CS 466/ 666 P\lgorithm Design and Anotﬂsis . Sprinj 2022
Leeture &4 - Bolls and  Bins
Balls  and bine s a  basic  Yandom process -that undoclies  Caveral Common  phenomenons.

Toé\m\% wa S%ud\\éj Rome  bagic %uzsmns ond  one ”xnﬂ(qs\\mg vadiant  Yeforrd  ac the powar a{- Hwo  cholcas.

Nexkt ime  we ace &c‘mg 4o oo Rome  Applications in \,\as\,\‘mg

Rolls _ond  Bing

We howve m balle omd n bing . Badh ball Y thiown o a mn?fgvm\x% Candom o TV\!)\J—Pémi,(mﬂé,

We wouwld  Wke 1o &M\% what does o *\a?\m\ Dt uwation  loolk ke .

There ave many %wﬂs’mons e Can oSk 1o anderstand.  the  dlshi buten c& tle bolle  tnde  the biwms.

We start from Soms oy coalewmlations

Expected WNumber of Balls in_ o Bin

(W5 B:,S be the Tndicator  varidble that ball § T in bin 1.
m o " ™m
Then  BTR bl in e 11> BU 3 By ) = 3 ELe) = 2 eeloay a1 5 2 A5 = 5
Th \Dwﬁwko\r, when wa=n , the Juvutz:)\ numloe ~ s—§ balls n o bin ¢ onge
Do we Lx?ﬁLJt that  west bins howve oabowt eme boll  woest of e Hwe 3
What s tha Pro\wkzﬁﬁg thot  theww s mmd[b one ball 1 eacdh bin ?
Expected \AM&P’L&A
\)
let Y5 be o ndicator voaciable that b T 3 JZ,VV\P'&\%V
A ™ "mw- ~X X

Then , ELYGT = Pr( bin 1T QW‘P*\QS - (-9 X Q Qws‘mg -x €2 and ¥ e for omall x\)

n = —m
Co. EL#® of ampry bins ) = B[ 2612 2 BIGT = nog @

Whan  m=n,  we SL\LPJZ(/DU\ Pogtee tlat o #Q’frmcﬁm of the  bing  are Qm\ﬁ\%.

Jwst Lmk‘w\% ot tle z\c\aeﬁo\ﬂow sﬁ o move &(abc\\ 7 valdiably g\vms o, bettec mv\d\ars‘mwd&v\& e{ tHa distibation
Tn &mt, this  Yondom vaiaole con be Shown to b2 Cancentrafed  around The mean . 0 we do e,x?gdc +to

Se  around, l/e-{lmmon o{~ zmp’c% bins  when M=

Moaximum Load Question: What it the  movimum  Nuwmber OXC bolls In o ba MP‘\&\\A{,

A %'\w\\o\u gﬁuasﬁmn e ‘Fn( what w do  we \\zx?aat” W e fwe balls ™ o W o Mtollveon” cuws)

The Bcthda atoddx  t¢  tle Qase when nz268  ( Ignw‘\v\& Teb 29).
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The p(abo\\;‘\\ﬁ\a ot thare ace no oollision  in the st m balls i

Q\*—\v\aﬁﬁl’%\\m&\‘mr;«\\ < J@JTL»%»-SL_L“‘ = Q»m;%w % z’z"
This \xu‘oa\u?uwa would be  Smaller than 12 wlew v = \J 2n
o n=366, it soys  that when mz )4t L the Pwhcm% ot tle modmum loak To ot
lgagt Two T¢ ok \east [/L. This egtimate T \/uz clost 0 tle 2xact answer.
To Summoaciie, we axpect o see o colligen  whan m = B8 This obsecvation Ts wseful  in olifferent
?Lau,s LQ.& msw&, Qnm\\a){r\& oo heufisthc ‘fw W%@u(‘mg m‘m&us Cete )
An intuwitive ch[ommm te that tlere ave mwo pasrs e{ poss;L\L wllicions , and we 2xpect  Some collisom

would occur  when W\m%‘/\] Tngtead o& the incovvect intuwWikion that Collisone wewld occac mt\g

whan ™M R n[a .

