CS 466/ 666 Alsorithm Design and Ano(ss&s ) Sprinj 2022

Lecture 1+ Po\anomio«\ io{znt'\ta ‘\‘&S\"mg

We have <een that simple algebroic ldeas  used  in m\skm% hove  Vofious GPF)ic_aﬁonS

Tofh\&, we will See  othes §§myl& mgzb(mc vodeas  howe Q\Af?ﬁsir\& applications  in okasign;n{g fas\“ and \mmm a[jamﬁm

ond  naxt time wa will See another mtewsﬁn& Gpplication  in The design of  distributed  network cOd,nj_

&tr‘m& E%wxl?t% MR 7.4)

This s o gfr%k?ng usL of Yondomness n Com?zﬁmﬁm\
Ima&'\ne o va’{)()n% moeiatein W\u(ﬁ?\q, topies o{ the <gQoame }qmgg date. <t

From time o Time H\% would  [Tke to check whether the copies  Qre <l the Same.

We can think nf o doto et as o b\ﬁm\a %thn& of [Jznﬁth

N ’f*w i W{% Larjz n.

Problem ' Alice hag o B‘mm% Sﬁv‘mg a0, .. Qn . Bob  has o bﬁnar% gtrm& by by by,

TM% wowld ke to  eheck whether their Strings ace e%m o wWith as few commumieations &S Foss;bkg.

Detecpinistic olporithme
J

An obvious tho('\t%w\ s gor Alice to cend @il  her bits £v  Bob . then Rob can

check  and  tells Allce  +he answac . But 3t Coguives ntl bite ol communications .

A kaok« mignt "wm&&\\nz , there ore  no batrer ways to do it . omA 1t can be \){wu)\ that there ave

no  deterministc m\gor"\’r\mm thot con do  bettoc. us‘mg thn‘l%u@ olaudo\x&\ in Commun) Cation Um?[szj,

RQY\J\UM\%JLJ\ algo‘(?%%ms .

Swpﬁs?n&\%d thore s oo Wmohmxsfzd\ aljmthm fcr This P(ob[@m (As‘mj onl% OUOS n) bits,

There are diffecent Ways 1o Colve  the problem.

2!

n - n N
One Wy s to  consider  the Fo\\anom\o\\ﬁ AL = ? a:x'  ond B)= X bix
L% =1

Algocithm © - Alice ond Bob agree  on o largn e_houglx fidd F

(g modular  arithmetic  over
o large enoush peime E)

« Alce picks & tandom  element Y‘QF L oevaduwste  AGD)  anh cend € and Ale) to Bob.

= Bob (/om\?(d‘zs R() , and Yetusn D consistent 7 Tf Alr)= Bl) , G‘V\l}\\\w\htﬁhs\vﬁlntb \Jf AEx B,

Thatt the Q\joﬁthm, We need +o omo\\nst e Suwess Pfo‘oo\\;yutz\.

Ana\égis’ 1% the two gf(‘mgs ate the Same . then AGO= BX) and —the m\&or\wtkm will oﬂ\/\/mjs S‘mﬂs “Cov\;\sﬁ.ﬂ’/

Se. when the a\gn(ﬁt‘nm saye S inconsistenl L Tt Wil never  moake oo misteke.

But the o\lgoﬁthm WYX moke  mistake  Wwhen The two Sﬂin&; are not the Same  and Tt Sn\u)& “ums%arﬁ"‘

We would  like to  uppes bound this exror \;(o\mbxu%ﬂ;

Tf the fuwo stringe ore not the Same, then BOO % B bul we hove chosen ¥ cwch that ACO = Bled .
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What 35 Ahis ertor

Pmb“b‘ﬁ'{x ? Tt onla ho\wmns Wwhen S a Yoot o{ (A-BY) = 0.

Qince A and RO are Pb\kérmm‘\a\s °£ d\o_g(gg at most n. v s (A-RYW=o0.

