CS 466/ 666 P\lsorithm Desisn and Ana(ssis . Spring 2022

Lectute (D . Local lemma

Local lemmoa 15 « uia\au\ fool  in  Probabiliske methods  wWith  Vorieus applications |

We will See  two basic exomples , and then o recent br&aktk(cu&;l«\ ™ qu?hz the mathod  Constructive.

Lovasz local lemma

Let BB LE, b a set of “bad” events.

A J(-j();w\( Soa\ Tn Probmb}\\sﬁc method  is to Show that there s an outeome With no bad  events

occured .
For 2xample in 3zmrc&]v\§ Ro\mg% SMPM, the bod events ore that Some Subsetc  afe monschromatic |
Our Scm[ 1« to show that Pr C :Q‘ EJ >0 , an oufecome wWith ho bad =2uentc.
There ore  Some  <itwations  when  thic ¢ easy to show :
= when the ewnts  E L. E, ar rutually  Indepondant 5
= \whon ,%\ Pr(gﬂ <1 , tz. when the wumon bound otms\?ay
Local lemma can be seen as a clewr comBnation of these . We can think of 1t os rk\\(uc‘x( Union fooum()f

Wa Soua that an euant & i vwhm\ké\ Thougeno(ant of the evests BLE,, . E, ‘qc 'Eo( ong Subset LSInl,

we  have be (ED ‘\ELEI} = Pr(E) el Pe(E)  doesnt U(\QY\EL conditioned on +he euentc gE\\'\ET%_

Theovem (Lovasz local \uva\c\3 le¥ B, B, ke o set oﬁ gvents . gm?po&c the {:o\\ow‘n&s holol
O Pr (B s P for  l<ien.

@ Euua evept s ymﬂ(um“a Tnd»@?m\riwf Lr§ ol but ok most d other evenls,

@  adp <1

Than P(Kf} 7\5]3 >0.

We Qometimes coll & the woximum duzgr:za in the ‘\dqyandngJ gm?%]f

The local lomma  Can b \\n‘ﬁer‘lJTl(}\ XS If the unlon  bound opplies Locq[(a then thece exisTy a fjooo\ outesme .

The —onkow‘mg Vs the originc\\ ?ruafy b% Lovdss, which i non-constructive: It Chha proves the existence o-f a &oori

butcome . Withowt an ef{clent (ﬂfoﬁﬂam +o {?nd\ suth o Qood  outesma .

We Wil wegu\t the vecent D\\gmv“\t‘nw\\c \)fcof lofer , <o tha br?&;]na( Pranf NS DPUDM\

E(ooi Coptional) \Je prove b?} induction thal Prﬁ\(\eg gﬂ >0  on the Size af <.
To P(ovq thie , there ¢ on  Intermadiate Shu\) %Momn(g that P((zr\\

T o v ! P (\
he Pmﬁ Strudture Toas %O&OWS \rgieswst-—\ VESGsl= |

E)>e > Pe(e 0 T sap
S0, ) 3 Pe(E NN E
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The pfoo\ﬁ Structuce e Qs ’%e(kow&‘

D 0 . = T.
Mf(?es:\sr»\ EA 2 e > P REK\ QS;\SL‘_\‘C ) Sl\)
= Q) C - = P E <
?T(‘\e&m—a E‘§>D & \FQEK\ T(;S'-\S\tx J P
S
> P :— < = 0O T
S P (T Qsl\g\lmh\) oD P (0. qon 1) w0
Firﬁ, Wa provae PW(\E\ EJ >0 O\SSuvv\?vxg the  previous m?s in the chain are proven.
VeSS
The bese case  whan [ISl=1 3¢ Emé . o Pr (‘Eﬂi [~Pc(ED = l-p >o.
Tor the  Inductive Shep . without b of  qenerality . we  assume S=fta.
L — 4 - L -
Then . Pr (\(\ E;) = T br (E[ kaES) // conditional FroLo\LT[Th&
=1 V=1 J=
Q o —
<1 (1 R(E[BE))
= \)’.‘-’
L
z T_L ( 1- 7?) >0 J induckow hjpoﬂ\zsg
Next . we prova Pr QEK | ‘Qg E13 52? assum\ng the Yru‘wm %taPs In  the chawn  oare \Dro\/gr\
To do this. we diide the euents nto fwo t:ﬂns based  on  fc &\iglv\d\zv\u& on By -
< :?{‘ e ¢ \ Q) dﬂ?aﬂiaﬂfg ond

2

Q)::g e 8 \ L) 'mdeandant 5 .

