CS 466/ 666 P\lgor‘ithm Design and Ana(ssis . Sprinj 2022

lecture 10 Tntroduction

\We b@g‘m with  the course oveeview and Ynfofmktiom, and then we gtu\d(\ﬁ Kmse/s Mminimum  cut afjgv?fhm.

C overwv.e

In o Rest Mgo(iﬁhms couste (e Ce24), we learned different  Combhatevial Technigues [ divide and Conguer,

%rw}\g al&or?t]nmS‘ dxgv\am\\c Fraf(amm?n§ . local gearch ) ¢bd) and  date  ghructures th?s, balanced ‘k\(@é)
+o cku?gn and mwaha?bt z—g-g‘.c?mr Qlibﬁ\’ﬂ'\ms jfti\f VAL OWS Frn\;(emg ( Shortest Paﬂ\s, Max i m {[w)
Thase tu%h\%ms are elz\ga,& and '\r\s\wgb\tfu\‘

\whan TM% \,\/O\’K,—tL\Q\/b ace  determipietic and odwmss vetuen OP"ﬁYY\al Qolwtions

Howaver . as we also learmed in & WCX(S% alguTﬂams Course , Ynost  Comblnatorial Fm\o\amg are NP Cowfl;&a
and wa dont  know Cand Pz\rho\kvs we dont zx\wd) Jaﬁ;grmf q\gor?thm to lue these Froblﬂms O’P‘Hmﬁuﬂ.

Qo ., wi need new Tithni%mes to copa  with NP-complots 'FTD\D{QMS»

Algs , mony of  the {mstng% kekovimnistt ¢ algor%hm Lo Pmknmmml time Solvable \)robbms are CmPlIC&th‘\

ond OU%{\CM& 4o be ‘\m?lzmenfﬁok C shortedt ?aﬂnﬁ o Mminiemum SPmm‘mS tYees okt mum f(m >

TL would be \/Ug nice to hove  Simple  and Tost o\lgor?thms that can bo Tm@zmmﬁu& ‘n prachice

Tn this Course . wa will (2arn vnore modern Ta&mi%ues

in OAQQSMAS mgor\xthms , ms(y\g tools —gfom

Fmbm\,;uﬁg ‘U\QOC%, Bacar nga\aCo\, andk  Contiauous oPﬁm?SQtIDr\

Thete sz,c\'m\%qu w L\Qk? we Oku‘\&n ‘%M‘R‘( ond S?m?lar Q\gor‘\t%ms ‘?0'(‘ bagic Prab\emg

approimation  alpeithms  for NP-hard problame. and Sometimes achieve Sowaﬂfmg impossible. oy

Aetarministic o\\gm‘ﬁxww& LQ»S\ Qublinear Mgoﬁt\nms\),

R(Molxom'gd\ A\go A thme

Actually. thete are wmoce than  thict eafsS » active veseorch o Yandemed algorithms ond
d 3 9 3 R

?rubm\;mﬁ%c Tdeas are Md&x\ipuxso\b[e in the desfSﬂ ownd, am(ﬁg:g D‘]C algorrf%ms,

Tn the fist ]r\o\\\C o the cowrse, we  will  intreduce basic  hole Such ag  concentation

'm(f.gﬁuu,\tlt\‘eg CQ‘& Cl\qmoﬁ bound. ), ?m‘oqb‘\hsﬁc methods | random wallks gc\\ua#\‘z—z;eeﬂ-\ (emma,

and.  See ap?leﬁms n %m\;\« ngg}{»;mﬁm K—faﬁ a\&mwmg\, dota St(zam[ng C cublineac

a\%bﬁt\nvv\s> . Markoy chain Monte Carlo method 10 Sw\«?[?n& ok Oouwd*?hg Lm\lé Known Po(g-t}mq

algorithms) . Network Cmd\‘m:g ( d striboutad comwtm%\, pocallel mmmj Cpacallel mgor:ms)

Lineay f\\veb{m / Spoctral Analysis
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In the sSecond poct of the course . we Wil (Rarn how b use coneepts  from  linzarc nggbro\
Such as z‘\gav\va\weg ond thzhvad(ors 4o duzg:sm and am\%z o\lScr:ﬂws,

TradiGonally . eigenvaluss ond  @igervectors  are wseful  in am%;nﬁ Yondom alks  and in o&uxjh;y
Oxlgmﬂ\m for graph  pactitioning.

