CS 466/ 666 Algorithm Design and Anu(}jsis . Spring 2022

Lecture 9 : Probobilistic  methods

We will use Some prababilishic  mathods  to chow the  axistences of intecesting  combinatorial objects
TBMB we will see the st mement methed o the  gecond wement  mathod .

Next  time we will oo tle  Lovasz  local  lemma.

Ram ey 3(0\2)\5

Can kﬁau color  The eoﬁies of a com?ut& gme}\ of n vertices bZ\ Two  Ccolorg (saa red. and b(u>
Co  that +there ave no (wga Thonochromatic  Complete gu‘og(a?\r\y
Thic is one ot the mot formous problems in discrete  modhemetics , and i one of the Qa((a Prohum;

that +the E(o\oabi(‘\s‘t‘\a method 7s dew(oPM

n ~L§\*L
Thootem  3f (> €1/ then MG pessible to loc the edpes of K

n So Tkoi TAQ(L ar e
no  monochromatic Ky
(00 Consider o ( andom zmemant where we  Color 2ach ed\fe ofg Ka m?{om\lﬂ \mdéi)andﬂn‘f(ﬂ.
Consydec &  Subset S oﬁ vertices  with \Si=k .
(¥
The Pfabablk‘\h& thet S 1S monochromatic 15 1'1(15
n
Thece  ofr (O Subsets  of e k
K
-+
Co, b\d the tnion bound | Pr ( some  subset o{ sije kK is MDV\OC‘(\(-OYE\ORICB < <1>1( \.

%\ﬂ osSumption thic ?(o\mbs\\‘\-n S §tﬁcd$ gmoallec  then one.

So_ theee is an edge Coloring (e an outtome?) Qo that there 6re no menochromatic Ky . 4

Check thot the theorsm s sofisfied when k2 2log,n .

%, thece 1< an a&ie COLO(‘W\& with  no  monoChomatic ngx,\,

“Tn th, t{ goy k> ztbgln‘ then o Condom CO(b\”‘m& will wotk  wth Mgh p(obabahfj.

gmgr‘\g‘m&lj.t‘r\erz ace No Knowa Aete(minictic a\gmtkhm to Construct an Qoﬁﬁ)a Co(m\”‘w\& with ny mMonochromatic KQ(LG\(,‘D

TL 1S Q\(Q“d‘g vrmé dl{{imlt o  ConSkruct  an e&ge Co(Drin& with  no yonochromatic KO(Tﬂ)'

Note that +the P(oo{‘ Shows  that H we qenecate G K(&F‘n where Coch padc of vertices  have on szo(fsk
Wwith ?fobmb\\‘\*g ’/1 ihdqqad@ﬁ(%« then there afe no  Complete SM\)?YO\P% ot Si3¢ = 1(UK2H ano
Nno ‘mdxeyemian“t set of Si3e >,7Kng2n with h'\gk \)(ubo\bium C deigg = ted . mon-edges = ble)

This s aa useful Qa& to keep in mind
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Mogical graghs

Last time we ued  Supel concentrators 1o O\asixh a {:o\st a\jon‘ﬂ\m ‘Fo( networ k Cool{mg.

We will chow how +to  construct a Supet concentrotor ug}wg P obabilistic method .
TFor this. we will fiest Consteuck  a wseful Qadget  Called % magical  Qrophs ’
A rvxaglwl %rav\r\ s o spacse b:?mt\‘n %Y&P\r\ CT =(U,W>>EY wth the Lmagim\ )

XNOPQF%UA Thot
Query subset K2V with

N
has o Fﬁr%ed mzﬁc\n‘m& to N s%

Recall that Halls theorem for b:\gmrm m&tch‘m& Souys that giwm a  bipactite g(o\F}\

INIERUYP

G(?(\))\l\j;?:),
o Qubset S¢U  ceom  be \)E‘({»J_LYL% matched to W i ond onla W WUT29. we have ING

Tz
whee  NCT) i¢ the neighbor 2t of T  ie

T\JW\CS\WGW ] uw eE for Some ueT ?] ,
with Hall's

theoeram , W\mg\w\ &ro?‘«\s con be defined  as Lollows -
Lt G=(0.wHie) be a bi\)a<&€ta ngl\.

We Sap That &G 3 oan Qr\,m.tﬂ‘ﬂ\a&lca\ g faph
@ \WWl=n  and

¥

Twil=m.

