CS 466/ 666 Alsorithm Design and Ano(ss&s . Spring 2022

lecture &+ Hqsh'\n%

Hmsmg s not only  useful in designing  efficiedt dota Stéuctures for Seacching - but  is  alse  weeful
i da?gn?r\g data Streaming algocithms and in  decandomization.

An mmportont  concept  that we will Stw{% is the notion of  k-wise Independent Candom valiables.

We will 2ec  opplications m  data St(@o\mfng in the next lecture.

Hash Functions

A P(‘\mma motivation ef d&s?&nw\& a  hash i:w\dfm\ s o obtain an Lﬁidzm ot Structuce fe\f mmwg

Wa  would ke o ochisve OU)  warch e ug[nz\ the RAM  (rowdom access machine)  model.
TIn 4hke RAM model, Wo 0SSuwe 4lal wao  Can  GCC2ss  an ar\oit{ma position in o Mrwd in OU) tme

We also ossume  that the word Slse is [AfSL Cmu&h and 10 takes 0(0) Time fOr o word, operation

Congider the Seenacio that weo wowd like to gtore n  2loments {km&s) f{em the <ot go,l,. ,M«ﬂ],
An ebvisws O\?PKOC\C\!\ is o we an o\((ma A af m 2lementx In?ﬁmllg ALl =o for all 1, ond  when

o m%\ s tngected, we set ATIY=L L and thic oupperts stcm“g i Ol Bwe Tn the RAM model.
Eufi,ef onrse ,  this approach rwﬁw\ru tvo  much Cpace whan  m >>n .
Toc axample, Crmaidec the Scenario that M e the wt of all TP-addrestes ond n o the

humber of TP addresses st?t\v\g Waterloo  pac oLqu.

_lokwtkué, wa wowloh like to  usge OM\& on o\wo\é Sf ST&Q On) and. gtill Q\AP\WY‘M Qufclz\in& in O Hime.

hosh Lunction s wsed to Mo the elements ofy tle b‘\g unverse T e lecatione 1n the Small toble.
A hagh table i o oata structuce  that consists of the fo[[wﬁn& C,manv\mts :
o table T with n ol indexed b\a N = %\O,\)»,,/h—trﬁ , Loch cell can  Stvle O(Iggm> bits .

~ 0o hoash {w\cﬁm h:M>N.

Xdu\%, WL wont thae hash function 1o map olifferent kmas into  different locations .
But of Coufla, b\a tle P\\gaﬁ\r\\r\ﬂ\t prindple , this ¢ mFoss‘\‘o\m 1o ochieve ?{ we do not know the ka&s in  advone
Wa Sma Hore T¢ o collision \\—f X%;v(} but HDO:MZ}\
Instoad . what we Con hope for s to hove a M of  hash q@mmﬁuws , %o that the number o{
Collisons 78 Seall  with h?sh Prabmbi\\‘k\a st we pick a Yoandom howh “vac‘h\km Trom the ﬁmtt\a_

Wa ostume  the \<LL85 Coming afe Mobueo,v\d\mt f(ow\ tle  hosh fmncﬁw that we choote (i.a. thete s wo
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\\“d“/”s"“"% Y who  knowe our nternal  Candomnese  and. cheota o bad  Seb efx ka&s ‘go(\ ouc hagh ‘Ew\ctmng >

Wae do net astume that e know the ko,kﬁs n advanae . ( ﬁdmo\\\\:\, 2uen T{ wao  know  the

kfbﬂi ™M advance . 1T Ts nom-tauvial te dd,s‘w&w a 300& hagh %L/\MHOT\ 5 see Fe(ﬁut has%m(i [oﬁgr.)

A natweal Tdea 1 to Comsidec the hash ‘fo\m'\t\% bﬁhi the et of all \Gwcﬁon; {(am Mt N,

Ondk  we jmst P‘\ck oo Yandom {w\cﬁw\ h: M>N o< owr  hach {*dn(ﬁor\‘

Thus, the SQTJE\W\& & *he fame 0s the balle-and - bing gnfﬁn& thot we SMSt ctudied .

guppwgz tHere ot n k@\as.

Then . Yl )’Z_\(’\)Q(_‘[Q,d\ fww bor ef km\as in oo location 1s one, ond  the wodmuwm (oaded lecation hag

ELLDXH /va(a&n) k@\AS-
We can tofe  the kzas that are hoashed into the Qame locabion b% o linked [st-

, while the moaximum

This T¢ colled C)\o\m/ll\aslny\é_' , for which tle 2xpected Seasch Bme 75 O(1)

Qeacch Bme i @L\O&V\ /LO&H&V\\).