The oY\ MU m n_w-=

n 13
The probaility  tht o bia has af leat K bolls is et mest (DY by & umon bound.

% 3¢ B{ﬁev\ ot wo hove to deal  with  binomial (/szf\‘(f\uﬁs

Nk n n" ne ¥
Some useful bounds are - (’E§ < &Kﬁ < < < ! The pmﬁg TS \uﬁ al  2xerdses.
ne \k 13 0"
Using this bound , tle obove pobabiliy Ts at msst (=) RY = =
ok b & - kink

E\g £hae union  bound Pr [ sowme bin hoe at least Ik bals & s N e

Wao would ke 4o octimate  the Swallest k Sweh  that this waa\ﬁt“’\a s Lmall JLV\DMK[/\
Tn other words. we wawl the minimum ¥ Swch  that klnk > Qn n .

gﬂﬂ:f\n& K> 30un /ln(b\ n wounld oo C Shw?\lz, calealotions , s2e MU S.L[ﬁ .

—H\QXO:%J(@/) with \'\T&]n \?Yubob\‘klf\a, 4the  mosimum  loadl  T¢  at  wast O nn/ Lnla n) .

This Olnn /nlan)  Comes wp ‘r\zxs(f{mﬁ and  alse omx\xﬁg\g 47-5: ogwfox:mp\ﬂm a[éarif\nm

(2_%; IRy hYS stifl the  best kY\our\ O\‘P‘P{ox‘w\aﬂor\ Cotie —Gar Cm\geﬁﬁm\ VV\‘\V\WM\\SmﬁDr\ )

Cou?m Collector Question * Tor whot m do we expect %o have no empty bine 3
et X be the wumbee of bolls thiown unfil thete ofe no empty  bins .

Let X5 ba the number of bale thrown when tlare e fxactly emply  bing

Then  Tlx1 = ELZ %) = :i__\‘EEXﬂ,

How to compute  ELG]7 Nete thet o X5 s & goometic Yandom vaciable with pocameles P—‘;

Recall that o Kﬂow\lvﬁc tondom  vaiable Y Te g';\rU\ H\a the  distibufion thot Pc (\(:@: K\~P3\Q\P.

Tn words, Y 35 the number e§ tole watdl the WEQ(SJC Queess , whan  tle  Quccess Frubab‘\tﬁ\a s P
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The &ywlurnj\ valne sf a gzmdﬁg Candom Voviakle \\/ with — pafameter P s V.
Thete afe at least  thieo wory s v Sec Yt O

@ divect  calowlatton {(m the d\zﬁn\ﬁor\ Wwith & d?ﬁuam?ﬁw\ teiek

M8

Rl21) = 2 (\ﬁy)"‘ - v“*kﬂ - 5

\=1

@ wse ELY) = E P0D) s

T

C‘\D\'\&a_ n{ Summation

@ wse  condidtionol Pxoha‘alﬁﬁa o G(Xw_ that EIY_X H P + U’P)(E[\ﬂ ’VO = L\fPEEEn |, hena EEY]: /P
Ah\awo\\a, we  hoave %EXKT \?1 Eixil = TE:-‘\ \/QT/Y\3 = ﬁ — = ondan (13‘% = Hv\ J’U\L n-th ]’\D\fmun\m V\kazrv.

This T Cervet  as o lowec bound. {D( d\%ﬁmr\t tmn\ig_ 2-(&. the Covar  Limwe cj[ Candom  walks  in

O Compete gm?l\, numbec  of- edges neaded in qraph gpocsification bé Comndom Smm?f?ng type ABDrItLMs.

Heudist umgats

We chowed thot the masimam load s O(fnw [ Lalan ) with Weh  probebily . Ts Tt bight 3

What s the \?\'aba\o}(ittg DJY l\a\/TV\g on sz\?'&vér bin &'{tir T%(nw‘mg nlnn+aon \oaﬂiz

The  main  technlcal dﬂ{—f\‘cutf% in amlm‘mé bolls ond bine  is  that the randewm Vaciables nvolved  are
not independent , and  So for example  Chermolf type bounds can ot be dx\(CLt(a applied.