@ ‘QV“\A vaectex in U hag ad mmg‘n\mfg

@ ol > s For every Qey with Isl<lulfz =nfy

Theorem  For evary large 2nough A and 0 and M2 3In/4, there xiste an (h, m,d\%m&wcm yraph .
PCood let & be o Condom bipartite. S(Q?\’\ with  n verticee on the left oand m vertices on the ﬁ&\\t,
whece  eoch left wveckar 3¢ Comnected to & Tandom Set o\c A veties on  the R&M
We will ghow that &

I8N

~rr\o(ca?tmake nﬂt,]
on (n,m.A) ~Y“&x§\am\

KW‘E“ with h?g\r\ P{obo\b{lﬁﬁ,

t SeU with s:=isl €nfh and Tey)  with o= T

= \,ik Nota that lg\:\T\
leb Ko, 1 be the indicator varioble thet oll @dges from € 3o to T, and x:3 L
4 l=frie
Then E[ng\i\ = P(LXS)T: \> = Lt/m)

T\(\Q_Y\ Eix} = EY ET XS/T} = SS,T —EY‘X%/T]

\S\:\T\Eﬂ;

sl
"o &v;){'vz)(%) (‘Fb\’ t:g}
m:m—(% ne me s n 2 \¥%
Senfs QT}S(?j Q%ﬁ Creall (1) = (22) )
FEES
= 2, [ Re ]

2 a- S )
égz‘h/ y\ %Q (i\ )] (\A&v\g \MZ%B
L

N

%€§;>&41]g (&S RS<h/2 and mz%n/%>

N
—
W)
[
14
N
k/

N (”%O( d\?% sc\,\a)

Qince  the nyutad\ value s lege than one and X s om ‘\Mztie( value  Yoandom yociable |

Thete  exsts

Sovyne. oufcome in the vav\)\z Space (i-2

Lome {ﬂ,m,o\)—gm?hs) with X =o.
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This IW\?UES 4that fmr all  subsee R with 1Sl ¢ 5 we have (N > lsl L as stherwise HC ING] €1g]
thee «xsts T w17l =1s) L\)o&siua & Superset of NG ) Witk all edges feom S Qe to T

(\e. XS,T:’X &or \SKZ\T\ < % ) C_hy\‘t\’wﬁ(ﬁng X=0. o

Tn %mt, “\% d s s(inga LO\f&er, Sqn d\Z\E/ then wmogt grmp]ng in the gamPhL Spoce O ma&\‘cml K‘“P’“

Magieal graphs ore closely Celated Fo  @xpandec gravhy whith  ace Vary weeful  In theoretical Computer Scienca -

gupef concentrator
Da&\mﬁm\ Lot Cj‘— (\),E) be o divected grc\\ah and. et I andk O be two Subsets o{* \J

with n vectices, each called +the \v\{;mf ond output Sets <z5Pu‘c\\m%~ We 30\2 thet C‘{ ig

Q. _supecConcenteator T—{ {—nf Qvu\é\ L omd avua SeT and TeO with Isl=ITl=k , thee axist

Kk vectex dx‘s}a‘mt Pmks W G from $ to T

W owe  nterested  an QOY\S‘trun‘cin.g Q. SupafConlent(alor  with &% few edges ag Fsss?b\_q

A cowmplate  blpactite ¢ aph from T o O 3 a Lupectoncentotor . but t ﬂ%m\(eg n’ Jw(iz&.

Tt wos conyectucedh \o% Valiant  that o Supecesncentotor with  O(n) ed\ges does not  wost . but

later he d\‘\iPro\/ad\ h?msa(% bvd Qongtmtﬁng o Super concentiator with o) {ok&gg \/\S'\ng ms&itnl gray)ﬁg‘

The  Consteuction s Yecu(Sive.
C  with 2n/% inpuks. 20/ outputs , ond OCP) adges.

We  Gssume  the evistence u’( o Superconcent(ator

The YbYose case 35 when N IS o constont . ‘&10( which o Qow\?(ztm b'w\?mti%m ?)ro?]w would oo .