T\MWSL\ o o\y\o‘hﬁg\\g B,% candom  walks . we will see tle Intz(lﬁn‘ng ?usFam‘\/L D]C S‘;LSLlnj a Ska
s an eletbical netwwk  @nd uwse Concopts  sudh ag sffecive Yegistances %or ngl\ preblems.

RQCQ\'\'\’\L‘3< this perspettive has  found sw?asmg opphications n SraFL\ gﬁ&rsrqﬁ‘ub‘en and &o\\/]wg

NP Q%uﬁm‘bns, that lead o fmshr odgbrﬁ‘mms %Dr Moy Combinatorial  problems

Tn the end, wa W See Some  Conlinwous oPt‘\mISQ‘c{on chhm%mzs to Qolye diswete thRngqtRun P(ob\amg.

Thic hag  cevolulionize  the Leld and  led to ma}or b(mkt‘nrougm that we will meation  Some.

Moimum  Flow Mintmum Cut - A Ho'ﬁ\laﬁna Pcoblem

We are given an unwe'Qhted  ndicectad 5(&\% G=(U,B)  and two gyed%m vertices ¢ and T
The minimum ¢t cut P(obtzm Te e Yemous O Mmintmum  humber Df rukﬁts 4o dsconnect s aand T

The  madmum =t Llow Frch\em s o Fnhk o moaximum  Set of Q&&LAOUSJO‘MT peths trom ¢ 4o t .

S— —— —
I

grarh min et c;t 2 edges o st o 2 paths
IL ¢ not it 4 ser  that  the mox oot Llow velue 18 ot mest  +he min st value .
The —Emmms mox - flow  min-cut  Theofem prove thot  thae opﬁmal valwet  ora o\(wmjs 4+l Some.
Ona W oy o Prove this s+t wie +la a\mgwmt\‘ng Pcctl\ q\gorfﬂm { Stemilac v the owa Sa« E"LFM%TJrL ma+itw}hg>‘

and +his provides  an OCWHED) +ime Q\gm‘ﬁrhm t Relve  both Prcbum&

With  additional  combinatorial deas (‘olock'm& Llow. \'fmmvg \ength —fmcﬁon) ond  odvanced data  Structufes
(d\\y\mm\c tees ) Gnldxberngao &aw a O(m\ng\'&\“g, \Eh\)\%b Time q\g«mﬂm L whidh 1S determinigtic

and  can be extended ty the \ML\XL\’C&X Case  oand  Gicectad gqa?kg.

Thew |, for Jch\rt\a Uears.  ho one  knows how to \\YV\FfD\/L +hte  rvesull.

Tn thig coufse , we will  look et his Pmum Ws‘mg more M odern tac\nm%ugs

Groph SP(Q(STRCWHGV\: Us‘mg Yandom Samelir\g o QFadm\ method ,  we will ses thet O\V\g SMFL Can be

Qpp(w‘vmadrzd\ \o\é o sparse jrqu\ Swch that all tle cut valukes are GPPfox(mﬁLlé tle Samaq .
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This Traplies  a Hfacter fxwmx‘\w\m‘w a\gw?thm Tor the min -t ot Pfo\olaw\ when the SYQPM TS daenSe.