Tn Qome Utuabion , Lk ag avxa\x&mg the twmbec  of ﬂmphé bine , we obsevve that the fvanls  that fwo lbinc
afe Y\vr\ﬂmﬁ‘% oce Y\agativd% werelated , Ond thue Chernoff Tupe bounds St OF?[Q‘

Tn the {—ol(ow;y\i‘ we  pfetend  that the vatiables  are independent Gnd Come wp with Sowa hearishic  bounds,

Ond loker mention That thase wgumav&u Can be made ‘Fru\\sa Bé o mekhod  called ™ Poigson o\Fprox\maticn//.

Moaximum Load

[Ehw Pe be tha p(ohab?\\“ha that a bin has JLde—\A?Y ¢ bals .

lm- ) <o Cm- 041D 1A
arlmdes e €00 (- Ly

hon pe = CRICRYURYT = ™5

\ nlnat) - (n-re) LAY
LWL

ASSMM‘W\& Mm=n >> ¢ Then P( = ovl "

|
Q,T\l'l'Q_ =

Wa \Cmrﬂu aseume  that oll bing oo \nokg?wokut ( wWhile et Tyue | }m\mﬁ%\a neot oo fqr oﬁc}

\ " EMVACTN!
Then  no bin hoe wad\\a ¢ oolle ¢ ot weg  (1- L) f e /cac

>V‘/(1r‘,,\ -
1’% thie P(c\m‘fﬂﬁ\a S \/uxa el Q,S_ Q < V\1 , then  with b\?g\r\ \Nn‘o;\\{\\?%\é Theve will be Some  bin
with ot leagt ¢ halls

Tor o @M suffees 4o et —n/lerl) € ~2lan © ¢l S 0/ (22 lnn)

é:> ﬁh (‘\n S Qan ~ nlan - Ln (11) . (*3
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| .
R\a Sfmm&k opproxcimetion  that 4 < ZWL%j < ¢ (Z) ., Csee MU Limma 58 for the first ?Y\q%m(’&é)

Y e \g
In c2) < vlnv - va Lae (mgnﬂs InGe!y = ST hay j‘ Qnx AX = x(ﬁr\y~\}\1 = lav-v ).

iz

gljt = QWV‘/QHQV\w,

\W\Q‘r\ Qxh T\, < %% (QV\QV\V\— QV\Q,V\QV\ V\) - ’ZQVTLV\ ‘\’(QV\Q,V\V\ - 9~V\QMQV\ V\)
< Qnn - lv\v\/QAan ( sha Tle Swm afﬁ the (Qma\\n‘mg thieL tormg ¢ \lage than gﬂ_(o\)

N

Lan = lalnn -~ Ln e,

This show that (1) hods whin €= Lan /Lnlan , ond t\\udgam Theyre skt some bin with lead llnn / [nln n\> Mn?\

Cov\\?m Collector

To agtimate The waa\ﬁm\a thol  $eme b Do m?‘w& mfrer nhnt en balls agoain - we use

_ (=)o Gm=C k1) w0 )
P = M% (-5) v (g whin  mon S
T W= ninn tan | Do ® 2 /n
< N e
. ) - \
o, the probobiling  of having Come emphy bin i X 1= (1-%/) ~ =% = -

When < ¢ @& \wgm positive Constant ,  thye ¢ \/ua close  to PO

When o T8 o la(gz ht&o&i\/m Constont. e g \/u\A clace 4o one.

This % @ “smq; threshold  pheromensn. for Which we expect the zuent hageent  when there are vary lpce

™ plun bals.

Poissen A??mx‘n mation (wﬁonm\)

\,\J\«\v(\ ean wa assume Indapendence  Tn previous  ofgumaents 2

No , we Con net , bwt we can moke Tt prLce b\é\ mg‘mg e Polssom approximation +adml%mq.

Reeall that pe= () (LY (e B % Y Joh fer small c

Think of m/n g thke mean.