2n
Tor the induction Step.  wr wte two (N, /. oL))- mo\gim\ 3(&@«\3 G, and G,
Now . @ Tupel ConeanTotor with n InF\Ats andh 0 omvﬂs Coan be ConStructed b& \mtt‘m& C,GT\,[TI taglﬂr\er

(P:gt\\(‘g\ ﬁm 4w Swwvey \pxa HDD(\IA'GT\\\H\\~\/\N&§&(EDY\3

Note that thee & a ?Q({tﬁ w\qtdm»\& betwean  fhe Anputs  end the on«?\frx.

o\«\FvKg
O

‘\h?m‘s

Taest. we prove that 1E 18 & Supestontentafor .
ek IZQ:Q\,I,._IV\E omd  Ela W\A%clﬂm& Commacty \/u‘ux:) in LR veckex Rj n O,
Lt S¢T ond T2D with 1Si=lTl=k

We need to Show that  thave ate b vertex disjoiat  poths  betwsen Q and T,

"Lyy <Ln\ J—%CP when  we think of +them 08 Qubgets of {1,1).._”\% , then we ean W the Qdigeg
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in the ?a(’%th \’V\Dd:ch‘mi +o Connect  thoce \:a\(& ™ g and T.

o, we 0stume that g(\Tt@- Tn Pacticulm. thig “\mgzﬁex +hak \%L:\T\:Ki h}v_

By the byepect ok the wogical voph &g | of oOn Qubset S wath \i\iﬂfq, w2 hove \M(Sﬁ\?li\,
J pepecty § P \ A w

B MM’ ., this implies thot S<L, hos & 2ctect  motchin to Some Subsat S* o R
\é\ ¥ ) F g )

Bg the Same o\r&mmﬁ, J¢<

*
Ly has  a \>€rjyut W\W’\‘C%?hg Some subset TT Ia R4

— *
Since C s o §\A1€Q((DncznT(oKnr7 theve oce \le:\fx\ v Tex d\\g‘lu\ﬁ \)a&m betwaen g* ond [

Qnmb‘mh\é with  the two YY\O%LL'\?(\&SA thece {lofw\ sl=17\

AN

vertex o\\g“\om* \>o\t‘ng between & ond T

Pittbr\ca\tz\/ Lo, 1t i @ Supec Contentfatos

T:\r\o\mﬁ, et E() be the number of id\ges in o Supeconcentcator With n ‘mFuts and N oﬁ?uh,

Then, E() = 2 dn + n + EC3/4)
A N €
$wo mmgicrﬂ K(DVM

and %a\v‘m& the retucrence vaas T = 00

?U%aut mqﬂ‘nﬂ:& Smalle ¢ gu\ﬁa(ConLenTmto(

Qupec toncentiators  are  effrcent  Communication  networks  ( Switdaing metworks ).

Expano\‘lf &m(ﬁ(\s Con aleo be wsed +ou  Construct opti mol Sorﬁng netuworks \:ASJCA\\,kole’S, Szzmm’uh]

Second Moment  Method

The %i\'st womenk  methed ¢ to Compute  The expected value sf o Yondom Vodioble, and  Conclude that

thote T¢ on outtome  with volie  off least BIX] or ok mmest EEY]‘

Tor o mmm{&nﬁ\m fandom  vaniable X, we coan we tle Markov iwa%w,[rhé to prow that Pcb@\) < EXY.

ond. thus conclude that X0  with high ?robabiti‘ﬂa T{ 0O <=1 %o( B Tnh&m[ X
O{t“ wae alse wont to plove Ahat PrN=21)

s la(&a

It s net m\ou&k to Sm%t chow that ELW]

Ts \cha s 3t cowlh be the Cote  tHlat X T \/z(\A lmgg —Emr o <mall \Q{c\gﬁm\ o& the nﬁgwtﬁ,

while X=0 '%uf a \ar&a {\roLLhw\ oﬁ tha o utpuls -

To exvclade -this Case, W& hoed Some kindl s% Concentration ina%ma({t?zs Lq.&- Voariance Gf K 2 SWH>,

ond the Qztnd mowent Mmethod ?(D\/N}\Os one vvma to establish thit.