Us?ng the ideon o% Powe( o& Tweo cholwes, we Can U Two (andom {unch‘ons hy and ho

When we nSert & value %, we look at  the locations h&) and h,(X) and Store % in a least [oaded

location . When we Search. we Search  both the [nked lists in (ocotions K00 ond hooO).

Than, wWe can Ceduwe  the maximum Search time o O(\og&o&ﬂ while  net ?hcrmsing the  Owecage

Searcth tTime \m& more  than o \Cactm of two.

Randsm Hosh Functions ?

o —%q( go %ooc{, bul we {&mﬁ@f}\ tThe  Josunes o’f the +ime to  evaluate A(ﬂ and  the Spowce

rg%wrzmmt to <toce h (20 +hot wo could caum‘tL h() ﬂgﬁ’\\n\)-
Thefe is jm&t no wo\a we could do vt e%{iclent\&a for o Yoandom jcw\c,“(\mn.

Consider oo ondom —gmmt{or\ ZWM>a . To gtore this toble i \'Q%mms at  (east m[n:sn bits , ac

eoch  elomant FJL%\A‘\\’QS Lugv\ bite to  femembec 1fs  locotion “his 3¢ evyea wmore, than L\Av‘w\(g an a(ma
of ST3e M. Without using <o much  Space , there is neo wouy to CU‘N\P\A,J(SL h(x) z{-ﬁdznﬂg 3 we

dont oven know which %Mndfm\ to COM\)LAJE(L) ok CW\}T &et ConisTent om$wers  to  the %LLQ([QS_

Idm\\i\’ ;& we uce OLn  call J%o( the hash table where each cell  gtores (o&m bite , we wonld like

+o <tore the ’gw\dioﬂ us?nae OW) cells . g0 that it deec not  create Mé ovechand,  in giramge ‘fe%([memn%.
This meane  that OUDXW\B bite can {‘zgregenf the  hagh \Qw\cﬂom . Gnd thﬁf?_forz the  hash

%o\m.\h{g ghould hoave of  west Pn(a(m) \CW\CHOY\Q (\Y\Sf&a& o\c y\m ~€W\cﬁbng »E(nm M o N>‘
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?othwmt(\a, bka Q\,\aoSIwﬂé o hash "Eu\ﬂchon {rom o6 Small hash ”ff-‘nm?(% , we ean sl achieue Some ‘Q]C

the properties 3w(w\tu& bkﬂ the Yandorm hash ‘E\M\Cﬁon_§~ This s eimlac n QFN\% o darandomiso\tioﬂ)

but  heve wo do that %w the Qake o{» e%%ic‘\{ncu(\ s{, Time  and &‘Pau,

Tn Short, we nead & Queant vz?ve;evftmivn vg o hosh ﬁmcﬁow, To Gup?ovt ‘%o‘st %u&fa tme  oand
Ceguices Witle Stom&z Space

Tor this . we ntvoduce 0 weoker notien o\[ Condomnets -

N
Toc o b of n ({Né) ‘\(\d\u\)ar\(iﬂr\T Cantom vafiables . %\nea SD\TiS%\& Pe ( Ql )(\ :1;) = —[n\’ Pe (X =)
K-wise Independenca is o waeaker potion whece 1t onlxa (Lquines  the above  Conditiont to  hold ‘For

any eubset of  (up tod k vatiables. Cather than all possible  cubcets sl vaciables.

Definition A et o {ondom voarioblec Koo Xao, Xa 18 k-wise independent 7 o¢ Ony  Subset
P 4

Teltn) with [Tl sk ond for oy values 3, 16T, b hdds that  Pe () (X\:x‘)\) = TYT Pe QX = x()
i

leT

The special case Wwhan k=2 i< Called pairuice Independence .

We See  Twe Q\(QW\\?\QS \Nhu& \)m'\vwise \(ndePzndxen‘% Yondom Vvofiablet are easiec to be iznaw&w&

Exo\m?\a\ Givan b gandom bits X, .., X, we con gahum‘g S0 ?o\](wim independest  bits ac folows :

Ernumerote  the 1h~\ how—EmPh{& subsete  of ":\,% E7]

Tor 2ach cudh subset < C)\Z{’\'Y\Q \<S = \\@S K{ L owhere @ devotes the wod-2 OFQ(Q\HOh

Then , it s eawy to see that eoch bit Yo is Yandom by +he principle of deferred  decicions.