1Si=1%L, then P CEL| ‘Qs E\\ = P LEQ < p ond. were done
R, we ossume  1SU>1SC,
Lot ¥ = \(e\g . Fg = Qg‘ T oo Fg,® 7e§1€; g that  Fo=Trg n by, .
Then, Pr CELLEDY = PrCELATRDY - P CEp0Fg VP, ) PelFe,) o Pr (EcOFg | Fs)
Pr (7 Pe (R, LFe) Prl®) Pr(Fe 1R
The nunecstor s P CEeAT ITFGY € Pe (B IFG) = PelBl) € p by indapentance.
The  densminator

1< ’P( Q?g\ \ -{:‘51\

1)

Pe COEL 0 E)

{S3S
= - Vel O €
| Pe( ’\eg\E‘ l Y€ 33
- X2 - €- mon
2\ Tes, P( Q E\ k g}gl EJ ) // W bound.
21 - TZGS, lF Vi Wwdwckion L\JFDH\“\; .as [s,] < Lgt
2 ﬁzd\P /. wax  Repree dscumption @
> L
P

// D&Sluw?’t{on @
P\\L& thew back . we have

P (Bl Fs) € p /(5D = 2p,

“This Completes the induction step

AEEIT(NHOM

We  2how two classical Q_XQMYK@S of o\\??[kaﬂm\s a/g local lemma -

(O _k-saT
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Griven oo boolean  formula  with oxocly k variobles In each douse. we wowld like to  find  q  truth
Osgigument o the Vociables  Such thet every clouse ¢ satisfied . where each clawse s a cMSjur\dlm\ of k variable,
e (XU, U ) AR VT ) A (Y Vv %e ) A CXoWhaude ) ond X2 T, %=, %= T, =T i< o samqﬂﬂ‘mj ascipnment -

This Frob\em 1s NP»Ckath n 3tnzm\) but we can prove that " each Vadoble appears  in wst oo mony clauses

than thece 1€ olways a gqﬁsf\j}ng Assijnmeﬂt_

Theotem If o variablee  in e k-SAT Lormula appear in  more  thon T = 1k/4ﬂ< Clamges
then the -fOrmu,(K has & Qmﬁ&‘{'ﬁ‘:n% c\cs'\gmmxﬂc.
?\’OO;& Consiker o Yandom qsi‘ygnmav& where  each vartobe 15 gt to  true  with Pro\nml-ﬁt‘v‘ha /s ?ndapuo&mtfﬁ,
Let Ei be the bad event that the I-th clawse ¢ not Satiefied th the Candom  acCignmant .
Sinee 2och clawe Vs o o(?gjw\cﬁm\ of Kk variables , this evewt %“PPQ"S with Prabahitrﬁé p= Pr(E‘D:JZI
Note that the et T s mﬁm[(é \H\dx&Fen&Ewt with  othec euents  that do net Shace vadables with E; .
2

k-
gbl the  Maximum d@&(q,z s at most kT € & Qd\(/q@ -

k. -k
Sinee Qd; <42 M2 ) =1, dhee i an  oubtcome oavoiding all bod events , hence o Saﬁﬁﬂi@ agsrgnmeﬁ ' aq

@ Eo\g@- Aisjo'int pathe

Gvan o 3(&9}\ with % pairs %(S‘,tD,LSch,..,(sK,tKBS . We would LiKe to {xnd\ a  path P; omwutm&
Sy and ) Cuch “thot the Fatks ‘q?l,Pl,,./P(S ore QfXSL df\S]o\mt'

This Prnbkzw\ s alse NP'CM\DIRJ\"Q , but we con Wse local lemma +o  Show that there is O»\wmns A Solution b]ﬁ

the possible  pocths  do not  Share  too mony ed&u with  each  other

Thesrem Tor aach  2isk. Lt @ ba & collection ob L paths csw\u%‘mf S; onde L
Supposa eadh  path  in Op  doas met  Shace edges  with  more that € paths 7 Afor 1%y and ke <1
Then +there 3 o Wiy 4+ choste  PERN 2o that  the poths QPK,-,., PKZJ afre ngm»c)‘\s]o‘mf-
onaﬁ Considker o vandom QxVu\wev& +thot *Eor l <<k . we choose o Yondom ?qﬁ\ ?-\GG),‘ umnutir\fi 3, ond €;
et By be #he bad event that Pi ok Py are not edpe diget.
Sinee 0 path  in O ghace nge_s with ot mest  C paths in @)‘ and  there ovfe L Pmﬂ\s in Qj} B
we have p= Pe (B € C/L.
Cince B33 35 mutually indepandent  with all evets  Bitjc when Velial end ‘J’H:f)}‘
we  have  the  moaximum degree A ¢ al most k.
As  4dp < 8kcC/L = | by our ossumption . tha (ocal emma Implies thot  thece s an Odutcome