LineaC \broo(amwﬁni ¢ The maxdimum  Flow P(OHQ,M can be  formulated o¢  a linaac P‘(o&r{}\w\m]né ?Mum.
<
n oK ce SO\LKCS) %Q
Qu\bjad to O < ’gg < 1 // Ca?o@fg ConstvanTs

{_C = ,zz\gm«*()’se‘ SRV {g){z) // —F(m ConSevvaton Constrairts

2e$™o

Hece . we {mmnm‘@ the  wmosdmen St Llow Prok(zm In directed gYa?hs, where %mLV) Aenotes  tha
cet n\ﬁ \mcom’mﬂ edges to v and Sbut(uy denctes +he Set o{ m&gm& Q(if,es \Qrom vz

The Pro\oum on  wndirectadk gm?hs Qan  bo feduced 4o Alracted S”FL\K (exercise)

Tt s possible o prove that  tlece g a\waﬂg an  optimal ‘\n%@gro\\ golution (e, fg e%,ﬂ \}e>
to the above (incac progmm _ oand to decive tle Mmox-{lrny min-cut theorem %rom lingac Fwagwmm?né d\\mht&

This allews ws to rrlax +he discrete OPT’\m\ScﬁIbn Pfab[@m to Qa continyoas O(ﬂ“%m?gqﬁ[om FYob{o_m,

Aand  to use “Tools {rom Convev.  optimi 3ation Qtzi. intecor Fo'w\t thethod ) to tackle the Probtem\

g;uicml tochniqus MJ—DWM\OH uwous opfimigation Rum%hﬂ, imqu spacsification  techniques ond  Combinatorial
jdeos ofe  Cowmbined o SWZ a r\mrk% lineac  ime a(gof[%km %0( COWW”X “olect fical J‘j[w).
Iv\ﬂcns%‘mﬂkn, mg"w\S the mulﬁpl?c&h\lg update mrthod _ this elechical Flow  solver  Con be  uged to g\‘m
& Fast  approximaRon mlfor‘wﬂam for CMY\Aﬁhg maximum F low.
This ¢ the Afirst brmk%vmﬂ;u that  leads 4o an ,hc‘[ﬁnj [ine of achve fesearch that faVenmaHJ \\MFYO\/“
the [Dhg sfow{‘w\j CTo\dkz(g~Ro\o cosult.
very vecently _ n 2edd.  ofter a long  line of work. there s an @lmest  linear time a!gur:thm

to  Sole  the maximum £ low Probkem axa\cﬂ({jf

Course 1 n'fwmaﬂw

The course outline Ts posted on the Course hmz?mgz. Detailed  inFormation can be found there .

The —Qollcw‘mg oo sk o{ bmkgrmmx memd&e that is vmqsmred ‘Fo\/ thic Course .

° 'GW&“\‘ course in  discaete  math CinduchHon . covtradiction, &%ﬂmhﬁcg, SVD\PL\g Y.

. f‘\rst Cource in o\\garTﬂamx (time (‘,MP\,QXEJr\j, recursion . Yeduchoms , basic data stvuctures and algur?t%ms)
fi(gf Cowsse.  Tn P(omb:m\g ( yondwm vaniables . Gowssians | Ju\mctom\zm, Variance ) .
Liest eourse in lingar O\\JSQBYD\ ( ronk . linear independence - determinant _ <igenvalias ovthonovmal basis ),

T anou(m&z qou o tmﬂ out the \;(acc\‘ccz Probkems in P(obab?[ﬁg in the Course }'\umzpo\&l to test
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\Aomr skills Tn beasic P(obabilﬁ*\a

Tor +he linear algebm boxtkgrot,md\‘ You ean take a bk at the notes Pogtm Obn the Course \Dajoeﬂ

You con also toke o  look ot the cowrse Po&g o«% ee 4bb [6Ls gP(‘mX 201& /20(‘( /lolo

to get o Qood tdea  about the pace ond  the difficutty of the Course.