QW Pvmi\\?&z ot daederced decision Soﬂs that  we con qﬂ}x a vl xi wth (eS8, ond  think ef the

process o% C‘\r\oagir\& o {ondom g%r‘mg Koo Ay as fivst dﬁc\ddna the value af other bite ond  then

dzc?dlg the volue of  tha ©-th bit. B\i {\x‘mi oll other biTs , <nce =1 or 0 with pYobability s,

Yo s etill e%ua\ha \\uka o be O or 1.
Move %ovmm\kg, this principle  Ts Just Soyng that P Yo=1 \al\ bits excapt ) = J{ for ol Poﬁs?lvfk

values  of  the Tamaining bite jmplies that  Pr L Yq=l 3:\;; and Tt follows Leom  Conditional \Drobabﬂi%>
Consider two cubsets € ond S5, We would Lke to Show that the two bite Ye, ond Yo, are idependent-
We dssume  without los¢ of  qeaerality that - b, et x;¢ $-C,
B‘(\ the Fm\oy\z of defecred dedsion on X; ., wWe con (fque that Pe(Me=c | Xg,=d) = L foc any e, dhedond.

2

Therefore . Pr (Yg=c O \/gizd\B = Pr( Yg =c l Yg_;d) Pe Q\{gizd\> = J; 5 = Pr LKg\iQ}»P{ (Ne,=d),
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which proves the Pmrwigsz mdzwmo{encz o{ \(_g,

Rce the vactablec ¢ 3-wise Tndependent ?

\:xmmg\& pE
Poirwise  independent Candom  yofiables \o\d getﬁn% Y;i()(l’r‘ﬁ()\ med P j\ln( L:O,!,..,)Fw, whete p oI A prima

Givan Two ’(v\d\zzEan\ent mvﬁ%ﬂ'm\\é fondom yvariables X, X, over go,\,.,\?-\% , Wwe Can ienerafg ID

A@m\n, E\A the P(%nd?k@ of deferred  decisione. X5 i \Ani{ormta Candom , (2. PCL\(irg\j?\/?” Eor any oéaé\}\.

For Phirwise independence, We want to Show that PrlYi=a 0 Y}zh) = Pe =) Pr(‘(j:%) = —\?f}

The event 1724 and \f\‘):b 1S Q%u}\m\ev\t to (X‘*TXQMO&Pi a  oand (kaleﬁ mod P = b

Thece two @%w\\“\or\s on Two Vvoariablee have a unigue Zolution ( bacanse P s pome and o mulBiplicative inverce aast)

. -1 -
Xo= (B-0d(3-1) modp  and X =(a-1C-a)({-1) ) mod -
Since  there are Pl chotces Qo( X, ond X5 . and theee 3¢ Or\\% one choice ‘Eo( Kiz=oo oand Yizb ,

ovndh \/Sixo)z \/?; P Coving the  Dairwise ino(a?mdame.

Thic ir‘mek?as that Pc ( Xi= o
ine over o {11)'&0&) 1.2 .f

Iﬂt\/\\ﬁvd\ﬁ, this  construdion <an b Jc\nw&ht o‘ﬁ as Sanqmtmg o (ondom

we OM\Q know one ’po\nt \<; 0& the Uine  then another Fn‘mt \<j fo still Yoandom. byt onte we knew

tTwo pa‘\r\ts of the line then we can \C:gurt out  al other Pmrﬁs o& the line.

+o &w(m mony tondem  yafiables.

Note +that in  both QxamE(eg, WL used %?gn\{ico\nﬂ& fzwe( Yondom bits

¢ 1 alit Nowt ind an va(iabl

We  cannot Q??L\& Q\nema{& Younds %0( Po{\rw\gxa \\r\(ia?gnddlnt Condom Voriables

Po{mw?se Thde‘mnd&rﬁ random  votioblec.

R ‘\msro{tarﬁc temork s that C‘r\%mghzu‘s iwa%mat‘z% etill  applres {Dr
5 ><y\ . we haue WEEX;XjI:EEX\SEiK:)l 9 —K‘\j

This is because  for poirwite independent variobles X, %5, ..