Dl’%\’% o Poissmm  Yowdewm vadable  with Povawmeter ® \0\8 tle Pro\oc\\;‘vt‘\ha ostribution  ©F (X{)\: .ﬁ:M/{A\)/JL

Than S VS Poissom  fondom  variable  with = m/n.

Note thot It s a Prnbabm%‘a Adisteibution LAtk I_‘L?@(k-ld\ volue - and t is  a gooz%\ Oup pr oxivmation e\L
binomial vandom variables (MU Thm 3.0).

ot XT(M be the numbzr of balls ™ bw T when m vels ace thrown |, oms \(E\m be o Poissen  vandem
Votable  with mean m/n.

m)

o ) (w) () )
A maia Afferena betwren  tle  olistyibutions Q}((\)‘XEMJ_,; X0 ) ond (\<\ e }_H)\(: ) s that

o n

(€Y}
? \\/§ Ma not ba Q%\m\ o m.
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There ocs +wo km(\ ?o‘mts in the ’PYDDT:
() Condibioned o = \r;w:m . Then the two  distabubons ace Mo sawme.  ( CMU. Theorem g_é]>
® B Y;LM:M howppans  with  reasonable Probability | i, with probabilty ot least Z\FM- ( TMy, Theotem 5.7])
Coml;\mg these two \;am , T we ean qive & good uppec bound Wt Poiston  ostbution o weo  can 3?V¢ a just
elightly  biggec  wppec bound in the srigiaal distibifon (el Juit o fachr eFm bippac )
More precisely.  uppoe  we prove that on gvent 2 hapens 1o the  Poisson settlag  with probability P
then we cean wse the above cloime +o  conclude that
Pz R (&) 2 Pry (€] TT>m) Pe( T¥izm) @ TzLFnT?rx(g\ Fizm) @r%&?—m?rx&) D Py(E) £ edmp.
Tor the ywoxivum (oad  ond  the Cowprn collectoy P(oblam, We Can  plove a \/Lfl& gmall uppe s bound on
the bad euent 0 the ‘md\e?endent Porsson seﬁwni e, waﬁi)é&: \%r veey amall \95 , Ond Qo thic
Evomslotes into o6 <mall  uppec bound  On The bad event P(ome\mﬂ inthe balls and bing seﬂ‘mg ae well
The buz\ pommt o{ Thig quw\%%m s that we con work with ihie?end&nﬁ vardom  variables , and ef. e

can @Wha OL\WY\“% bounds 4o  chow thet bad euente hﬂ\)?ﬂn with  gmall P(o})mbﬂ‘&\:\.

The Proofys Qe \/QH& nce wmﬂ\enna‘f‘\crzllzS 5, but the moin  reoason  that +hic i< oPﬁDmﬂ 7¢ beoaawse the Jrub\m%w

Ceems +o be toilbred ™ade to  the O\v\a\x:g&‘ls o& balle and binc  but doec not Q?\vié in othec Seﬁ‘mgg

Power of Two  Choices (opﬁsv\ou\)

Now we know thof whan n balls  oye thrown o n blag . Then the woadmum load ¢ B [Rnlnn) W‘L"P'
Consider tlo \Qo[kmin& Vadiont whun gadh ball ¢ Theown we piek Twe (oandom bns  and put te kol ™ the
b waith ‘Ga,w o bolls .

gwyns\v\@“& thic Simple rodifieation  Can QS“‘{“MxHB (duce the maimum load to OClnlnn) !

The intuiBien tg Q,RMPM. A ball g ufv \«\E\SH b Hﬂ wove tle t-th ball ?uff n otle bin. gmwosa we  Qom
otumd. the  number s{ bie with of least 1 balle \03 By, over the entire Coure o{ the protes. wWhat
thould be B2 A ball ¢ of haight 341 if the fwo random i both have ot least 7 balls.
Ths happens with Fnﬁmbm% et most (%‘/QL . Henee B < &jé‘{ . gulum& the vewumrrence

n

Qves that @J becomes OU&\«\n) whan \S: O(Q‘"QV\V‘>_ At thic Po‘m‘l,‘ the nNumber ¢ oo Spml] to D\PP\\A

concent(otion ‘mQ%uALIt{e; ‘FD( the induction , but vt g easy +o {‘\n‘\s\\ the P(oa\ﬁ ’E(om there .