Theovrem

1{» X % on intogral - valued  fandom  vacioble | thea Pe x=0) < Nac Iyl
(=LY
Proof Ea chebismd& ineguolity . Pr (x=0) ¢ Pr (1 X'Eb@\ z EEM\) < \/mlﬂ/&\;[xﬁl, a

ano“o\r% 1{ Voe X)) = OLFU]%) or M\:EBC] = (1+ o(l}) K‘Eixlﬁ , then X > 0 uith )'\‘\&]n ?(obﬁbeﬁA-
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heesho havier an d.om

lot &“'Y be o o\\wv\ﬂ Wi nvertlces  where each edge  Opgeact  wath

?Yo\m\u‘\\ma F

A ’\)Qova(f\a has o threshold bohalor T% thete ¢ o ‘{:uuxct\ov\ 'f guch  that ¢

- when E\‘;\w %2)\ ~ 0 _ tlen olmost Smfdé & Cn, ELM) does hot hawe  this Pronrhg.
n

T owken tm W) L

len  almoest Su_(ﬁ\\a G’ QV\, \'\U\)) hot  thic PT o?erha .
"o J\luﬂ

B Pw\?@,rk\g hes o %\\arxrn theeshold  behauise

o the oo funcion o cuch that for ony 70,
- Q\L‘ﬂ) (\‘EX {LV&} olmest S\AVZL\a otozs Y\VJ( kl}\\za_ the PVWPET&\Z}-

- e\ L‘(\ L L) %LV\>> Ole\oS’c %\uua has €he P(O\Derktﬁ .

Tov -ZJ\CD‘MEKSLJ consyder  tha 'P(Q’Far“a 0% W’\o‘\/‘mg N LU%&& o'% S}SQ, %/ NI @
6
Lot X bo the numbec of dodigues T Gp Then BDO= (Dp

Wwhen ?:o(v\;gx then B} 20 , and

we Gan Conclude that  Prx=o0)> 1 by the fist moment ymethod.

On the othec hand . when F:w(v{a), then EX) D 0, and we Can e the Scomk  moment  method

to conclude that Pex>1D)>1T \'J\A %\'\uwmg that \}a(i)(\\li O(Qh:b(]\fj. Qea U] CM\FTer 6.5 1.

Theotem  The Propecty of ]r\O\uiv\& o cligue of Sie & hat & theshold fuaction L= a7

Let's <we o ?(c?e(ha with o ghmP threeshold

Consider  +la P(opwtud that & Yondom gmp% has  oliaweter (e thon of Qqﬁua( to fwo L3 e, gbr evu% poir

e€ verties thlece 18 a path n-{ (zv\&ﬂ\ ot most  fTwo Com\uﬁr\& tlem -

Theovem Tle pru?uh& Tt G(U\]V) has diometee  at  most tTwo  has o g}\m? theeshold ot ?»Jﬂ)“wh

P\'so£ We &ma o \?oir ojy verkies [ and 3 s a bad pai . T~f tleve & no zdjz batween T and \\) ,

and  no othee vertex  in CT To adjacent 1o both T and J

Note +that o g(mPl\ has  diometer of most two b and ’Dn\tg ]—f there 7S no bad Pm(.
Tor KLVQ(a pose of  vactices i owmd J with ‘\<‘J o let Y;:) be on Indicator voflable of UJ) {u‘w‘S a bad Pmr.
et %= \23 XT‘J boe the nuwmber ny bad Po\\(‘s.,

n-
Then .Ei)(@] = L\’P) Q\"Plj o oS 2ach e'ﬁ e other N2 verties ¢ not desawwt to both 1 and :J

o, BhA = (Depdpy™ ~ R i iy

nwn — Y - Q—V\V\ -
th F\Dl \JQQh . Tl’\u\ ‘DY.X—] ~ ‘\{ no2 ¢ = n .

TL@(L‘Q&{(, ,T—f c >, thlen EE\(] PO, and o drameter iS¢ ok wost two with %‘\3% Ym)mb\h%b‘
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Now, Congider Lhe cote when ¢ <X . tlen ELXX%@,

\I\)D, WL %P\IL S0 condh Moment method Lo %]nm:u %J’\C\Y XZl odmett S‘\A(QLA.

T = TYEQ‘E]X“S\)} = EQ = %y Xu\ = E EEXT‘J XKQ} ,

K< k<@

We gp\it the  Sum info thiee Qaseg @ all Il‘j,k,Q aye gﬁﬁm“(
@ thiee dsbinet  vertices out  of Ul Lk ¢
@ two  distnet  Verties out 6{ \"‘J Lkl Gl vle Seme ?o\]r).

Tor @ . e two Variables age Tndependedt | and +hus \\EIK<Q Ei){;} Xm] = E\J‘\“Q T:LXQ] EiXkd

< 12 Etx‘ﬂ EJL Elx Wﬂ - &Ebd)

For @ the Two voarobles ove the Same, and thus %/“L EY‘Y:S XKQB z ‘iﬂ Eiir}l .