This TM?NﬂS that  Cov ()(;.XQ:O 9 Y:&j , ondh o \/&riz\xi] = E,\!D‘(EXJ ’go{ ?a'\rwisrz ’mda?fzndavxt voriobles.

A\)P\\AIY\S G\abg\g\r\qu‘s Wne%u@h‘ha 32\/&& Pe ( -0 =2 OL) < Vol 15@/0\1 = é\\f&(i‘k] /QC‘ J%c( X = :%K;,

This wll be nmvo(to\nt in O\nmhasi& o{ data %thllam\ma mgorit%ms»

Univecsal  Hoash Functiong

Dedintion let U be a univecse with Wizn  and  lat \/ZRO,L,..,W\% A \Camita a«% hash qums
Q.

H jcx’om U to W 7¢ swid to be k—Gnivessal 1§, for any Aistind  elements X, X, .., Xy and

hosh functivn h  Chowen un‘\{a(mtg Condom  fom H o we have P Chld=hix) = .._:L\Cy‘)> i/Y\\?
heXq. ‘

\ﬂu\dl/\-;\Z\Ké‘q{),\/.n/\’\‘\} ond o Tandom

Hois said to be gtronjl;(‘ k-universal f Hfoc oy values

h frbm 3{; we  have Pr (%Lx,):\/&\, Mh)ﬂﬂ} s V\U(Qitjkj :LT( %br distinet  Xx;.
n

hash —Eumt\\ on
NEH
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We can think o{ Moo Sh’m[& Y _unmversal Hﬁ the trandom vaciobles W(o), h(D, ... ku\)\*() afe
k-wise independest o when h is Choten w:fom\a condom  Prom M

Wikh this Conmection , £ s not Surprising that the  ConStructions \Cur %Q“Q(mﬁr\& £-wiste independent
fandom vofiobles Can be  whed o Comstruct wniversal  hoach fmm‘ons;

We  whild focus on  2-lniverzal  amd Qt\’on&ku& 2 ~unmiveesal  hash famltfes

2-wniversal  and g‘tronqh\\] 2-univessal  Lomilies i}\o\&k Functions

We ‘OQS\(\ with o ConStruction where  £he QIBQ of the univeise and the 81‘32 of the table ate the game.
et U=\ = ‘{o,u . P~(g whele P s o plime Number.

Let ka’kﬁx) ‘= (Cox+b) mod P

Lot 3 = § houw | 0< ab € p-ly

Clawm H s Qtfcng(t& 2 - univertal

|
Pm

M We vneed to prove +Lhat PrQU/\M?Q(Q:%\\){\Uﬂo\'b(\(xﬁikﬁ,)>t ‘GO‘( ar\n Yoo Ys and Qﬂg Xy & Xy
o b

im\s%ﬁ\ng Mo pO)=U,  ond habd= Yo means Cax,+b) mod P =4, and  Cax,b) mod po=Y,
Griven X o Xs Wy oY these axe twe \ineag equationt  With two vVarialbles. and there s o uvﬁqﬁw Qo (wtion :
-\
o= KVA;V\\\\) Qxlw(,j Mcé\? LN b= (K‘—D\XQ Mo »\3

Hence | thete 1o only one choice of 0,b out of e possibilities sat‘\sfyzi‘m\ﬁ the conditions. Ffou‘)mﬂ the claim. 4

The oaboue  Comstruction onha defines o i‘wongkt\ 2-unhvecsal  hach \Co\mi Ll& when 1ul={u).
Tn O\P?“Cmﬂt)r\s, w e u&ual(ﬁ want 4o define mgw;a& ’Erom N [c\(gz universe  to 0o Small table
There  is  an Zo\ﬁlé oy to exfend the above congtruction to thic QE’L"HY»ﬁ_
Lot O= gO,\, . PK« \73 ond \z g 6. ... Pfﬂ 4%0( Some  positive inTeg(’,f k  and  Zome Pr?ma P
TY\WFFMT eoch element  wel) oz a vedtor = (UoooUo Y wlheve O%ui< p-\ and %\O Us \;‘ = 0.
Tn othec words . interpret W ac o “?/w\ﬁ" Number  where  ty s the least Sigmficant “o\ig\‘t”

ond Uy, ds the  most g;gn}{:cmt “d:f}f”,

For (kmg vector K:(ao,..,, O Y Wheez OEO\-é\}I {o( -Q\/E(A 0<1¢ k-1 5, ond any Oé‘oép—\

;
k-1

let h&’,b(z): ?:D Aiuy +\g> mod P

Let  H = g hsb \ 0 < a;€p-l Hor Qvery 0<ick-1 . ond Oé\oeF»\%_

Claim = H s gt{omiha 2-unmvercal .

