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Lectute 8 : Network cook'm%

Network. Corﬂ’mg s o novel  method to  tronsmit data. In @ Lm\mﬁta(‘ network.

Ro\v\zkbm\saﬁb“ﬂ makes it wotk N o 'Fu\\\z distabuled  manner.

Netweck \m‘(}ofmvd"wn '@(ow

Tor s?mg\?c‘ﬁngu we  assume the SWO\F\V\ ‘s o directeck qcnd?c jr“PL\'

Mu\&t‘\u\sﬁmﬁ © Griven o divected acyclie Smy\z\ G=(LE). a sourw wactex $€V. and a

verticaes it\,.,.,t,jg\/ . the rmtﬁcm&‘mg Pwmm S

$et of  vewiver

Lor the cource +to <end data to all  the

\"QCeivecs S}mw[%akeoushﬂ . and the o\u]gdo\/gv woote W\a\AIstt The vote &?zu\) O{— o S SSiom .

Tree Pagk'mgf In  traditional Compuler netwer k Setﬁhs . Qach ntermedioke.  node  Can he uged to ctore  and

{Mwa(d\ Aata. Asume  that  @adh zo\ga con  fromsmit ome umt n’{‘ dato per  Step.

To tnerease  the  HansmisSon  Tote . we need 4o fnd Qd\&g- dﬁslc"\nt troes Qmmuﬁhj the Souvrer o all

Ceceivers .
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CQ/ ‘O Poﬁc‘ns feem L aoch  t;

It ¢ a CQMPWTD\J(:DHO\“& hatde ?mbum <o cm?wtb the Mmoximum  humbey a{» Quch QJ\KQ_— \sj‘wt treog .

Ao, thece are B(QPM with %TgL\

\\Cﬁ\'\hu{w\f\h& 7 {VW the Source to each  Yge@iver . but  thare  owe \/UJS

Source  to  all  fecivers.

‘gu\) fzo\.\{z, d"xg‘xom‘c fCees Loymed‘mﬁ “he

TL\oﬁ s whle 3t 18 euj {o( the Source P Send, dala %U@mﬁ o each Individual  tecivee T belsmes

dxfHewtt Lo e Source 4w send cata %mckkg +o  all  cecedvace

S mult anzout (ka .

m&%i The tdea v{ network CO(JJV\S to that  Infomation  {low s different  Lrom  standacd (,mmw(‘“% £

Wa  cowldh  do emcod‘mi In ntermediate nodeg Qo that the Ywelvers

Can  dewde Tl mesgages
anck  tha {\r\rcmg],\?\f(“ 1S \H'\Q("Qm%e&\.

VAR o ~

] wae deo QY\LDd\.\‘V\g
Can Send two nikc of o

~, &« \i / Tn WS hede
Tndormakion Vo thin senple ( \ =) Q( - \B
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« N « NI we qe su\r,ouung
Can Send two nike of o o & b o -

; o > ot n this neda
TadormaRon ta Hhit exewple = ol -
JS)
v \\%
\

\9\3 oko\‘r\g Qnmd‘ms and d\uad\ﬂg

his vecelvec <coan ad\J\
/ \\/ +
0C JO obb and b 1o gﬂ? o -

Moce Sw\u:x\hﬁ B

netwo rk Qodf\ng allows

® o vthmeic OEM afions

®

over o \O\rger ‘S]Lk(}\ (Anotead o% :\ust bit ~wise opRe atons 3 .

The data Sent on an Q_DLS{ s

any —guncﬁm efr e ’P‘(Qd\&qusms (not Svs’v %oRr) .

g‘“?"g‘“jkb' the Tote 5)—{* Heomsmission  Could

bo S?Sh‘x%c«mﬂg TMPM\/ZA \\—\C network codh\g T wced.

Th Tact. Yt con zx\waﬂ& achieve +the DFHMo\[ roatse ch mwﬁmsﬁng‘

T‘I\QDVQM C Y\Ao«—\w@c(mo&iw ~{:(Dw min-cuwt thevvom )

Iwc the ¢gouvce hag k gAKg—d‘\gju‘\n% pmﬁxs to  each Cecelver , then +the Souce2  Can  Sand K untte
e% dota +to all  recetvers gimuLTaneousl% with the wse of network c,oo(mj.

Revnacks @ Ths g damké bgk‘\mml T™his TS an ommgtn& caswlt  That  opaas uwp o new Yeseatch  area.

@ There are Qxam?\u fov which  the  vaflo aIy the fote achleved b\a hetuor k C,nd‘m& +o the

tate  achtoved  without bxs‘\r\g network Qodlng i unbounded .