RQﬂ L,Q\HZW\EV\*‘S B L\omawa(k Cfb 070 ( < G\QQTEV\W\QY\TSB

wiotterim, 20% QTLAV\L 30 . TN%!SO’FM\)

R;U_%ULQC(: T(a not to wSe electyemc  deviies o lectuceg | g@@ada(kg \)\aju\g ] ames /\oroxus‘mj/ Qocial  madig

/quva\\ are not  allowed.- Rmd‘mg Notes or JcoLkir\S; netes Gre Dkaj

Random.ped  minimum cut [ MU 1.4, MR 10.2]

Pooblom © ITn the minimum  cut ?ro\alzw\ . we  are %\ver\ On w\wﬁgkted\ und\( ected met\ G=(u,B) , and

+he obiegﬁwm e to indk o0 minimum Ca(o\\r\mtiha subset FEE 2 that C{*T\: '« disconnected . 24 -

Mf A Simpla oboservetion i that o mismum edU s alse a win St cut e Some gt

o, one  can Compute mn St euf J§w all et ond  take & ™Mintmum  one , and this naive A\Sonwm W%&wm

n Callg e% minimum 2ot cut Cwhich can  be Solved in Qol%nom‘\al time ).

Then, one  oblecves +hat Wt 1S izv\ows\\ to ’Just 3@\% on o\rbquwg vectax  ac 2 and jmst C/DMF\ATQ

min ot et For all possible €. and thic &}vu an m\gof?ﬁam non man sk ewT Eime

Dotprminishe O\LJSD{\JC]AM: Tov o ulx\:[x) this %ko%m\ Wik~ FYD\J\DN\ feemg Ywo(e d‘\{q“w\t than min -t wd .
Ther, Matulo (l?gT) gve o Viry nie ﬁ\&mtt}w\ that Computes mwm-cwt  In o (NIED) time .

Hic new itdea is to do o §Coph <earch and \\d\m{qﬁ% an gdge  that can  be Cormtiadted. and (epeat

Rw\d\ow\"\gu{ m_\gy?tlnvv\s kowgzr Come up with the 1dea o& ‘\‘(MHO{DYV\/ Conffaction  ownd im\arwzz}\ the Cuntime

to %(WF))\MWCL\ s ’?m&t&( than Comw‘(m& U T E\/QV\WM\LA, he qove o npeac- Uineac time SC[EO

ngof\thm . '%or the ™inimum ot ?fo\f;\gw\ , wWhiek g very \ﬂfﬂ(chiﬂf ond. S\.«P{‘\%?y\aﬂ
~ N 2 3 o~ +
Heva . the O notation  hides  Some PD(A(OS &a&or i the frunbme Q.g . OCn l\:g n) = Oln ).

Wao will ?usw& an Q(Nﬁ)‘ Time a\gwﬁ’c\nm o\ mention how it can be ‘ym\wb\/mk o 6(\\/\1)

Kaceers alpsrithm, s very s‘»m?(e-

\WWhile there  ave  more thon Ttwo Verk ces Tn gragk

Yick o w\?%orm\ud Candom edga ondk  Corntfact the Hwo end\Pomrs
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Vick o um&ormk\a Candom ed\gg ond  Contract the “two ewd\Po‘mTS

O“‘X’“ the ;u)\&@s botween The Ww\q‘m:n% vectices .

W "
Eva Q\wﬁwo\cﬁh& ah Qr}\ga, wo meoan 4o id\th‘\fi tle  two Qr\&Po‘mts oS O S?r\gksz vectey | ?\Aﬁiwg both on the same side.

See  the ?:qu\(n Yo low From tla book ‘oxé Mitzenmacher  and U?fa\l,

1
14 134 1,2,3.4
3

1 3

2 4 2
() A suecesstul run of min-cut
1 ) 1 1 1
5 5 N
34 345 .
2345

2 4 2 2

(h) An unsuccessiul run of mme-cu

O%Servation *  Fach vertex 1 an Tntermediate gy Q?h s o SQubset Of vertices in the Dr'\g‘ma\ Sfm?h -

Qo, each et n an Jintecmedialte %w\@\ Usvresponds T o ot o e or"\gho\\ 3&?1’»

Hence . oo min-Qub g an inteymediate gvo\?\\ ve at least

as \mge as oo min-cut n the

onm &lnM %N‘E\m

Thevcem “tha ?fcba\ﬂi\\*\é that  the a\§0(7‘tkm putpwls & mMinimum i T¢ at (east )/H(V\’Q,

where  h i the numbec of  verticas n tha  input 3@)‘,\

[@xaoi Lot FCE b oo mimmum il oande et k= Bl be tle numbec ojy L&gz@ o F.
1% WL never  contfad an 2dge n Toustit v fk\&oﬂt%m ends , than the m\&m‘\t\nm Qulcaedd .

