CS %66/ 666 Algorithm Design and  Analysis . Spring 2026

Lecture 20 Multiplicative weight update method

Tt 3¢ oo wseful method  with vacious QPP(Imﬁons, Indudrng on line O\;ﬁw‘saﬁav\,

We will gee  one ‘mﬁuuf‘mg application Tn de?r\j [tnear programs .

Online decisions

Considar @ QIMFM getting ot mmmj m Qtock morkets  (or  qambling in football matches ) .

Thete are n  expects Say o the newspapers.

Eoch morn‘mg Jchms will predict UP/pown of the stock  markets Cor WiN/LotE of a 3““\)

Eoch ({\/Qrﬁni, we Wil See the outcome , Whe afe r?ghf and who are wrar\i, and  the ﬁgH fupects would 3ain one
dollac  andk  the Weong xperts would  (ose one dollar.

ThiS process Wil repeat for many doys - Tn the end , Some ewparts moy oo Very well while Some oy do \?ocr[zj,

Supposa  we  know nﬁt\‘w\j obouk  Investmest . bub we gow  thot gome axpert did really well, and woendec that W wae
Followed  his/her advices than we could also earn a ot of money .

But of  coulte. we only know who is  the best expect ia Jrﬁnds}ghf.

I\C we would like to make money . we need to  make Yonbing decisions ew% dxxé . uwhle in the bajlﬂn;ﬂ)
we have ne ldeo who 18 Soaok.

Can we <til hoye to do ac wall as the best avpert o hindsight 3

Puhqu S“VP‘VSW“SL‘ZS, the Mu(ﬁ?hcqﬁm u?olaft method  provides o Simple Strmm that 3&mromtaa.s o do “almest”

0S wall as  the best 2xpects in %Tv\d\STSM_L-

reati ioht update metho
Ez%!)(a we Stote «he method, we {wst Ctate the more &Qn@(m\ schtTnf to  which  the method applies.
= We have o Sttt of n dedasiens.
Theve ore mmmé rounds  t=\,2 ... 1.

)
= After each vound , we learn the owtcome of each dadision + which s vepresented as a  vectoc M er

kY
The ossumption s thot Qach @M(% o§ m S in the rm\gz [*\,Jrﬂ/ mstead of Just b?nq{\& Volue oboue .
. & TS ) - the ®los” ,
We oenste the i-th antry of m ac  m s ond we fthink of Tt as the “loss” of expart Tt in Tounk T

(G
= Tn each veund, wao need to make a  dedsion b% gyaﬁglng o ?robmmg distAbution p over tha
N deasions Cm‘m;\\ S (e A”Ykex\bu thana YV\o\k‘mS a dedsion Yo —go(kow one expertt.  think aqc b‘“i‘“i a

Convex Combivatlien v{ stock options . Q.g ’L;f dollac Gyooikm, % dollac MICroicf‘t).
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This is the QetuP Our Sml ¢ to mingmiye the total

cost comporing to the bect ﬂqqmr‘b
R { €5
- After oll T founds . the tetal cost of  decision 1 Cor expect 1) 1S i:\mx .

W)
- Tn each teund, the ot of our dedsion is <m . P

g ESJNTIN
>, and thus the total cest (s §1<M 2.

The multipticative  weight wpdate

o\\gor\thm IS QBuj‘tQ notufal  and  Iatuitive-

+t
We \<&UZ_P o w;ﬂght W, on qoach Q\(yzrt 3. ‘(Qpreser\ﬁng our trust on expert Toat time €

[
Tn\ﬁo&(\j, we have no tdea on  which expect s good, and <o e 'luust Qet Q%qu[ &ualg}\ts, Y m'\\:\ RN
Then, we observe the outcome  and update  the watyht mmm?ummu% b‘{\ +hair Fzr{‘ormc\nca . oomd we  put  higher

\P(b‘ombiu%\a on  experte with \oﬂga( mqights\ The precice a(goﬂfhm IS o¢ fﬂ\ous.