or% the experiment with no bad  events. hence on Qiﬁ@cﬁi‘]:ﬁﬂ‘ path Solution -
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Thare  ace mony \H\TL‘(JLST‘\Y\Z and mw-trivial O\pp\‘\cc\ﬂtms oji local \2mma .

Sea €8¢ b0 %or * Qu\;r‘xﬁmg Cesult In ?mtd‘ rco&\v\g.

E{ficent Algonithme Lor Local Lewma

How <o -?(1\3\ on outcome (Q-&, a SDX\S{\GNS &Ss?gy\mm‘t D whese  Zxictence  is Suuz(wﬁaed\ bkg the local Ulmmo‘z
Tn {adJ Since the FfbbﬂB\L'\ha Luldk  be \/ua Swall , we dowt Qepect that & Yomdom  Outme WAl o |

A o 7
ond Tt <eams o ba a veRy AL eutt o\\goﬂthm‘,c task , which some (esearchecs  call {‘mck‘u\s oo nedle in a hoystack .

There s a hm& Histnﬂé obout %wd‘mﬁ zﬁ-?der\t o\lgur‘.tl’\m qto{ local lemma , With a yvecent bvatL\uﬂl«\.

To llustrote the i1dens. we jmsf ‘eocus on Tla Y- ST ?ro\mllwx‘

O ginal 80 It Ts nonconstructive gw‘m& no idea hew to find Such on outcome

M' There 18 fromework  developed by Beck
bet me Just oy to qe o very bref idex here See chagtec 63 of Twul for detoils.
Toc thic fame & To work, o gtronger Condition it asswmed: each vaclable  apprars in ol wost
= S Kor cowe  constont  0<d< 1 (instead of T= 2k/4\< )
The Dx\ibf;tlam has two  phases
© Tid a rondem “Pmﬁalu Ass?ngmﬁ (cadh clawse with ot (east ¥/2 variobles vemoin Umass'.gnﬁok)
Ugir\g tle local l2mma 7%&2% with the Styengec (kSSuw\Pﬁw\« (1= 1D<K) .t can be \)fO\/Qd\ thot  the
Parfial Solution can be axtended +to q \Cm golution. Thie glw,? N aas% I{ o g gmall anm\{fﬁ.
@ After te initial partal asspomet . prove that the dapadescs giaph T brokan bk Small pies.
whete 2adh plewr has ot most O(Lu& M) 2venls . S gach Clanse has Kk variables, we Caw
do exhanstive Seacch in 2ach Plea in Po\ﬁr\omm\ time o {‘md\ o QD\ﬁS]C\Q'”‘J QSS?Enmzr\t whose
20stence 1s guaraitéed by the local (emmo. 0 phase ©.

The oLTﬁC\MH Part s te Show thel  gach PTQ& s e'{ QISQ OLLO&M) ) b\a o Qc\(cf»h] (‘,mrﬁh‘v\(g arguwen‘t.

Pacent brmk‘tl\rocqgk by Rebin Moser  (2009)

The Q\gcd%%w\ is Qur?r‘xs‘mghé ESMPLQ. TE was known to the exvqﬁg Yol no one knew how o O“M{ﬂy“ t

Al gwlt\mv\

Tieet fﬁx an m\;it(mﬁ ord\u‘mi ny the  clowuses c,¢C

Qolve~SAT / the main program
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Tindk o Yandem asﬁfv\med s—& the  voiobleg.
¥W | €1 sm
I’% Ci i not saticfied

?TY C C]}

Fiv CCD / Subroutine

Substitute  the vaclobles in C  With new  ondom  values -

While.  there s a clawe D thet Shafec  Vvariobles with C  and D is nol  satisfied

Choote Such o D with the smallect index . Fix (D).
ﬁnp\\%s{s * Note. that onee we <alled  Fix(C) and fetumed to +he loop in the Mavth progeam Cy will
temoin  Qotictied aftec  each  Trx @ s Fintshed  Tn the lo op fov 3 > b% the Telarsive

fh&n& natwe e 0’% P\\\( CC&) 5
Qo, when the moaln koo? is Prished . al te Clowses Wi be Seli sfsed