What s Ale ?m\m\vm*\% Thot an Mgg Ta B 3s contracted n the i-th Itemﬂon?

B\é tle obsarvation , tle win-cat  Value in the t-th itecation ¢ still ot (east k.

Neota thot % A\W\PRE; that Q\Ilf% vectex (S e‘% C}\QSULQ at lrast k S otlecwite wo Can discomnect
o STV\S\Q veetew ’Q\'OY‘/\ the S(G\\J‘r\ \0\6 {2movh r\g less  +han k !LJ\&L/S .
T}(\Q‘(ﬂ.‘goro_/ ‘ELJL humbe ¢ 9—% ;zj\gyvg n ’tL_Q T-th  Hesatlen T8 ot etk (Y\”\\“\-D- k /'2 .

g‘muz, wa P\\Ck o Candom &d\&a to Contract , tha ?ro%mlﬁk\ﬁ’\a +Hat oo P?Lk

IS at  most \</<KV\“\*OK/L} = >

n-lkl

an edﬁpv e T

gu/ e \;wbk\ai\’xﬁa tlat T ucvves  wntil the end 1S ot least

(-2) (-2 (-2 = A2 >

A |
n R - SN N BN

Kwp\mfm% Quccess Pmbmugé A Shwple wowy 1$ o repeat  the whole Procedure Moy Hmes .

+
gmwm& we (‘L\)u{‘ *gb{ t times - Than the {*ai\w(ov anlon\ﬁ\ﬁa Y¢ ot mesh L\'i‘v

nin-D
-X X

Recall tholtt =% €2 < which can oo decwed ’ngm Tp\\é\w QX'FQV\S\\O\A
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ovnr‘zﬂm W\ xpeea

oY L Crnes - vonoen v AL \J‘ U \a VS WL TVVO D ~ V‘W“\)j
R < -X X N R N
2call  that =X $ & , X3 which con  bor decwved Loom Tp\\d\w expansion
)
\—X C goud to revew Sowme boagc calowmlus | 2~&. Qi\‘v\w\&g QF\)(DY‘>

t >t
2 —_— —
Tharefore, (- v\w\)\) < g ~Y Qo T'{ we et K= 10 nln-) |, then the Foiluca Prokab: \x‘r\a < R

20

Rmnw\v\g Time * One  eyocndion Can ba \m\?\zmavxu\ m DU\I) A e (an exgcctse n data  gtructure)

and +hue tle tal Bme Qw\ﬂgx\h} s O(r\af\

TME,DV‘\“& (\mn\mg Tmae © Tha observation ¢ +hat +tle “?o{\\wa ?YDB&\:\\G‘% T ohlg \a(gt neac  the and 0%
one  executation . while Tt g \)u\é small v the bqg;m\mi_ LW, the Ydoa Vs  that we OMZ\[

\ 2peat tha  loder  Tterations bk ot the Qo\(% Tracations - PTCVM"\CM\%, +the Oﬁnq) A\&w\ﬂnm

s like 2 % { n confactions ~ While ot mudh bettee to do « zh:r(tmg
\ I i \\\ “teiations
sl “/\0
N

W Tndapeadent  Cepetitiong fepaal lop ) timas

See more  detodls 3n [HMR 0) . This is called +he nger~§ﬁ‘m o\\geriﬂxm C1833).