There orfe ot wmost

Qince  we pick o tandow

)

Yoots of o d\{g\'ea n ?o\%mmml-

v in T, the error Ffo\ombm%\g ¢ at most Y\/Hit.

If we choose o lmgz enw&k feld  F so thot &1~ woon . then This P(obo\b?h*ﬂA 1 ot mest  o0.00(.

Aad  the algo(ifhm Onhﬁ needs to  Qend ol mest O([og [F\}CO([O&Y\B bt

How should twe decease the ecvor \)ro\po\\al\;‘ta ?

This is an o\\ﬁoﬁthm with one-Stded etcor . ond  the <tandatd Wou S to Teprat the o\lgoﬁthm o\few imes

Tn this case. however,

then the excor PWDEO\biUfa s at mest Ln“

6 bettec woy NS %;m;ﬂa to pek a (mge( WaieLd\ QTSQ ) ey T-g \Fl= n

while we ¢itll only send Ouofh) bits.

Polunomial identity Testing
Q N M

Now. we cConsider a &znual?smﬂm of the afiumut to  multivatiote \;oL\Av\bm\m\s -oond it Wil be our moyn tool.

We are given & multivadiate ?olz\mm‘\o\l Py, o %) and the O\ONXQQH\/JL s to  determing HL

P, X,

)

Ya )20, Se.

whethee  the Pohammm\ is z%ual to the 2ero POlﬂmmmM

~ 3 6
O% owrse &JY tha Folar\umu‘nl is Sw‘ven lk\)\v‘rfxﬂ\a (_q& P(X‘,XI/XQ = X\Xiﬁs +4¥><\5<2-r Y—l\/\; > ,  then thic ?{ob\qm

i< St(t)f\gmgo(wam}\)bmt +the Pa\anm}al Con also be &Rven com?mﬂé UZ-%» Plonxg V= (x- x?)(xiwi‘)..uﬁxg?,

X

o PO, vauxy) =2 det (:;Xf*g

X3

¥z

LY

Yﬁ«m )} ond tle P(OBLQW\ becomes d\(ﬁacu\w

>
Xz KaXy

In generol. there s no Known deterministic polynomial tme O\LKO(H’HM for this P(o\;l@m.

On the othec hand . thece

S

o Simple (andcm,sed\ &l&or]ﬁxm foc xhig problem . bg Senecalizing the dea

that thece afe not mony coots in & low heg(ee \)o%numin\

Tn the %o(low\\ngl when  we talk about Lfisite £ields. we Com Just think ef modular acithmelc over F(\mu

Lermme (Sckuc\r{:z/7—CPFd L?_mmo\j Let QQx,... %) ¢€ Fiv, ) be o multivanate Pe(nnomm( DW( total okmgru o,

Fix any 'E‘u\‘ﬁm et ScF . and et v...n be chosen \nd\q)qndlmfa and ur\?qﬁwmlé mv\dxmkg {rm <.

Then . Pr L QCn,..v)= o) s

o
It \\§ Q is not T&evxﬁcq((a Q%mo\( 4o z2ero

CThe degrae of any faem o the cum of  the axponents and the total depree 1S the maximum okegru)

(00 We prove L\a ndwefion |

To O\?\)\Z induction,  we g7 oup

Qlx, ...y =

LS

o

-

a1

The bagse Case (S‘(r\g\e_ Variate Pc(nhw?o\\ 3 n=1 s well known.
the terms of QX X)) based ow  the d\zgvu o!y X, 1o obtain

Qi Ky, XY,

where k  Ts the \arjms‘t exponent WC X, and each  Q; (Xy,..Xn) 3 O.
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We  condition on  the ovent that S ngrsj,_/ ¥a=YA.