, > > oA 5D
(50 We need to  prove That E(e){< W“m“””% ond }\3,& (w>:%3, = for ang W, 3 and U W
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Aesume  guithout  loss e§ %zne(NHaa “‘that Mo® Wy~ Then  these conditlons are e%m\/a(@ﬁ To

-l ©
Qo Uy 4&):(%‘13%“3)”“6‘? and C\Owof\o:(%_%l\)yﬁ)w\od\ P

?W‘moA O\‘,v.,qk,‘)f,ﬁ/\ﬁ,%, this TS again Twoe linear Qqﬁmﬁons with Twe variable hav?a& 4 unigue Solution.
Hence, $or Q\um& Q,..., Gy, » there 1s emc\-h{& ont cholce of (@o,b) out of Pl possibilitiec S‘Qf-lsﬁmg the Conditions.

Thetefore, h?c-(;‘{( h;/b@ﬂ:% and ha'btﬁ)*% ) = [/Pl’ ?(D\/‘m& the claim. 4

?m\w\y the obove  Construction  con  be Ctfuncated ” to oy +able 3?3@ ond s Still  2-uaiversal
et hgb, )= (meb) mookp)moc)\m and H ;i Mot | O¢asp-l and 0% ‘oéyﬂﬂ]

Claim *ois Y- Unive(sal (but not St(oy\g(é 1/\M‘\\/Q(SD\\>‘

¥(oo& TExereise Cee  hemma 13.b o{ MU . o

Note that thece (s o prime number  between  wm and 2m Hor any Integer %\6 Bertrand’s postulate.  (wiki).
oand <o the Obove %om‘\la worke {o( ML& m and N \oa cP\ODs‘mS Qa \)(im( P Quch that mep<am.

Also. we can  defie  hach families for other fieds , ey felds with o power of Two elements.

k- unwessal FLamlies of hach funckions

The tdea Ts similar. Tnstead  of 3znero¢w‘nﬁ o Yondom [(inz ( o D\lgwm one ?olt\nomm]) L we ean

Qunerate 0 (andom d\agru k polynomial
B\a Fo\&mm‘.ml intecpolotion,  we know  that Qlven  Any Koodistinet ponte X% o X omd K values
UeoYoo Y o there s o unigue degrze ko polynomial P with  pUd=y for (3 €k
This meane thot L we Pk a Condom degree k Y‘)D\inqwﬁ&\‘ the oufpuls are k-wise Thekep endlent.
Move \)mc\sz\u& we Qom  const¥uct o k- wniversal  hach fmm‘lﬂ as {ollow&
e

Pilck  vandom QD,G\A,HG«MERO,\,_., AL et halx) = (Ca Txap, > ota, X 4ay) md Y mod n .
P a kel 13 | F

Then It com Ve <chown that M = V\_\ 04 a; % p-\ or 0%t1% k‘lg s o k-umvutfsal  hash family .
3 P Pl

Hoshing wsing D -univecsal families
\ \

Let Julem and Wi=n Let p be o pame numbe sudh that  m< p£am,
Ug?r\s o hash J%M\La ){:2 Wb | 04a,b < p-! YJ whaee  hgp o= &Qo\xf} b) med P> Mok n

we or\k\,& need 4o chovse o, to celect & hagh Wcunmor\.
So,we can Stofe this hash Lunction using only 2 cells  (recal that each cell can gtore (og,m bits)
Alo. the hash volue Con be eualuated vedy DD\J\ICH&&) us‘mj OY\L% o) opefations  on (ogl(rvo—‘oi“{? Lot de.
Thetefore, these hash funchions th\S%\A the Smal Space Yeguitemeat omd also the fast evalustion Cequirement.

