s disconnected , then the vertex Qet coan be patfitioned  iate Two sefs €, and S,

Quch that +thee ace no ngzs bebween them. Then. L(G) = (LK;D i&l}> . oand <o

\ Q
K("\ ond Q?\ afe beth efgenuu&urg 0& L)  with Q“\SEY\VMWL O. hene of mulﬁv“df\g 29 .
) :

T 2
considec  XLX = xTQZGELQx = 2 Nlex = o K bebex = 2 Uw@ Zo

1‘% GY IS Connected ,
L % g onm eigenvecto ¢ of Qigm\vo\h@ O . then X'LX=0
For X lx= TGy =oL A : |
of X Lx T et BN =0 ik must hold that k=g fec all et
Cince & 15 connecked, ot follows that  x; =%z of all 3.3eV ., and thus x=¢7q r %eme volue ceR .
i !

>
Therefore, all eigenvectors of eitenvalue O live in a one-dimensional  Subspace  (gpanned b% the vecdtor 1) .

and thus O s an e?ggwq\ua o% m\h\&\\;\\cqtu& 1. 4

We wsually order the eigenvaluec of a  Laplacian mattix  as  0=A s At o < hn.

Then the abbve vresult says  that G is Connected T ond only 3£ A,>0 Cor G disconnected Tff A=6)
The ctotement con b genzrolized as  follows The proot s left os on exerdse

Peopesition A Qraph & has k Conmecked  Comporents Tf and only of  the kth smallest  ergenvalue

of Tts Laplactan  wafrix s e%m\ to Refo.

Grem(o.lgogjons

So fac we have seen  Gomz  Spectial Charaded ationg o{~ Combinatocinl \prz(b‘u o«f o Xm?% _ such ag
bk\)wt‘\tenzss and Connectedness. but tThewe oce Simple properties that ore 2asy to deduce b& other ymethods.

The Key footure of  thace speckial Ckamdzm‘saﬁom i¢ that t)r\ma con be generalized m“trl\/mlLvA and %uanﬁ\“cc\ﬁuel\g‘

- A, 1 “cmall” HE  the gmyh o Vclese” Yo be disconnedied  (le the ewictente of o “gpari—zy eut)

- Ag 1t “senall? i the %{q@n S Cclose” to hm’mg K Qum\)oﬂzn‘ts (ie- k d\:s‘lo’»rﬁr “SPMSE)' Cu‘[s)

- Y, s cloe fo -4 QOASMQnQ% matcix ) Iﬁ the gm?k has o “cloge\fo»‘o{vmrtﬁLvComponzqt’/‘

We  will pove  the fiest tem  and mention  the nect fwoe items In the next  lectuce.

Ro.% \eigh Quotient

The wain  Concept in {Uo\tms& eigenvalues and @igenvectsrs  to optimiyotion problems is the Royleigh %mﬁevﬁc,

which 18 defined o< Lﬁ?x - _‘A/A_— , ie. the %md\mﬁc %orm norma([szo{ b% the 3%wafzi unftk.
XX

let A be o ceal g\ﬁmmlt((c motrix ikl eigmvm\uag X 2Hh2a2 .- 20k , Ond ofthonvrmal Qigenvectort  \p,va, Vg
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T
, T Mo % Ay
> %X

{00 Lel W= Quit eVt + 00V, ag Vo

VA ~§orm o basis.
T T
Then X AY = (Couietvown) ALayviv+Cva)
2 (opuit o a Cavy )t (v, * ety £t CV\O{»'\\/V\)
- S o
< 2 Gk (as Vi oo,V Gfe orthommm\>
< u < o
g‘ml\arl% ,oXoN = (c\\/‘r.“+cﬂv“\ Lew ..+ Cn\/n\j = ‘MC;.
- S'\ o A
g“) LM/ = T:Y:C‘ oy < a, %\Q\ - ol
T2 er ER
3 Sl
Cinee v, ottaing the Mmaximum, the lemma %DuowS 0
This Con be wsed o cho\(uctu‘xse othec elgenualues
Lot Tg be the <t of wvedtore that are ovthogov\n( to Vo o Ve -
T
Lewmmo ol = mox % AY
« xe YTy
‘oo Lot xeTye .+ Weite X = Qu it .. tCVp
Recall that Q:: <, u> Cinea xeTh N —fo(bwg that ci=c=.=c =0
T jv\ (‘_jL o % PR
Then, X B :E"L‘i < e 2. S8 < oy
X % RO 2 ek
T=e e v
_ Ve AV
Cince Vg €\ and. TSl K

