CS 466/ 666 P\lgorithm Desig\n and Anolssis . gpr‘ir\j 2022
lecture 2: Applications of toil inegualities
We will gee  two ‘mreruﬁm& ondh TmPormnt opplications of tonl Inz%m{:ﬁa

The %%rsﬁ s about 3\’&17\(\ Sg)a(&]fiuﬁbn oand  the Second s about dimension (eduction.

Given  an  undicected gmgh G=(V.E)  with o weight W) on <ach edgz eeE , {-o( 0 Subset of
verbas Qe (ot %&[S) be the get of ad\g@s with one endpomt n £ and one znd?v\nf in V-%,
and, Lt w($g() = Q?isqm W be the fotal weight of  the edges in G (9.

We oae  interected In {—’m&u’ng a \\S?o\(seu graph H  thot opproximates the cut ¢Tructures of G well

[g%b‘&‘m (O -cut (lﬂﬂox?mtﬁo() Wwe 8&5 H=(y®) is on (12 -cut Q\)P(Dx‘\mafur o{ CT:(V,E\) F{—
£ all SV we have (1-9) Wlbe)) ¢ WsHW) < (H%)w(éqts)}»

Note that & and H  ace defined on the Qome vertox Qet but  Cowld have different edﬁe Sets.

Q\)\ctmm '&:(Dm Nick Harvag\’s notes )

This turne out to be 6w mwmnt and. bewﬁ{m\ p(ub\ew\ with \’Y\O.v\é \mtuesth\& ond Sur?rismg resutts
To&mﬁ we  wi|l See  the {'\(st ond, &Tm?lagt (esult  in 4l divection . and  mention one SLA\"F(‘{S\‘T\&
Opplication  in ok&sTSn\né neas- linear time mﬁmﬂm %)f minimum cut .

This %USt (Reault  needs o Lomewhat &’c(uni msgum?tim on  the iant &(IAF%
AsSumgtion + The Tnput Qroph G=(UE) ¢ woweighted and  hot min-cut value &Uogwo

With this (}\s&um?ﬁbm thete & o very glmP\Q waidform &amp\ina O\\inﬁfhm +o gParsw‘f% o dense Ynfvﬁ &quh

Sgndtbw\ : Qet o go»w\?l?wg P(o‘om\v?{(‘r\a p-

Tor every  edge e BIE).  with ?rubab}h%a p.opat @ in H o owith edge weipht waa—k—;

The tdea 1 to Qet the Qxpactotion ﬁght) go that we expet to  choote P-fmm‘bn of edges . ank  make
their  waight To be “1;3 Qo thot the expected otal wz‘»ght in goch cut in H oot the same ag that in &

But. of Course. it ¢ not U\w&h to have the Qxx:zmzo\ volues ‘o be coerrect | as we need to @nsure  that

all cuts Tn H hoave opproimately the Lome welght o that ™ & Simultancoucly
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RBuk. of Coucte, b ¢ not QY\DM&‘A to hoave the Qx(wcfao\ Voalues 4o be corvect |, as we mneed to  €nsute that
all euts in H  have o\\ypmx\mntug\ the Some welight  ag that ™ GY %]mufom&om&t% ;
Toc this, we will wee Chemof{ bound  and Qfmda\\% the c«gwmkation that the min-cub value is &(tog nD .

where  we  cecall that Qx?eeri Valug &uogn) 3¢ the fzglmz that we con Qchigue tight Concentvation.

“Theocem Q\QMSUB Qet p = %L . whete ¢ 1S the min-wb value of G

R 4
Then H 3¢ an (ED)-cut QPE(W\MMO( o% CT with 0( P [E(Cﬂ\) ed&e; with Frobmbm%% Z\- A

M Conaider o Qubset  QeV gag& 56(D ha & Q[kgu. Note +that k= c b% definition.
%% \‘mzmﬁcu& of myatmm, T L \{NCSBH = %%G([@ \E[’XJ = QE%@(@K? L*(\‘P7O> = F léq(S)\*PK wheee  Ng
s an Indicatoy variable where  Xe= { 1§ the mgz ¢ i< odded to H oand Xe=0 othrrwise.
Q‘\mumkj, E[w(éHmﬂ = Aﬁwmm\ = \ggcg\ =Ko, and co the @xpected volues ace what we wont.