Can Jc‘rxzuA ?(mvid\z the  Some gmmw\fus as {ondom hash "E(Aﬂc\*{nﬂg 2 Ne¢ and no .
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EXDELtQA seacCh time @ The zx?zﬁ‘cw\ cearch  time O% chava }\usk‘mg can  Still be gmo\(anfud

Lovama  Actume m elements in < are hoshed into on  n-bin hash table b% M‘mg o Tondom hash Tunction

Qvom G 2-univectal %wn\\n~ Tor an w\o‘\t(w\a element x, lex X be the number g& Ttems ot bin hGO.

m <
al e xS
e e ) 0
-1 R
L+ mﬁ it xeS
ngi et X:i=1 16 the i-th element in S i in the Swome bin asS x  ond O othecwise.

Unee the hath ’§uw\<,ﬁ01\ s chosen {ram 6 D-umveceal fmrv\\kﬂ. it {ok\ow& that  Pe(y,=1) = l/ﬂ.

Thecefore  EXl= 2 ELK) ==k xS ond ElxJ = U+ T af we Q. -

The obove ctotement 7¢ S\MFL@ but it chowld be vead Cq(a{mlh& whee  we wied  the 2-wniveccal \?("P“t‘(\‘
Concidec  the gmif\c\ %asmn& Ccheme  where we cChoste o Coandoswm bin  Ond Pmt all the balls there .

m
T€ is st teuwe that th ngmtad number of balls in a bin s TA, but the Ceacch time wouwld be m a\woﬁg

Moaximum (oad

Howeer  we  cannot C&lka(m\’vﬂe that the moaximum  (oaded bin  hag o([ogn/tnxlo&n> balls .

We Con Still wse the 2-uniyersal F(OF““(\ ‘o %i\/z o hon-teivial  bound

Lot )(-\Sz\ i Ttem 1 ond  Ttowm 1 Ofe mq\aon\ to the gome bin. and 0O othecwise.
let Y= ?7& )(;‘) be the numbec t& wllision  Poaics
| oy .
s ’ 7
C

‘D\Q PERVRINVEYy SALH?\A

%\a Mackoy's ‘ma%m\hﬂa o Pe Cx oz min 55 e , of Q%MCVD\\QV\H%S Pe( % & mn \)>/ 1/1.

gu\)[vobz the mevimum  load s Y Then  there are at leoast (i) Collision paics.

o
T}\zmﬁwq, with \:(obm\a\‘tﬁr\& 2 1/’J_, we  have (\;5 < no - which \w\\al\\zg that \\/E W\K;T.

Whan m=n. +his implied  that the maximum load 1S \Y_llr\d with ?(D\CQB“UJF‘& )/1,

Remark i "o Quof antee that  the moayxi mum (oad 3¢ OUD&H /Loglogn) with H?&\f\ ?(nbabi\‘\#\g,

we Con  use o OC kcﬂn/@gLogn)— wnivecsal  hash {o\mtl\a C\,\J\m& ZB .

RBut then the <uoluation £ime 3¢ QMUKY\/LOXU)&V\>, which g not & gbod ‘t\’adgo%_

Pecfect Hashing
N [\

Given o %xac}\ et S we would ke v bulld o data Structure  to Support 'or\hg Cealch opefations

with excellent  (ovst Case %wrmm et = 1Sl

“This Prob\—@m is U\i@%ul i bm(\d‘mi o Static d\\\Qt’ioY\c«(b&‘
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A hoash fwmm\ 3s ﬂ@m_t 1{ it takes a constent number a{— wovd operations (on (oglmabﬁ wwds)

to find on Ttem or detecmine  thot it deesnt  exist.
TAark |, convinee kﬁbwsz[‘% that 1 ¢ net o tyivial P(UELEM‘

Next, we observe  that  perfect has%‘mi s 2asy if there s Sufficient Space-

|_emmo, 1:% he X s o Condom  hash {w\ctiun /grom o 2-univercal \Cw’x?(a W\QPP‘MS the wnivere

U into (o,n-1), than, {lnr any et ¢ of se ™ when  mS3n . the P(ubabmt% oJ’V N

\Da‘mc& 9@(%&{ foc € is ot least [/1_
Proof The  proof 0 <imilac to the analysis  foc moximum  load  of  Q-universal €e«m‘~1\$‘

>
Ue‘m& the gbove notation and  Colculation. the ewpedted numbec of collision pac o lace thon W\/mr\,

%\i\ Mac koy's ‘\Y\z%wﬂ?hﬁ, this implies thot Pr (w2 W‘l/n> < /.
When  nZ e, this mesns That  4ws T Pe({ec‘c ( te no collision Pms) With P(o\oo\b\'\ﬁﬁ ot \east 1/1
To Lnd & wqﬁzc‘t hack  function. we con gmeroxq tondom hash —%mcﬁws \C(om thig {amita o

check  whether T i¢ k)u%ut. On overage  we Dﬂ\k& need to check at most 2 hagh %uncﬁons.