_ Combinatorial  Styycture = An ‘mﬁ(usﬁr\g cora\(w% of  the teorem ¢ that  thee ace ot MoSt
OLR) wm—cwts  3n an undicected grapl\ . bacawse  2ach wminewnl Survives  with Pm\mzm—g
| ~
&(F} and.  the euente that two d\‘uﬁlumt win-cwt  Survive  afe C}\Iixo\mt o The N o

non-tovial  Stabemedt 4o prove ms‘m& othec m&ww\zntg.

. N (k) N .
Mintmum K- oat &T]I\Q, R\&)F\‘k%m con be  axtonded T 3\\/& a ‘(\D O\(gbr\‘tl'\m —FD( ‘F\md\ﬂg

oo rimimum kecut L which 38 hewbavial  fo do bvd a dgtaerminisiic a\&oﬁt\«m,

Notice thet the minimum  K-wt problam s NP-hard ook 3 givan  as an Tnpul.

Question = Cop You {v\ud\\\]cg the Q\for‘\tm fv e wintwum 3ot cut Frobum?,

O?QY\ %UVQ,ST]W: CO\h \3“\)\ d\QSTSm o ‘FA%T o&gb(\\'ﬂv\m {m( Covmﬂi\ﬂ‘\w\g g\a\om\ \/ar'hzx Q/S\/\V\L(,—t\\\/\\'h%?

Romork . After we studied gm?L\ gvms?ﬁmﬁh\, e moy Aiscinss Kargerﬁ naor Tagar Dme  mih-cut q]jn(?tl\m.

Quick bagic probability  Yeview [ Mu, chogter 1 ond 2)
\ Q

Somple space & - St of all pocble outcomes ; aach with &L\P(abc\.\ow\utﬁé/ ossoCialeh \ith T

Tuent & ¢ enbset e& out come s P (E\}: Sum eﬁ tha P(obab?kiﬁas a—§ Tt oulcomes

-

AX\\OY"\& - @ 0 < DTLT:> < @ P(LD«\ = \ @ D( C \\J E\l\ = i\ P(LE'\) ?D( OUSN\D\/\T E
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Union bound, = Pe(UELY £ T PrlB)

Thnclusion = gx dunsion va\d]@kg . P((UTE\J = ? Peler) - % D((E»‘(\ES\&EKVYLER(\ES nE, ) -
20
) P

Ve ~<y

Pe ( ‘(S;\E\\VB

Conditiona] probabitthy, = PCLBIT) = Pe =0T / Pe(®)
Tndopendene © Pl 0%y = T Pel®d
Totol prebabiiey + et By oo aipdT and VR0

Then Pe(®) = % Pe(BOES) =

v

Pe(BIED e (ED.
Mt Lot § be dsdemt and Y By = O

Then  Pe(eylB) = _Prl®IEL) Pe(ElY
< ?v(%\E\,B @rCET)

Rondom v arable X s w {—w«d\w Trom D OR Pe(Y=a) = > Yol

Sel X =

Tndapendence Y oornkh Y e Er\d\xzpsz,\&@nt ‘\f QNXDY\L:S ;% Ve LY:X o) \‘\/Z% Y2 Pe b(:x)» P((Y:a>

Txpectotion 2l = ? TR0 (X :‘13 )

Lineacity of expectution T 1= ?\ O

Tt \\vx?o\f“tarﬁ[ o wole That +hic hold¢ 2uan —Fo‘( M?ém&bﬁ Voiable § ,(Z‘& EEXI]*EiX?\LIZE{XH{]

Conditimnal Sxpectation FEY_\(\QZZ] = % % ?VK\(”/\A\ 222>
T LY 2] g o Yondom vatiable of Z  that takes on the volw B |ze2 ) TJV 2=2.

Ploate 2iew  Come haste Yandsm variables  Such at  binomial and S@w\fwh Yomdom Variables THU 222.4).

Homeuork * @ T\’a owl  tTha ?mm‘u Q¥%ercises -

@ Read  chogtec 1 and 2 of  Mitztnmacher and U?{ak o (eview the bmk&romd\_

@ Read noetes 'So{ (tneac akgzbra backgrour\o{
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