Wa will use the Jgo\\ow& Cheenotf  bound

n
Pe @LM)P\ 2 \,V\F> < e e L, whate @U,F) o the binemdl romdewv  vowtalle Witk o~ triols and Quccese Pn\; v-
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bl
1ot Re= nja and Bra = 1?"/“
Lot ©; be tle event that qu'er all n balls are thrown the number b\L bme with ot (east 1 ballk T¢ f??»
f\/ofp_ tholC Fu’ hold¢  with F(oba\oikﬁ\a 1.

We  will prove thot rf‘ Q; hold<  then T holds it }\\g‘n P\"m\oabﬂﬁ% ( wntil %; Lecomes  too SYV\A”>A

Tn the wﬁeum,ng we  Condibion on +the event &

Let My =t f the £tk ball has helght at least tel.

Then  Pr=1) = Bi/n

et p=Bifn. Then Pl 3 T e ) < P B0n,pi) k).

Qo e (& bns vith ok Least i bals)> k) € P (8 batls vt hoight ot Laast \«Dv K \ €:>

=P (=% re | )

In

Py LE(V‘)T\)>P\ 1 gf)

QL{ kK= $‘1+\ =~ 2n \7;, then the cleve PYDLMU‘LH’\% < Pr Q Rn, lP‘) > 7—"\“‘)7\ < [ o b‘g CL\QU\D]L\]L.
Pe (&) Pl 2 v
Thie ‘wv\PLTu that  Pr L“CL;H \€‘3 ¢ o Lons& as 026 bn.
o Pe (e

G Prln L) = Pe ("L L) Pe(e) & P~ Ty, \“Q;)Pr(*%)

IN

Pf Q“‘ih\\q—])?( QCL‘,)* Py (WQ‘/T)- < _\3 * Pr (“CLQ (NS Ls\& as P;-Y\Z L;QVW\.

n

To Linish the WDO{‘ we need Two wore Sh?s Rk s 4o prove that pin< Llan ™ Ollnlnn)

%\-wkv& Brd cecond TSt handle the case  when P:'Y\<69vm

The et gtz? T eany - A %"m\:f\a nduction  can Show that Bisa = m/f\ ond Therefore

?7vn< blan tn OL0nlun) QJFGJEQ» Bnd thue Pr (221D < ollamn) /vx1 in o this SJ(Q:F.

The Socond SWP Yo alse easy . B\a Chetnoff bound  wWe @n  Show  that wk? thove are o ywest

OLLan)  bins with at least with SUnLan) bals ot this Qfﬁgz. Then those  bing axe jwﬁ tvo {w

2
‘thot we ean %n‘\sh tha orgment bﬁ Simple bound  ( (Q““/h} to readh one wep h;gm( and thele are

ot must (v‘}) Wy s o & choosia& two kalls) *o show that there are at most 2 bins  with

one mofe  holl. And then no wmore bin  with ong moce  ball -
This concludes  +he ]Eraojy (slketch)

Ramack:  The bound 15 Hight. One Con ghow <hat whp ther is a bin with S (Lalan)  balls.
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What \\C we  choose 4 Yandom bins in gach ﬁw\; and P\d e ball in o least toaded bin S

&ﬁﬂ( ences

Bolls ond bins are {ram choptec § ot IMUJ. You can tead the oetonle of Poisson aﬂ)fm&mat{m\ there .

Powser ot two choices 1 fcom Q‘r\p\P’tg( \ G ojy vl . Tt 3¢ o well-Studied ‘opic  with applxmtions n
ho\s\,\“m& omd —gmrﬂ\u ge\/\w&\(gmﬁuﬂs (a.&, bolanced  allocations on &fa\j\'\s)‘

The book by Dubhacki ond Ponconesi on  Concentcation of measure for the analysis of fandomized Algorithns ’

i an excellent Vesoucce-  You Can (2ad about r\e%q’ﬁ\/z coctelations and  the fMO(a o«% mwtmgqlu +thevre.
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