However . this Scheme Cequires QCrD bing.

The new idea s |o uce o two-level \’\qs\r\:ng gcheme 1o deo par%zcﬁ hQSl/ﬁﬂi with or\h& Olm) bins.

Test, we ue o hash %u'\ct\‘w\ o mop the elemedts iate o toble of w bins [cells .

AS we have Seen, the moxiymum  [(sad  Could be O(m)

The 3dea 3¢ to build oo new [Second-leuel  hash table for gach bin  with multiple  elemedts.

I% a bin has ¥ Ttems, b\é the above \emma, the Setond-leuel hash +able &Dr that  bin bn\t& needs 0 bing.

Com‘o\‘mn& these Wil %kvz o Pa(%ut hash \Cw\Lt\m\ with onkg O(m) bins.

Theorem The  twe-lavel approach qives pecfect \’\QSV\?V\S schema {o( M items usm& O(m) bins.

M Rs <hown above. +he number of collision povre K oin the first tevel is ot mest W\lfn with P(o&,zdm

So., %,( Mm=n , the nNumber st Collision Faicg & ot mest m with ’P(obab:k:%‘g 1/1

The first level hosh fwd\‘on Can be FTound bLa JC\ﬂs‘mi oand chzqcmg ondom hadh Wﬁw\ﬁ\‘m \a‘(um a 2-unversal }szil{\,

On Q\/zmgz, wr ov\kxé need to chak ot moct 2 —?uncﬁ()r\s ‘o \C‘m&\ a {irst level hoash —fuv\gﬁoy\ with Sm colligion \;o\‘xrs
let ¢y be the number o% Ttams in the  T-th bing

n s
\T‘NZY}/ = collision ?m}fg = ? er} <m .
(=

We wee o Reond - fevel  hash ngmon that gives no Collistong Ué‘\r\& c;1 spole fym eoch bin with <>
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B\{S the aveve lemma. we can \Cind Such @& ﬂiw\cﬁw b% icwﬂ‘m& ot most 0 Candoem hash lf\mditm& on  Ouefape

T e

=

AN m
= m+1z(13+ =L € s amam = Gm.

=1

The Total number of  bing uwted & At wost M+ o

gQQCL ©othe exten Space re%\mu}\ to stere the hash functions s at mest o(m) cells. cince there
afe ot mest  mal hash Luactions.  0nd each Cequiires ont% oD cells (e’ﬁ‘ to store the pairs (o\,‘b)>

Seoceh time Rr\d\'\n& the location Takes OW) ope(otions, 0L Hfor eadn lovel.

Ouetall, this s ugmﬂo\\k\a like bm\t&\ng N ovTou {c( the m elements | auen tlmmgh ﬂ\% Come from

a la(&g Wi verse

References  and  Luither N.mk‘mg

Matecial in thic lecture  1s {Wm ckth( (3 of MU,

Tn practice,  poople dont wse  k-umlversal hash {\O\m:hﬂ for large Kk becawte of the Com putational  ovethead .

Instead. they Just use Soma Simple hash fomily and observe thal it werks well

A pm’ticukwkn g;mYba way s colled tobulotion hashm& - whaich or\L\é inuolves  toble [ookaS ond. AORs

Tt s not  Y-wise indeptndent. but can be proved to hoave nice propecties of random functions. ey
moimum  ad s ©Clogn / log log ).

There ace olso  othec bammﬁ{—ml }\M%‘mj tadm\\qgms Such as cuckoo }\asmng.

k - wise Mrkafv.nm_nt vanables  ave wused \Co( d\umdomism‘ivn, ‘o  turn romotvaSLd\ D\\Sbr\\?‘nms into

deterministic . b hoin brute Lorce Cearch In the <Sowmple <Space o Siye OC(\k)
3 & P 7 3

W

Tor <ome opplications, an even tuaker  wnotion  Called almost  k -wise Ymo\zyzr\d@nu” i enmg‘n )

and 1t has  Smallec gmmvkz SPpace tﬂ sy 0(1“-“)

/

This has betome a ctandard  tool 1n oqum\mm;wbm& N Lixed pavoametec mkgmithm;
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