ANY J
Next . we consider the Probo\b;(‘da that The actual value oﬁ \%HCS)\ Te {ar Emm the expectation.

Qinee \%H(@\ can be Wweitten 4% o Sum o% N\dz?em{u& 0-1 variables (le. Eeg,q(g) (Xq> . we Can

~ Sk
<

e o S¥ gpn .
=) < = N

apply  Cherroff bourd  and  get Pr (\\M(&Sk P K\ 2 Q?\<> €20
where we used owe choice of  P=15an [ (€.

Recqll that kzc by definition, 3o the ?robamt{ﬂ that  $u(®  wiolates the fequirement of an  CLE)-cut
Opproximator 1< af most N Which is pretty  Small

But +there axe z%%onenﬁmua mamé gubsete  of vexticer £&VU , and S0 & npaive union bound wornl, work .

The ‘\M\;urtwﬁ observation 3¢ that +he P(obab;ma thot o lacgz cukb Lie. k tmga> ic  Vviolated s
’S_k
much  emaller Ciee n” € ), omd there ace not mgﬂé emall  cuks |
A
Lemma The  numbec of culs  with ot mest ac Qd\ges foc ozl s at mest noo

X 00 WL have done +he case when %=1, “The gwm\ Catg s Similal  with & wmodification.

“Tha \F(oo% s left as an exerace o o hemework p(ob\am a

With thic lemmoa, we can do & wore Qma{u\ wniow  bound  based on the Cize of *the cuts:

Pe ( 2ome cut 3¢ V\c(m%@d)

< gcz\/ Pe ( cut Qe \/‘\ulat-ack\) // union  bouad
= PR PrCecut € 3 VTD\aTu\) // &‘\\/\o{m& nto  casec
A= 12,49, ey ®KC< )6e(e)] s ane based on the cut 2izes

IS

&(oupmﬂ ‘inio —lIC < l%g(s}\ =2
N ‘ ¥V< ¢ g < \/lokk( - \ &il >\< d> // blﬁ L\Q kmw\

. 5ad¢
< S ) 040\ an /e /! bta the CMMWH bound,  above

103 Page 2



L 0sis o 1N
< 4/0 7 st teem  domnoted
. - 4 . .
Thevefore . with \)(nm\m% ot leact 157 Hoic an (1g€)-cut approximator  of G

?\m‘\l{\.' b\é 6 S\mP\a Qp?l?cn‘(tbr\ o Chernoff  bound -+ H hes OQ? \E(@\) nge& with H&}\ \)Foba‘oi(lfj.

This comy\etes +he P(oo{ a
Remark Using qurr\og& bound  ond  umon bound cawn o\\readé Lolve, mm& mﬂ(zghmj P(ob\lmi

mflL~ Thic  fesult s ectyictive . Since b oossumes  the gm?h hoe a  Somewhat Lm&t min-cut  value .
But WCM &ra?\ns +thot Ore nge‘ntian\a Cum\ﬂﬂn (e Czﬂ(m)} L the theorem gm&s that  there s an (12Q)-cut

Opproximotor  with OQn\o&n/af) 2dQec. o 2igmbicart g?mgz%wﬁm Feom [SIGN 2dges in the inpat &(QF%-

Appleations * One noucal  oppliestion 1 to deesign Tast Opprovi ation m\&oﬁ‘chms for cuct Fmb(zm&
Toke owce  fowvocite ?COEIQW\ about  cwbs.  sapy the minimum et cut Prohlem
The (LM’\\'\\(\S time a@ the a\&odthms \Lgunua daPend{ on 1Bl L which could be SCWITY.
To Sperdup. we faest gparsﬁ% G by comstructing an (oY cut oppromator H o with  fever Qdﬁ/u
Then, tun an  (exact) m\&odﬁw on H to {?m& o minimum St ocub eV, onmd feturn & ac
aur opprovimnte  min St cut  on CT ,omd it Cowm be Shown that W It a Q4 %a}—apPrcx\mm%iun.