Linear  Network Codir\ag

Pm \\mvmf(xﬁ\‘ O\\gor\&‘nm‘\c %mm&f\\m DS 1o ’g‘m:k an OP{%MD\\ Zntnd\'\h& and dQCDdTWS e hame l‘ht?c,\\emﬂ&‘

The  nrext Mabbr reselt e that Lineac . netwsvk Cmd\ng

1S anough fo ochiove the opfimal vate for hm[ﬁtﬁ&ﬁlﬁ).
Tn lineoe network CoddnS,

the data Sent on an av}»&rz, v¢ o\\qus o lineagr  combination ory its ?rwmussvrs.
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V\\\\/J 3
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Lncadin
o\%ﬁ“\m"f‘“ﬁ_z/ \\jxxﬂrbzy;* ]07>Y3 &
4 \Y]

A recaiver Can decode \% what 7t

YeowveS  axa

Wneay \\2& \\Y\d\Q?Er\&z nt .
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W= O X Oy S Gy Xy
V\A\to\‘x\ia)xx&%ﬁ } / >
(\9’ N
*}\

N
s ‘f"‘llk?l)(\*bixl*b’;XB = A

XY

=1 ™ =
RIS T N R

>

% Con EE_ LN\}%M/\\A dg%l(m\mld\‘ \\'f A ¥ 5{“ ‘eull vonk,

Deterministic D\\SQ(E&\AM :

gu\;suﬁ,wnﬂﬁ o detecminishic Fv\\:\hbw\\\m\ £ime O\Lgn("\‘c\nw\& are  obtained o f?nck an
optimal au&‘mg Schema Ao w\ulﬂmsﬁnj _ Ve otk coeffdente of  Ahe Linear  Combinationc -
Rowevec ,  thesa Q\gor?f\ams Wil be Vecy o\\‘«H;u\W 4o ba wsed

N

- )
in Fro\d\‘ta . os it ‘r&q(w\\ras o Centyal (’/‘ULJCL\NH'S

o Lok ot the whele g\'szL\ ond me{ull.a choose  Hha  coefficients

andt Tel 2vecyone how 4 encode.
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MD_W%Q.L\M‘ We  gtudy  « W&hdm\sd \)o\\amm‘\m\ time algec‘\ﬂw t find an ol;ﬁmm\ Qooﬁh(g scheme for mu[ﬁcﬁsfinj
The Pf‘ba§ also provides  an  alternate Proof ‘&y the Ma¥~7h{mmwﬁ‘w\‘¥(m min-cut  theovem oand  the linear CUCMV\J thm.

Most mew‘(ahﬂﬂ) the ox\gbr%b\m ic vary QIMFLL and hﬁmlkn o\amn&m\‘%d\ .oQ \«\3 -\Cmtwg to ba Prc\d{ca(.

redwtion, we can  assume that the gource hag axaLHxa k u&jﬂu . 2adn feover  hag

Setmg : %Z o Simple

Q\@&Hg k ]num‘m% edges - where kT8 the :zdxga~comnuﬁv?ha —%M tle Sourte v the receivers,

The Source would ke *o send k Nzgmfas Xy, Xg o o all yecelwars.

_M_S"_fm_‘ Pick o large  anongh (prime) field .

The CQource  Sends Xy, on Ats ov&go?r\& U\gqg, X7 on its  -th owgmg zd&a.

Tollow o h\)o\og?u\\ Wd\u?n& V=S, Vs, .. Vo of  the olicected O\uﬂd\\c 3”“&’1“'

Tor vactex v, call the Tncowing  messages W, Moo ing.

For cach omju?ng de\S&L e of vy . cend o fondem linear  combineBion of mg, . mg

(23 ) @
e, Send  bim +. Av\:imi on 2, whae ¢ach by ¢ an indepardent  Condom 2lement  in F
Global QMDMV\S vectory  ond  local emodjnz oefliadents ¢ Thete are imFo(%mt definitisns  for the am\(gsfg_

Eack 2dge s gzm}ﬁmg o linzar  Combinafion of  the Qouwree e siages Xy GXt o G X o whitch follows

E\A induckion  on the h\mlug}m\ cmm‘my

(eysvn €Y the 3\0‘0m\ qv\csd‘m\g veckor on  this gdge . tha actual  \ingar  Combinabm  that  Ths thdm&.

wa eall
Tor each qdfq e , the (rondom)  Coefficients \;\Q)JBSZ),,, are called the local Q‘ncoo\?n\f Coafficients,
The local ey\wo\‘u\& coeffictents  are  the decisiens thel we need fo wake (which we dedide t wake \famiw\ﬂ\)_

Once all the local thfodihj C/o:qﬁ{\‘dahﬁ ary fixed , oll the 3&&30\\ vacmfmﬁ vectore are Aetermined .