-k
Cinee QK(XI,..‘,X,ﬂiO and 1t has  n-1 vacioblac | ‘93 Tnduchon | PY(@k(x;, W) =o) £ lsl as thae

total degreq off  Qk is at met dok (Sinee ¥y is of  degree k in the taem s Qkul,,,_,x“ﬂ\

Neouw | aggum\ng Qelry, . Tt)F0, then C%Lxl3: ALy, v, -,T) 18 a nen-2ec0 (k;z&rzz k STr\g[L variate Po\amm‘\a(-

k
Se. \9\3 4he base case , Py ( %am:oﬁ < NE

Cum\o‘m‘w\%, we  have Pr (QUr,..rd=0)

= Pe(Qlerd=0 \ Qyry,..,0n) =0 ) Pe (Qeley. P =0 ) + P (Qle .. py=0 \ QKLG,.,.,WWO\) “Pr(Qele,. v )% D>

d-k K _d
. TR T E N T Bt

Determinant Tas\‘mg

To clack whether the detorminont o{ an  nyn matiix IS Tdmn%\“m\l% a%m{ to Qefo, We can Pyck o
lC\%gL 2nough  peime feld of siye OC pelytn) - This will ensue that  Lith high Prubab\\mé that the
ddomnant 1< Rl nonecs o this Leld (I{ oﬁg?mua Tt i nmonero ). Thon, we con :)mst
substitute  Yandom Peld glemente  in the vorlables  ond  Compute  the numerical value of  the

detecwinart i Po\\gmm\mk tivne. @\& QLRWWJYz—ZIWM, \\f the determinant s hor\sc_ro , then +the

(cuccess ) Pfobab\lz%n that the numetieal value is nonere g vqra \M&L\.

B\lDArﬁfe mat ching
f 3
Given @ \o]Parﬁ%Q Xraph G=(0.VE) with U=Tw.u.] and \/:Xv,,..,\/hg . the bipactite w\atd\‘mg Prob\zm
st fnd A medimum Qarok‘mq\‘ﬁvg subset cvg; \/erTawokislo"mt oj\Su.

A ?Qrﬁﬁr W\aﬁd\‘mg Koa mzxﬁcb‘mﬁ o{ n {dges.

SeE

sV
Wy R

Xxooh
Theotarm  (Edmonds ) Jet A be an  rxn mabix with A‘Q;{ 9 of whoce X;\‘S ¢ o variable.

0  othennse

Then & hac o ?zr{*eg’t w\odtc\ning TWC anok only F\L At (R) 2O e dat(p) s o non-zeco Pm%mm}q.

E(oo& Recall thot ot (A) = RE %\‘%'\KG\) S A S L S

?Qrmw“raﬁw Iy

n
- Pecmuctoion & g\‘j”‘ (o) —g‘ ALWG}-

Notice  thot o  permutation  defines a ‘o\‘)ecﬁun batween U omd V , and o 2ach pefmutation  Cotretponds
4o ?afev\ﬁa\ Per{e&r ‘(V\QJFCRV\S betwsen U ond \J | Ve {U, Vaus » U Ve » o UthLn)—G‘
A 'Pumwvmt\nm T Contributed o non-2qv0 Term to dat (A) T—Hl gml\/ﬂo/ _,unvmﬂ s a pmr{a&
vv\ovad«\‘mg in e &mP\,\ G
So.3f thece s no \?Qv&a& w\drd«‘m& in C7 , then -evena torm Vs zero  ank thus det(A)=0O.
On the other hand |, T{ there 18 « perfed m&TCL\3n£ In G, thew Some Term s nonzeco.  Sinw  each

term uwses a dfferent  Subset s'% variables . these termt witl not cancel out . and go oot (RYE O. o
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v, V, V v, Vv, VU
Preton el L2 L
VCNOY Y (o
Vé/ W 0—o v, Wil Xy, o o Wl T e o
Uy 0L—a VvV, Wa | Ky ¥an Xy Mo 23 20 \Y
W o ¥ ) W © 61 ©
Uy Vs > 22 3
Q N A \n(r

USTY\S Edmonds theovem  Ond  the Scmartpzqu\ lemma , ‘we Con ObGain a

FSimple” randewiyed olorithm to chack T o bipactite graph  has . perfect matching or not