But Tt Seems that the program Can cun intoan nfimite  lop  and never Finished

And W Reems Very fhenlt o av\q(%l thig qlgoﬂtkm with  such o Complicated d&?ar\davm% Qtructure

Tdea: Moser Coame up with &  remarkable {?\rocf, He Showed that ‘:—% the Q,Lgo(r’t]r\m does not  terminate

in & ceasonoble  amount  of time . then  we  can Compress {ondom bits us‘mj fewer bots b

Cloim A ftondom S‘mnﬁ a{ k bits can  be Comprested into  k-c bits with Y(obo&;:lrhé at molt ic ﬁor any Cz | .

M’ S\AP'{JDS.V_ “+the m\gnriﬂxm Yuné 'gur t s‘mrc but ot Suuus&u( t&zt how vr\om% Condom  bite used 3
Tn the ‘omg‘mn‘mj _owe uwsed  n random bits for the anitial ass?gr\ment.

Then, for  each FixCO), we wed ko Condom  bifs %o( the clowse C.

Lo, The 4otal numbec  of  rvandom bigs wuced s nxtk.

Encod?wgr Now, We Show tow o CompYass theee  Tondom bits ;{ t XS la(&g znbugL\_

The Tdao s to fraw the oxecution of the o\lga(rtlr\m,

woun € oot

T ()

< ‘e
.PH(C(})D/,,?\D\ (E:x @) /é/\ 3

$
- o ol U- o

® Tix ()

Frx(e)e’ " 3 ~. .
I S . /\ )§\L n\
, . D"‘ o o YN\ S\ ond S on .
T P < R o
/NG ‘
Emx (L) - NN
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N

Tl ?

~

A

e

«f‘/: i) -“ D/g INNG J\g / \\ ond 0 on .

e
Foelle) Tleg)

- T

focucsions n mix(CD Yelurgions  In ?F»&Cg} Yelurglong  in ?\YQC\Q

The Qr\(,ooUv\S scheme 75 as follows
@Usa O*Ko&lm bite ko Y2praent 3a7n5 ’%{om the voet to a  clouwse . whete <the (og,w\ bite ¢
used  to X‘szsev\t whidh clawte *o QP tvo.

Uge O« logyd dits to  vepragent oin om  the Cucrent Clalse to  another clause 1o the  Tecursion Tree.
S ¥ s w

w\r\a loxld\ bits s Qnouib\ €o s\mﬁ% which clouse o e to 2

Bocauwse coch clawse ghares  varlables  wiih at most o ether clawses . S we ‘jusﬁ need to  Yemember
which r\a‘xghbuf nlv the currenl clowe =that we ge o .
® Use 1 to rz?ruu& 3::\,\& up e the Yok orrow n the  recursion  Tree.

when WL See 1 at the voot . the a\gnﬁthm Terminates .

@ When the Q\goﬁﬂwm Yecmnales,  we (emembar the N bits in the  vactablec.

MM Tt should be clear Lrom  the ancm\n& we can  Yecovel the exewition of the al&crltkm,

How fnany bits have We used 2
As the wain Yout "“\‘A calls ™  clouses Qb\a the ?ru\oms argume& that Cry  remained gcﬁ&ﬁ@i\ afTQr

T (D 3¢ called ) 5 we used  at  moest m logym + 2)  bits "%D( @*’@

Thece are t steps In the algocithem . S0 gt most t(tbglok+13 bt Aoc @+@

‘F'mm\\é, n  bifs J%or @

Thetetore , the total numbsr of biks wed  in the enceding <cheme s ot most wnClogym+3) +¢Llop,d+ 20+ n.
S g g

Suppese  we  Cen prove  that the original  Yondom bits  Can  bo  Cecouveced {"TDW\ the an(,oi'mg ccheme -

~-C

QUnce 3t s m\M;eLA <o Comp(ass (oandem bike | w2 Ccan conclude that with \)rebabltrfu% Z V-2 .

¥ Jzncad\m& bte 2 # voandom bits — ¢

Tn  ouf Sz%tini . W\Lkaglmirl} 4+ t(tggldg+13 *n Z iiQr\cod-‘\n& bite = H Cfondom bite —c = nYtk - .