Cinee X5y ts oan Tddcster varciablal  Xp

'J\’XE Cand Thuwe thie s Twst ES EEX;BNj 2 T:EXT-

For . tar (U7 and Ckd be the ftwo bad peirs. For any other vertex w, either It ¢ wnet
odjaent to T or it s not adjacent to both Jandk k. Thic happens \with ?”“\"‘““5
Cp v pLip) = 1app = 1o

L, "Eixrj Xye J % U“\ﬂ)- Q\»l@l)h—g N Q‘“1€>n N 9;1\;“.

Sinee thece afe al  mest %QY%) swch - TOpls  the  Sum ‘m@ V¢ ot most %‘

cnn e 2 ~2clnn _
" this 18 ol mest S N L

Now, Yewll thaf D= J

Thofore, ELLY < Lﬂxﬂx + o(@b(iblj £ OO = (= om)t&(ﬂj

Hence | \Wx\ the Urulkar% of the Second moment method, we condude that YX=1 with hwg% ?fo‘babcl‘&%.

R Inw
This implies <hat the gm?k has diameter at  (east three whaen P \JC—:\— WCW <. A

Rondom Sm?h_s and Condom Structuces

Threshold ?hemmznms Ore Common  in  Yandom S(Q?\f\ﬁ and. it s A Su\v‘]a_ﬁ c—% iatence studﬂ\

.

A classical  cesult TS the  emecgence  of \mem Componenl ¢ hen  wWe Qme\g, o (andom groph  with

JZOUSQ ’P(obm\oiu&é ?: +\ the \mga:\ QnmPomzr\th ate o{ e OU\?> ond Jv\(\gg& ace olmost gu(ué tyees .
But  whan PZ(HQ\)\W then thete ¢ o0 un\%w Sfmﬁ Component of glgg D) . while all other

omponents are o Siye O(Logf\)

Other fandom  Stractuces cléo  have +thic phanomenen of “?h%k tronsition
Tor condom  3-SHT fn(wu«m where coch  clowse has three  vondom vatables (oc thar hlgqﬁons)

It Conjectuczd  and guzml% bolived  that when the clawce~4o-vadiable catio s less than .2,
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s

then the '?Drmu\q 1S almest %ule% Soff‘lifmbu ond when thic (abo 1s gfag&z( than &, then +the

the '%o(rvw\a 1S adwmost gu(zhi\ Mn&m‘risfcab\z.
Thae ame 38 Conjectuced —go( k-SAT, ond the Qor\‘JeUtu(Q s very (zcaﬂt\té Setled \D% D'mg, g\ﬁ and  Sun

]

in the pagtc * Proot of the SonLiSfY}a};?ng Gonjectue  foe large ko

A Igw‘.th mic_ Issues

The Setmd momeet methad  Con be ased to ehew that &r, . hot  a cligue of $y L\o&,n ot Suety,

while 1t 1¢ easy %o find o clique of  giye logan (o simple K(Lu{a o\lguﬁt\r\wx would work) it s nol
Known how to fnd o chcﬁWL e-g s?y Clag) (c&)w n Pokanum\c\k time | ond Tn fmt t here
T¢  ome  ewdence gu“u’r‘mg it may be Comfﬁmmaua herd

g;wm%\ . thece s ne  known \Pn(\av\om\u\ e ngm\c\nm to determive  whether o tandom 3-SAT
Lormala with Clane-to-variable  Yotio 42 s satisfable of not.  In foct . these are some

hardest  Instances Lo 3-SAT  that  we ¥now how to Sanuo&lg Jzﬁ;dg,\ﬂj

Refecrence ond  peintecs
i

Magical grophs and  Supectomcenifotors e rom the Survey " Exvandac graphs  ond  their opplicetions
bﬁ Hnort\. Lintal  and WTEMFSM, in which Yow Can also  vead Obout detUminielic Constructions a\ﬁ u\mmd\ug.
— The book  Probabilistic frethods ” \Ot Alon  and Spwneer s a Xfmt Tesource .
=~ One importavt  example ot the st moment methed < the work of  Shannon  whe Showed  the
fxistance of Sobd\ 2xrof Lorrh‘ting Lodhes Ree [MU].

- The dtameter two zxam?\g s %(om a new book V Foundationt o% date sCence 7 bv(& HDPcm&‘c and.  kannan .
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