Tﬁ?(%ﬁ, WL PTCL a \o&rgz Qv\\m&]r\ Lied .
We Con S‘mn?\tx think 9/5— &\u‘mg modular arithmeR ¢ ovac o \mgz ?r\mg V

T\\an,/f—or 20uth eokgg U‘WSEE Set o o be o vondom elemest n T (Lg.io,u,?»ﬂ]) \\nd\QPqnd\zn&\j‘

QOW\\?\EYAL det(p) over e Teld . Retwen YRS 3 ond (m\ua (WC det (p) ¥ O.

olusis i% there 1€ no Par&a& Y‘(\QJYC\n\\V\S n G, then detldy=o o\l\,\mﬂs, no mattee what we subgtitute.

On thae other hand | \% thete & o ?a(fa(k W\afcb\‘mg in & , then dat(a) X0 BA Tdmond's +hovrom,

Note “that det@) s oo mulfivaciate po\nnm\zx\ o—f total d&gn& n.

%Lé Qc]/\wurtz/zw\‘s)z\ \2mmoa, \v{: (N1 Pvﬁ In Yondom valuee inbe the varlables o*% O NoOn22(0 Pokﬂnml‘al)

the Prcba\s‘\\‘&wa That  det(f)= 0 15 af most %

N T—? we st a field siye o b at least (oon Ca pime pat least toon}, than thic Fm%al&ﬁfg

'S at motk ﬁ Tn othec wovds , The o\\gm\t\w Suceed S with \)M\Oa‘omha at leatt 0.9%.

Tipet Qm;@\zﬁﬁ% E The most d‘«{%lcm(t S”ko_r 18 o (‘,Dm?ﬁq +the

Snee e puk in octual

detatminant .

voluat . the deferminant con be (/MP\K@A 1A Ou\g) Hma B\{} Gaussian  elimination .

There 1s alee an OGA)-time Toct matdx mutbplication qun‘T&MM With w23

Tl'\guﬂtf\@\\\ﬂ, +this s thae ﬁaguﬁ knovon q\gor?t%m {w b??arﬁ*l mqft%‘mg whan ke Src\F% s olenSe.

(s D\C 2622 this 1§ not true anymore ,[>

Remoack ¢ T g Fsssﬁlolt L Yebuen A Femcact Na’m%\mg n the fame  O(n7) ﬁmi)altmugl\ non-trivial,

Mso, for the maximum ma&cc‘«ﬂn% problem . Wwe  can compute the Yank to defermine the si3e.

Non-bipartite mq‘tck‘mg (oPﬁomD
Thefe ic olso am a\gt\)m}c Lormulation  for W\aﬁwné n gm\zml graPkg_

Given o 8(0\}7% G=(LE). we consider the \Ool(cw}wg Wiklyl  wetrix B such  that

{cr caclh Qd\ga IL:‘wj . we  howe L\\\j 2 Yo And [’\:JT?*YQ onk  othec entries to be 3200

vV 248
10 o “Xa Xy © 0O
=
& Ny a3 0 ¥y ©
> Q © © 0 ¥, 0 o
% 0 %¢ 0 o

g
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\, Lo
<

Theorem QTM&%LX CT\ has o Pa(fuﬁ VV\B\JYC\n\m& T{ onad Of\h& \\&: OLQ_JQU\\%D

Remark : Mama combinatorial bpﬁm\\%o\ﬁov\ prob\zms have an o\lgz‘arqtc forw\umﬁoh,

Pacallol lego(‘.tkm and  Tcolation lemma

Another o\owmthQ o{ t his a\g{qutc approackh s te des\wgm fms‘\‘ Poro\‘kal ql\goﬁt%my

The waie easen 1 that  many  algebeaic  problems  Couch as compuling detacminant ) can be Computed
a{»ﬁum\é o paralel uging @ divide - andi- Conquec  Approach

Theorem The  detarminant af on n b\A N owmoatehx  n be  Computed in OUoglnﬁ Time u\s?ng OU\&HL) ?mussrrs‘

Cum\;?v\‘m& £this  dheotem  wathh Ahe alfit\aroﬁ@ yv\cd—gmy\ﬁ m\garitlam‘ thece YO on L{f{dav{t Parm[lz\ A\Sor[ﬂm\ o
check  \Whether oo gragh hos o Fzr\ceﬁc wmfd\‘m\g or ot CYES of No ).