This Qives us o Tredeoff between Cuntime  ond  opprodmeition Quarantee .

Imwowmz«ﬁc b% Benczur ond kaggz_r_‘ Without the minmum cut  assumption . ER NN 24y to e that
the Come  wniform g&m\;\ih& c«\goht‘nm wont wotk | 2.y M L g very \quigX the cut eokgq 18 not chosen.
Benc2uce and ka(&@r designed. a0 veey elever  non-uniform gmm?l:n& algoeithm . where  2ach adge s gamf[lr}\
with  probobility mvuseka proportional  to  the “Conmdmh&u ot the two endpoits
They  defined o notlen  Called “St(bhg Connuﬂvlﬂ&w omd, S?(o\/ack “+hot SO\YWFUY\& with ?(om‘o‘\t‘&g \Y\VQFSQ%
on\mﬁc\m\ml To T will fesulk In an (ﬁqwuﬁc O\Fp(w‘lmnﬁrw with 0(m(ugn/<;}) ngu fw O_na_ gmg‘n
‘\:\Aftkerw\omz) Jchm& ghowed Thow to c,mvx\gmtz This  Gecut QPMSR{:QC in npeal Upeat +ime , and -this

%o( exomple g‘mas the Licst O « Kivme Q\&bﬁﬂ'\w\ qﬁ‘ar Cc‘(wfvﬁi‘(\& a\bp(oﬁmatt min ¢t cut.

We will not discwst thic (esult 1o wore detadl.  Twnstead, we will Stwkua o gtqm&u esult  opn QF{LT(Kl

SPMS}{TCQHW\ when  We  Cove To the |ineac m\gtbrmk part of the Coucte

Minimum cufs In neac lincat time (optional , gketeh )

An omoxing  application of km(&e(’s SFC\YST%IQO\HO“ reswlt 18§ & neac-lingac fime ngoﬁthm \CD( Minimum  cute.
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et ¢ pe the win-ecul volue of the nput %fQP\(\ . S, & s Q_gd\;gg<comutz&

Kar&qr c\umz\ weed & Classical  tesult about S?ann\n& Lcee Pmckm&, bbé Tutte awk alss b\a fosh-whillioms .
_Theorom T&: G s C~l&&¢~wnne¢26\, then G hes at least L % Qd&ud\s]n‘mf %ponvfmg tyees.

QMPPDQQ we  have adgudﬁsiw‘lﬁ SPahﬂ\m& tyees T, % TG, TL“A\

Then. we know that thee gexists  some tree T;  that efostes o minimum cut S ol most 2 +imes

K&r&e( obsecyed  that }\w‘\m& cudn o tree T Wwould  be vy ’NLF{M in \Ctr\d\rn& that winimum euwl <o
because bne Juet needs Yo Qearch  over ol cute  formed bta TQmow}nS two zotgu —F\’Dm T .

He come wp with o cophisticated dbnum\c programming Sim) time algorithm  to Lk miniwmuw  Cut

J%o(wd\ \oa (‘zmw‘m& ot wmotk  two Q&J&a& -G(‘DW\ 1 (the cace e{ (anvin& one adg@ s Casier )

0\4185, but how o Hnd sudh a4 tree T 2

Thece 15 an O ) 4ime algosithe  to {find ¢ z&gn~o(;x“\nmt Spanning treel.

But this ¢ too 2low %o( ou  Purpose.

The tdea here. of course. o te do qroph  gparsification .

Ug’mg \<a<v<’s Qtoph g?ws\‘{—\‘cqtior\ Cesult, we con Q{)arg‘\%z\ the gm\ak 2o thot tte  win-cut  value
< Oklognﬁ while Pcasamni the volue ofV eoach cut Q?F{oy\mutﬁ.

Now. wa can CDW\FmL T,,Tl,,..lTouo%m ™ the iParsigtcr; ond  One o\L thete treed will crost @
ivirum - Cut ot moest  two Timeg.