This implies that \'Y\(Kogim +2) +e 2 t(kfkugl&-ﬂ Wi th P(okmb:uhé 2\~

o ox [ong RS Kk\o%ld\Jl 2 e & d < lkklﬁi for Some <o, then we have
t < ™ log. m 42 ¥ C with \F{ohe\a‘\uha P4 \-\[c
T
Y -
For Q\(anela ) 3\C A <2 (%0 ©z1) , then t < m\o&im +3m  with P{obﬂb:k‘&ﬂ at  least L—'lm
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Lo ust need to  Show how to cecourr  the Yandom s %‘om the @ncod:wg_

D!Lmdmgi To fimsh tha Froc{» 3

. < SO} n W W 6) ) ) )
Lot the original - Yandom bite  thal the ﬂgmxﬂw\ used bt ViVae Ve, Y LN, L Y LY L e L e Y oL e
L)) Gy

. ) ay
where  Vova.. v, ore the Yandom bits i the intial QSSrgnmaAT oand Y LY, LoV ade the k (andowm bits ia i-th Step.

The d\ewd‘mi a\goﬁthm Will ynomntosm n Vewiables, the cucrvent assignmznt, Fm“b‘Ma V), VeV,
The o\lgortﬂ\m does viot know the values o& these voriables in the L;zg'mn‘mg) but 1t will Try to F\nd\ put L;g '%D“Dw:f\g

Tthe execdion that the o\\go(%thm has  tored

TL the D\l&oﬁﬁm fixes clowse 1 fay - Clowse has  variables X3, %5, ... X5 . then 1t wmeang that the

Cb((QSPov\d‘w\S bits ViLVig, oV In the  carrenl assi\?hwn\“ must  violate  the eclauge

The  Crucial \vn‘mt IS that there g or\\% dhe Pags‘\mlih{j of Vi LV eV To viclate the elause

o \an knbw\\r\j that +he algosithm fixed  clauwse T . we leacn K bits of the cuccent O\SS\\Shw\znT_

o W W

Uy v h% ‘f),\’“j_,.‘.,Y'K , ondd So W \A\)okp\,fa

[RYPRE

Then, we know +that -the q\gorfﬂw\ wil Ceplace  the b vy RV

the cugrent unknown aQS?&v\rmznt ( that wa are \:r\d‘n\d; to find out ) |

We repeal  this  proceduce - K«Dw\ng whot  Clowse that Lhe Ox\&o(\tl«m is Hn‘mg to fix U’J {eLLom“& the execution tren),

loacrs . . . ) QG W -
Qo\(hu\g byt of the  Cucvent agg\&vﬂmzﬂt, (e?mcmg the kbt \0% SR ol Ta the  next S‘w_{;

We g&o? when +the a\gorit%m @to?s . omdk we uwse the %‘mo\\ n o bite  Sloted to yecourC the {qu'\n$ng vaciobles.,

Co. we coam  Yecovac all the Yoandom bitc b% usiwxg the umi‘m& that we have Qtored.

To Summaciye.  The K{% pont Is that in eoach step  the fx\jo(}thw\ injedts ko Condom bits. bul  we

On\% used ~10<§uok 22 bite  in the amud’m& to \:ﬂg? tack of 1t Gie. which Azighbar to {:x>.

ond o when (°S>d‘+ > <k, we  0fe C’owx?\’l_gsivxj . but this Chowld net e \r\aﬂ;gn\m&,

DiscusSion ¢ Moterls  reswlt SPMLU}\ o Lol o\c Su\ogﬂ%utnt wovrk .
T ¢ \jUL3 Rr\fuagﬁv\g that ?{o\oo\\a\\Tsﬁc methode  Can be  Tumed  to  efRcient qlgaﬂthw\i,

So, now  local local s not onkx& o powerful probabilistic method . but alse o powectul o\ljmrIH\mTc tool.

L we have Ame, we Con See  Onsther 2xample ol 4N diredion - vka‘w\j P{e‘oq‘ptusﬁc ynethod  Comstruchve .

EQS‘Q onces

T\r\{ of\g"\r\o\\ \)\’Dof . the boacic ekam‘;\es< and  the Beck %(&mewo(k ofe %rem ckaFfa( 5 O’g [HUT_

“The algsﬁt»\mm ?rus% s from  the talk of +he gamec SO Constvuctive proof of Lovasz local lomma ’ b‘é Moser.

Read. the book ™ \)(o\gal;}k\sﬂc method< 7 {br d\‘\%@(u\t &@V\efo\h‘%aﬂon& o& lecal (2mma.
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