\We Wil 2xplain below thow 4 Yeturn o Pu{'zﬁ vv\odfd\?ng when  there s ome.

The. d\FHT\Lu\WQ n dngigr{xr\g ?a(q\\d O\\go(\t\'\m is to Coovdinate  the ?rocqggws 4o Search fof tle Same W\afcd,\]“\g,
There are jwaPL\S with Q,)(\sznﬁm“g w\m\\a mq%d&mgg_

The isolation lemma provides o gmrpﬁgh\g omok Uago\nt woy to  (ewolue this  Issue

| emma ( Tsolation Lemma ) Given o  gef gﬂsmm om Q Sround set  of N elements |
T\[ we Onss?jh a WZTth Yhd&PU\du\ﬂé and k/m?fmm(g rm\O(Omlg rom i~ 2n E,

then the Probabiuﬂa thot  Yhere T a un‘\%m minimum wdght et 3¢ ot least /2

n
Remark = This 1s %(,,H‘L Counter-intuitive . A set gjs’um Could  have (2 ) <gets.
n 2 ~ 2
On Qwverage, there are o~ /(ur\ 35 tebs of a g\w\/m wﬁgkt L, oas the maximum \,Jztgk’c soSan.

But the isolation (emma Sqas with gcm& \)ra\gcﬂa\(it% there s OY\L% one set of  Ynininum \,\m{jk&,

Prooﬁ let  F be the <ot &L:\sﬁm- let v be an Qrbﬂ,\rmra elament

o

et Fu be the set of subsets which comtoin v Let 7\1; boe the st o{‘ cubsets which dbv\/i Covtonin V.

Consider the aﬁmmﬁha oy = min W) - min wlR-v).
CeFy REFy

Note that 1f o, <0 . then v does not Lszlong o any  minimum wﬁgkt tel . as thare s o
Subset S Which does mot contorn Vo oand its \Na‘\gm s smallec than the walght of Qvey\é 2ubset

that ewtaing v (even Vf the \,mgm o’i; Vo T nol  Comsidered \i\,&t Y.
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Mora Qccm(a:l‘d\al by o Similac mqgcn‘m% S Xy < wlny, than v doesnt kw_hmg 1o any minimum wﬁgH set.
On the other hand . i ooy > W), then every Minimum  weight el must  contain V.
Wae Say o element v g ambig‘mg $ e =wlo .

Note that gy Ts & quantity independent of WY, and W) is chuen wnifoomly randomly Arom {12, 200,
Therefore ,  the memﬁ\a that v ¥ amblpuous  Ts  at moest ‘JlT

%3 wmon  bound | the Pro\oabtlﬁ‘a that gome element s ambrjwmg 1S at mest '&

F‘malln, observe that f two diffecent sets ALB have He minimum welght - then Ony 2 lement

n A-R AngD ond B-H %@  muct ba  ambipusuc .

Therefore, we  Conclude that  theore are fwo differest sets with the mintmum wﬁjl«‘t T oot wmott _l;

For the MQTCL\‘MS ?rob\zm, we &(Q%Eh 2och adxfe_ on \\r\d\z?msj\zv\\' f ondom wsz?gWV %rw ¥\>11_,.,)m7] .
Bj the  Wolotion lamma . with the set syStem \el‘m(g all possible Fw{ut ‘IV\A,’fCL\?r\X& . there T8oa \AM%M
IR Mum \NQTEK‘% per fect W\afd\‘w\(f with Fro\omL\‘h‘hé ot \aagt A{ .

go, Nnow our 300\\ T ™ output this uh?%b& mintmum \A/m‘jlr\f ng&-q& vvxmfc\n?nj;<

Minimum WLTSM per fect Mmtck‘mde

wie)
Tor 2ack edfe @ we  put  the Uolue 2 4 the variable ¥g.

let +he um?%\,\s. ") i wd&m Pu{gct mc\td\‘mg hove \,JQCSM W < 1m1.