Co, d\le\i o\x@\am\c vngfrmmm& on  each of these O((ogn) trees would work, with 4otol wm\ﬂqm‘\*% 8@@’.

This de ust o sketth of  the moin ddeat. with many detoils missmg.

Dimension  reduction

Given n PDMJ“ o the Euclidean Space . wWe Con akwmns Tepresant the wvaectors n N- Aimangions .
In gu\z(M, We  Conwet  do  better 1§ no distoctlsn 15 allowad Kz,&‘ the  Clondacol \pag\s),

gurpr‘\s?r\g[\ﬂ/ KWL we allbw Just a lltkle  distortion, then the numbec of  dimenslons Con  be g‘\jh‘\%w\nﬂ\a Y2 duced

Theorem ( Johnton- Lindenstrause  Lemma ) Griven any ce (O,‘%ﬂ ondl m\é <t of Fo‘mts X:% L S ,an s

thare exists o N\RP Ar X Rk ’{\”b‘(‘ k= O(%) Such that
- <l Aaa - Asoll

I X5 -XSH:

< lx e

A\go(it\f\ms The congtruction s very S;Tm?\y\. Tt jusf P(o]u‘ts the ]EMA’YS In o Yandom K-dimenvonal gubgpau_
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Let & be The dimension of the D(\'Sl“o\\ PD‘MT&,

let M be a Kxd matrix . Such that cach er\Tfa of M s drown frowm the normol N(O,O obistrl but ton

| ~)</1
C Gaas@on Tondom variable with mean O ond VacianCe 1, with dangtt% fu)t J;qg‘ >

Daefine Awx) = ’\\VEMX . This 1s J{{—f:cle,\ﬂg com{;\ﬁa&;\g

RLince A s a linear ’*(roms’fmmaﬁam (Q-g.A(xﬁ‘Ahﬂ)t AU~\<}Q> , the theoram coan be reduced to the —Fo[(ou‘mg_

L emma T% f is  Constructed blﬁ the above a\gar\‘t‘nm with k= 0 —'K"S( >

then Pr Ciee ¢ 0l Aml\? < \r g > R —{—or ama unit veckor Xekd omnd, amé Qe(D/J{\

Tiwrst L we e how the lemmo ‘\mFL?u the Thebram.

log
We ek § 7 —b and  thus k= 6( %: )

RN N R . N ~ L
Tor any Do ¢ xy thae S%Mmd\ \;Lngfh O'E X?'Xj 1T maintained +o  Withia 1T With Pm\oq\o:kﬁr\a n2 .
Rka the unlon bound, the odistonces u{» all Po&r& ove  mowntained fo Within XS Lith Frnba\o?ki{kﬂ 2 Ai
Hencaforth, we Fowus on Proving the lemmon.
E{‘sni Tdea - Consider the aumww% unit  vecter e = U,o,»»»,o)

Then  Me, s \Ju\ﬁ the §«‘rﬁ Column  of M S Wwith ir\okm?moku\% ond  Yhzatical Goawssian alues.

We are nterested Th  the \u\gtk of this column, which ¢ the sSum e{ NTERER o{ these  Fawssianc.

2

k
Note that B[ 2 My,

1
.
Mzr

Mm] as  the Vorlawnce 0‘{ 2ach My

i

‘l < vne , andk So the SL\{K)Q(tZ:}\

length of  Ae, T ome as  ElNAeIl] = g Elinenil= 1.

B& SQHTng k 4o bo \Nfl .Qv\ougt\) we L\AEQLY that  the U.v\g"tl\ < %TEH% concentrated. owounch TS Qx?zcmﬁm\.

L
Trom our ntwition of Chernoff bound. T{ we wt k= OC “&; Y . then thae eygor Prahqhtﬁ% TS

- g:‘%
ot et ne M A ‘Jhl
roo The actual P(no{- ic  <imilac b the above Tdga . There ovre +two 1tcuer v handle

@ \We cannot  assume X=e, , oandk we need To deal with o\ma Y .