)
The ebove ~esult ghves o ehatadecization  of oy

bul Wt requires the \’\v\uw\mﬁk o& The pradious Q‘x\gzm/utws
The Qa(bw‘\n& T2 ot R[\Ju a CHQf&CfQ{ISRt{Dﬁ without msSng Te . ond thic is wseful in ?rom‘d{ng Younds on z?gsznvqlue;

Courcant - Tischer Theorem

&K - \nax Wi XT AY S MK XTA&
e g T Sern A,
A ()= XX Aim () n-k 4\ xeS XX
M QD\J&T bnal)

We Fieet considec the moax-min tecm.

et S¢ be tle k-dimensonal Subspace  Sponned \o\a Vi

Ne e i NS S VRN VY %w Sowe Q“..,Ck]] .
< < An
Tor O\mé X€E S,

<
(e aGou) A GGVt L« Ck\/K)

3 - <
BN ST U
- z > —— = g
¥ % VP VIV O RV VAN S of by S ko
Tzt T=y
Lo max v XCAY S e X AX
Toget xe S < 7 Xes B
dam (= KX *

PN

To Prove  that the  moaxivum  Cannst e S(the( than Ay obgerve  that ony
intersed

k- dimensional

Subsyau. must
the wktl dimensional %\I\.\DSPP\,C&_ TK SmeuJ\

\ﬂa "{\/K,\/L‘c\/“—,\/(\lj.
T < T
Tor an ve (o, XBAx - 2 8% o
4 Tx % o S
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KT X T < T

WA ’ T . T
wan X Ax AL
ga, e R veS T4 < <cr v\«\\r\g(\T X AYY« < W\‘K .
dom (% xx dmk. FENM R XN o
L al Wwe o jacen

let A be the a‘ﬂ“‘”‘% malicix oﬁc on undifected S(Q?L\ Lot o, be its ka(&u% z‘xgeﬂvq(ub

Qloim 0 € dyay, where  dpay  denctes the  maximum degree in G,
ro0 Let v, be oan <igenvector  with gzgemm o,
Let 3 be the wvactex  with V() 2 WD foc all 1.
Then, v (P = (AW = E}ézu@ VL) S \?‘3@5@ WY = (D W) € dmae ViR,

Tkg(a‘g‘am, % € Aoy - o

When A= dmpay . then the above 'mz%m(&?u muct held s Q%MU%EU L . \/,Qj:\/\(p ’%)( evely mz‘\gk\mr

1o o ond also cheg(y)= A mox 8o, when & 15 commected and A= hmay . then & must e

c}\mmfmgum( and  the z‘\genuamg k‘ s of mwh?\:cz%x{\ one .

The  Peccon- Trobenius +theotem %u( mov\fnu&&ﬂvst matfices  fell us move aboul the f?rst Q\Ker\\ml\m and iijfcnveaar.
Theorem  lat G be o comnected undicected gloph. Then
@ the frest eigenvalue 3 s{ YWW\PITCHa b

Q@ Il Hor al 0.

@ all entcies of The st eigenector afe rongeco ond hae the Same Sign.

We (il not prove it See chapter 8 of Ak&xa‘omic Km?;‘ ‘H\eom&A by Godst)  ond Rogla for provfs.

eyevences

- Lecture notes o’i “g\vzﬁml gmw\ *:\\m\& i b% Don S?Kzlmo\n Land an MFcom‘mg book D.

- R\&z\omm &m\nh ﬁjzma v \DA Godsil and Ron\zv
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