. W
Then | 0"\‘6 one  Tarm n the determinant  has  valwe 2.

’

W . \W]
All othey terme n the detarminomt hove \/Q.[D\L 2 -gw \,\)7>\I\) . an Rven number Times E\g&u thanw 2.

COW\PW‘“P the m?nw&\gﬁ_
! dJ
quen 1f k<

We can cearch Aov tha  vinimwm w;ﬁgﬁ n PQ(qHQ\ R \,\g‘\,\g tha ‘Fb\LMnS observatiom @ dat (A R odd L k=w
®

B not 1—§ k>W
We Coan «F‘m&\ this k n \?&Cauz\ . oftec meuﬁh& det(A) in PO\(D\HL\ divisible

Note that det(fh) can ¢till bo Cbm?u&d& Q\C{ﬁ‘dahﬂg L 05 2adh ety has ot most 2m bits 5, and thi I

Where  the  Tsolafion lemma i Mgaiﬁml n that T hoes  the So\o L’Jk;] D\n\% u@\nx <mall \NﬁS}\*S'

Fiv\dir\g the  minimum WQTS‘V\J( per et vv\M‘cLﬁn?

Tor cach U\ge e, In Pamuu, we woant o dheck.  whether 2 \;;L\unjs ‘o the w\‘\a«x ) mim ?arfuf mﬂ-ck?v\S.

lef e=uv, and G, b2 th %raxﬂ\ obtained '%M G &;\a dlkeﬁr\& the veetess W oond V.
Than | note  fhat  e=uv 1 in the uh'\%w WMinimu wxig\r\T pzrﬁzﬁ W\D\TCL\‘Mi n C; ?{ and m\ha Y]C the  minimwn
\mz‘\g\,;‘\ \)evfzcﬁ n G\m/ hag \ut‘xgk‘t NNERW R

This Agoin  Can be checked Tn pacallel &/L&IV\S different processers o ditfarent QW) and %6 Fhe  mmin mum
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welght  perfedt mmcm“i Qoan  be  comstvucted Jq@{w‘dm\t\\é in o pacallel.

Coumn ‘ot V\f\qDLL Pa(q“l(.

Remark : Tn %anz(m\) other q\&o(?’chw\g bosed on alge\om‘m 'Fwwmlp:h‘ws

\Ro\ndam}suk a\gmt%m ” b\a Mot wani  Gnol ngb\cwm,

Reference : Chagtec T of
quv\ gu&sﬂo“: Gﬁvm o Erap\,\ where each edge is colored Ted or blue

with 0«&&&2 kL ved nges- It a

we would like to determine  {f

8oc<7k exerclse 4o ghow  that thers

tThece ¢ o \;zr£edr Mo&ch‘mé
approach ,  bul

@ \(w\dowﬁscok Pﬂ\ﬁnnm\\m\ Lime a\aaﬁ’cl«m -Eor this P(ab(zm msfr\g the &lg(bm\\c,

s o determinigtic aljoﬁtl«m {cr +thae F(DHJZM.

Wt hag been  on open é%uesﬁor\ whethee  thece

QMH_LW\; IT % «a Mq“jar open Clskuﬁm\ + ‘%mk o determinisie Pq(mUL\ %ka(T”tL\W\ '%w YV\mJTcLu‘V\S

’P\ﬂlczv\’t\\j‘ thera 18 Rome iwh«mﬁr\f Progrecs in dxumdm%v‘nz the isolation  lemma . which lsads
hoﬂogﬂ) Mané Pw@sm's. Nice %wo_sﬁw ‘o think about

+ o Pq(qnﬂ,\ Q\Eo(\\t\nm \AQTV\X
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