£t wth  k "\ncm‘mﬁ ldgec, bt the g(oboﬂ thmﬁhS vector o\[ Tt

Du,odm\oluhé © For a veceiver

1-th \mcm\mj Qd\%a be (s @ vl i) and the ot thm‘mg masset e [EENAN

Than , whathee € coan  datode  the m?g?r\q\ VV\Q_SSD\SaS dg?nnd& on whether the Lk Tncw‘\n‘j i&abo\\ Qr\ony\S
oo, e
C=| et oo s

Sl L Cen s -0 G

vaeckors  are Unear\g lnokzemur\T_ ov Q%m‘\\/a\zn‘rha whother  the  kxikk wmodvix

@—g —gmu (r}.nk S oY g%ﬁ,‘\\\/muw‘ﬂ\a \NL\D,JVL\GL\" Ok(t C C\ X O .
WS ot CleXae
at Car o, Ce % X, m,
‘(V\\:C,\\\(\{—.._-\'C,\K\(K\;' } .. > L S N R Yo, = N C“l ™y
v //W‘z‘” Cyy Xy * t Cee Xy : : : . - H
Mg ki, Gy 0 e Xk, Xie Yy

°t

Av\o\hfsisi We  need +o ow\ohjga +he Sero%o\hlk\‘v\a thoat detC ¥ o \\{ we choote  @ll local Cotﬂlk?m\‘(& \(omdmha_
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Think u& 2otk local QV\LOIUP\S effHiciest  as  a vartable  (the dedsion vanable D

Tack ev\{\ra cf a g(ulm\ m\wdn\i vechey s & vaunltivariate \)o\ny\m\c.\ '\nvu\u‘m\{ the lowal Qr\cod{»r\S coaﬂw\deﬁg

Cloi m Tor veetex Vi in the ’ﬁ:?m[ag]w\ b(d\u‘\v\g 3 %0(‘ eoch bv\,tgn'mg ‘Ldg{ e B+ V3 each Qrﬁ\ré C:) o‘%
e Sﬁu\m\ @hLOoQ"\V\S vector 15 o wnulhvariote \)a\:\hm\m\ Of tle local andiv\& evefficiants o{

{otal dtgru, at ol 1o,

Tnduchon .

Prooct > Thic follows from  a cimple

T\]:*\'\ Vb&"\ﬁw
The bose cose 3¢ dmukn trur . with vedtwe  (0,0...1,0,..,0) on the 1-th ou{gu‘mj zdge, of .

In oack Q{a‘;, we SM% add d\zxraa e +o  the \mlbr\m\m[ ,

@ o =
<, ) \Z\ Ce
\IO /

>
as chown in  the FTct\mL .

> >

S

E‘\C\+\»+L\kcﬂc/ \kuﬂﬁ.w\oﬂck
4

n

E\a the Clo\‘\m) each gm\“a n o vewwver matax C ¢ S\Aﬁ o multivaciate Voknnbmm} o% +the (ol anad&nj

coefficents of total degren o most n.

T\MS \M?\Yks “hof detCC) s o mulBvariate \)o\\amnmm\ of the local ChL\Cﬁcjzv\ﬁs o—% totul okng(u, ot mest kn

TL dtCO%o, Chen b\a the Q()\uo\rﬁzw‘l\\\ﬂ)&\ lewma , the \)fb]oa\v?\?ﬁa that  det (Y=o when e put In
K
Candom  values 15 alt most \FF\\

R\a U«\oos\ms \F\Zkr\g o Al Pva\os&ﬁﬁ% ¢ at wock

o
w %w one  Yelivec .

\
E%X the  nion  bound QVE(RA (ecaiver  1s t‘JJy Pl vonk With Froho\hikl%\a ot \east -3

n .

T+ vemanns 40 Show  thot det (%0 \Ag‘m& OUf OGS umTion “hat thete ace K Mga—obgjhinf path .