©

The Stan dord Chern off-— Hoz-gfd\?ng bound., in Lo)L Cawnnct be &Yr&»ﬁf\\a O\PPLCKA . becouwse  the

fandom vaciables are  Unboundad LMH\D[A&}\ With  a Umoll Jvo;\()_

The Ficst Tssue  Can  be taken cace  of by the i properties of  Gaussian  tTondom  Variables

Consider on o\r\;‘\%rara entry u3 of  the vecter  Mx  for an arbrtmrg undt  vedtor ¥ -

A
Then Yj = ?:\ ij)ﬁ whaere Myt ts on NClod  fandem vadable -

A
Yy Vs gum ufr Gawtlon Voriable . ond 1+ s a well-known fo\ct that Y5 i en NQGJE\(;L)

Condom variable . Since % s a wunit  vector. vy ts ‘)usk an NCo,\) Yandem vacrlable.
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QD,QCLCL\ O{' 4+he Kk Coordinates 0'{- My te jus* WV\(ALPQV\O\QK& Gram&sv‘an,

B\a the Some o\rgumzv\f as  in tho F{oo& Tdeo . the ;;\(Pu%{d lLr\Sﬂ«\ o«{~ ‘\P’*—KMX i Sha .

The <econd Tssue Yeqires  Some work , to deqive o Chermoff bound \Cor Growsion  fomdom  vari ables.

g\a €12mav\m(\8 colewlus,  we  ean  Compute  the  moment gm\ua{‘ms %mnchov\ Df— the sum of SQuares Df

X" \ N
‘\r\é\zwnmnf Goaussiong (1e. Elg BZ\STN Lor t< S Lor Yoo NCo,Y) ) and wse 1t o

2 —k et
prove  that Pr(laxl 2 vve ) < = /E. The detalle owe left oc o Chacder) exerclse.

g\\m}(mrhﬁ,uﬁ_ coan  bound  the lower  Tail ond %aﬁ o twiler  veswlt.

go; ]O\Q Sett‘\ng k= O (# Xn (‘%3} 5 W Nove ?‘( ( \‘l\f\‘ﬁ\\i - \\ = ;—> < % _ Pfﬂv\\ng the [ 2mma - o

Romoarks  *  The fome vesult Ts drue ouen when M is o yvandom £ mateix iAcMoFTm].
The Pfoo{ Ts more  drefficult  but  the a\forI’c\m s muth @asiec  to implement.

AQ(’V\D\\(\:}, ‘1& we wse o Candom EFL mateix ,  this 1s similac to  what we W\l see 1n datn St(‘QD\M’:wj,

Agglruﬁ‘\m\s' Ona  Tmmediote  and \LN\Furfw\T opp\Peation S ote Ao aPProximaﬁL near hQTS:er coarch .
A Uinear Scan takes @U\l] time.  but D“\‘(’) OQn(oghﬁ time alter olimension reduction.

Note thot 3t werks for Tucldean distonces oh\? Ceg. not for say Ly - distonces )

Anothec &W\Tu&\nn PES OLPV\(OXW moct o matAx LHF(\\U&‘AM\ .
Given  fuoe YA metcieas A and R e oo dimangion  reduetion< on  the fouws c’{ A ond Tha Columms
Diy R +to DLLognﬁ Aimendons. SO that the pm«kmd” Can b2  dore in OWN lugh§ Time,

while each vaf(g 19 O\?P(of\mdzhd 4the Some as  thoe  inner \D(Od‘wds OYra awro\dwﬁld\ witth WSL\ ?rnb.

Refecences

\(m&u _ Rondowm So\m\:\“\v\g nocut —Q(m and  heTwork dng}gh ?(DLJLILMS/ 1994
© Renczur ond Ka(gqr, A?\;(ux\mm&cn& et mintmum  cufs in OUn) time L 1996,

kw&a( Minimum ks 10 near lweac  HBme L 2.000.

* Lacture aotes T cliscrebe 3wwdr\3, d\a\\ﬁar < bta Matousele - (Hig)n(bé Cemmend ¢d_ )
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