Clodm I{ the Source § hag Kk @_D\Jit¢ ok‘\s&c\n% PO\H\S to oo teceiver ©

, then det (V% 0 where C

18 the €ecewer  wmatnix o{ +he SLQBM QV\CQ[&\\"\S vectors -

M TJuwt wse the & g&ga~dﬁs‘30‘\v¢ Pq&kg “{\'r[)m <t £t te O %g(wmé\h ( tvaditional  golubion  wotthout uz}\‘mg)

the k messages from s 40 T

The  vecelver haotvix Wl be o identity  matrix

Sb, ’H\Q(C 1S one Q‘f\c\cl 0—{’ \OLDN\ SLV\Qod\\\v\g Qma—%%{c‘(avﬁg g-&» et (C\xb)

JD
t / 0
whichh \m?Liu that et (Q) is o von—eco \nokjmmm\m\ 5 EZX\J « [@\]

To Sw\nmmlgu \\% there @re K Qo\gl_/ rkTg{n?“‘t pszkg betwssn  the Sowcce andk  @ach  vecelvee. than  tha

daterminant ot cach Tecdiver  wmatvix s o _amae2eru ?o\k&how\‘m\ of the local Encod?r\j Coedfsatante.

The deoferminant ?ol\anw‘\q\g are of _low d\zgvz& . and So Qd\wmtzflrwd implies 4lat  rondsm

Sub sBtutiont Wl work T ensuce that  all

Yeceiver ‘waaltvices

are of full vank . <o that we con decode.

Efj—_ﬁdenf T r\c,od‘mg
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Considec  tle Pm\a\zm D!V TM‘FlQW\QV\ﬁwg the zmod‘mg vam\\'m al o mde V

gu\;Fogl gach vectol g DJ’Y A-dimansiona| Thave oafe n “\ncw‘mg veckor and  n ovﬁxa‘mg vecters .

Then  eoch :Mt&a‘\v\g voadter  Can  be Computed  in OCdn) +ime , ond  all O\ﬂgu]»'\g Vectoyy con  be
Compufed in OCdn") fime

Con we do 3t ‘§m5¥mf RS Observe thot o J?,wwdﬁ\é Can  be done %uﬁddté I‘f ‘mo}\mxru S Small.

So, ™t wounld be oo i thece ¢ a Transformation to veduce the d&grm while P(U.Sl(\/'vng connectivity

A gﬁpﬂ_cmmm comes o {eSwe ( Seo nok lecture  for Tts Consteuction )

v Lo Incm\f\g va k(s
\\ N Tntoming vecters
\V% / g ~ \iié\—' Qadh verkex u—{ Constant d\agfu
O g gw?Q( - \ oln) 8
on n Verncs
// \ N ouﬁgo)\& veckors Conentyatyy 3
W N

\\/ \L I \\/ S aut&o\vng vectofs

A Quperconcentrater s a  dicected O\CLQc(Tc g(ﬂﬂ'\ with  n inpwt  nedes and o output  wmodes with  00n)

nfernal nodes each  with  congtont indegree  and outdegree.
An Tmpoctant preparty s ot any W inpwls  Can  Conpect o any K out puts b\é vertex digomt  paths, for any k.
Thus , thae meuﬁv‘ma ﬁo:v\ the Qura o & Ceceiver would nel decreace

Thewefore, we  Coan Livst awlvd the transformation bfﬁma &omj netwoyk cmimg.

A{Tu the t\mns\formqﬂm, Qoch vertex in  +the mmng Sralak hae  ConStont }r\ziqgfu

Qo the ev\cud‘m% n each vertex (all the Du\t&‘;‘m& QAS;L;> can  be done Ta O(d) time.

AV the vertas In o Swszwmu«mﬁror tan be done in O(d.n) Fme . A a vectax  with Thokagrfzk
nooicg (LTK&LQ& bé oo S‘m?&fcof\&nﬂﬂ‘ﬁcr wWith n ‘umTs) ank 1t hos mk\& O vertices

Hence , thae wvectort of the ovﬂ&o‘mg Skpas e& o vertex in the or?g?m\ &ra?k Can bo
Computed n Oldn) time . foaster than the stedghtforward  OLdn) time algeri thin.

Neote that this e D?‘hw\q\ ., Since onl w:‘xfm& down  n oviFm‘t vactore fQ%m\r‘zs &X(oﬁﬂ) Fime

References and discussions There are  sevurol surveys obout network Coding .

One couwld take a f(ook at the book h In\LorMo\TToV\ T}\zovg ond  network Lmj?n;y b% \(Ghnj.
There are more and  mere  (esulls msTnS mgzbm‘,c 'tedw\\\%mﬂs to o{aﬁgn fast mlfofit%ms.

W o~

Dat\jnomml Tdenﬁ%a Mst‘m\g Ts  also very useful  n o&zsl‘jmng efficient intecoctive Prao{sl/ Csee TMR)).
Moce Qenecally, Yandomness s Very useful in “r_kuk‘mg i Things Q%ch\ﬂw A fomous 2xample is  the

celebrated  Pep Q\)(o\gab‘wtis{‘\cm(g Checkable Proo{s) +heorem.
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