A\guriH\m
Tix a pacameter 7 < ‘7_ ) Set w({):l for V1 Sisn.
Tor let T  do
D Lot §(t\ _ é w‘m Qot (Lt): W\m/@\ml
2) Observe  m "
) Update \u—\um = \u‘\m (L= WLW\}R\C\ )

The ()naLﬂgTs is  also  natural I% we didnt do  well in a

round . then @ Wil decreace  much.

Then. ¥ there s o Qood decision, its

weight Wil gtond ot . and we  will Follow that dedsion betfore 15/\3,

“Sy\%brmo\\\ﬁ_ the "(%o\\owéng “theovem Coys that  ALG = Q). 0PT +

B
@ \
Theorem  ASSume m e[-L+1] and me-y Afxer T vounds. it holds that
J O W L w d (e lnn
2 dmy > ¢ 2 my + S Am by Hoc  all lsign -
= ¥ = i . n
- n w 2
_Peoof US‘mg =3 w/\tﬂ as  a  potential Lunction we have
[S=01
ot n (T n (&) @) ) a W W
5. +1) = E‘\M-\ E\ Wy Lhrykmi = & - E(%wi ™y
o 5 W3 oW Wy W W o
- E‘; - ’?\ﬁ = P\ ™My Vkar\S ?\ = 3
_ - () W
= 3 ( Lo <m . p >>
-X
< g&) &"/ﬂ<""(ﬂ’ PLU) Va ms\r\g I-x € e
(TH) O A - > a® PLb)
Bk& induction D <3 QT\ 3 = ne =
So, & we donl do well, the potential  Lunction  decreates.
— «) )
CTR) Do (T (Te) 1 ) T, ~;Zo -
On the othee hand , & = 131 Wy PA Wy = E(( lw’yl“/V\»\ ) 2 L\”‘lj (l—%?’[\) '
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X
where  the lost Mg%uo«tt‘% Lollows fxom the ‘%\Q((S that ((’OLY7>/ (M?ﬂ {gr x€lv, 1] omd

—X
(- 4@‘7 > (\‘Vi/kw ‘For xel-1,0) . while these ‘f\o\ds \Cokkow "?mvv\ the Qar\vax(‘% OWL the

Qx?onwﬂ‘\a\ ’FMMHOA, and So  the line (wmzc{mj) +the —two Qn&vg‘mtg 3¢ abpve the cufye
T
""IE ¢ Lﬂ; €} > '“Im . ;Lt)
Qom‘o‘mn&, we et ne = P (l“”/k> zo (1+0A() <o
ok [ N 2 §<m e > Y Lcjﬁ( y - S mi( y
a mg oL wr have nn ~/V\Jt:t moop D M n Li-7 a&m h L+
2 (G) 2 €9
Z Lo ) 2 () & m
1 T
- bl L‘@ _ > > gﬂ
”L*\:lm\ /tht\\m‘\1
whefe  the Celondk ‘mq%uo\tﬁj uses the go&fs that  In U»,YP > //71‘“’\1 and  n K\f’y@ B’VL»(QL’
\ be deriued h yon 0 C CRNE G 3N
while  beth Tocks con be derive from the T&t\\or axpansion I Craaex) = X~ + 5~ +-
ond the OSsumption ”LS% 1S fo control the error Tarm n the focomer
T (&) I + A
Them{om} i‘ <W\L%7/?t S < % YV\‘L)W‘ aq 5 \W\‘Lﬁ\ 4 Inn
L= dey Y = T 5
gomQ remacksS  Qage in ordec :
ey

- The assumption ™Y

the  mistoke we could. make n each Tound . 'L{ 1 is unbounded . we wall need monm:5 tounds to [ ewver

'%(bm o wmistoke we made WM the blg]nm‘ng‘

\ma Scal?r\j down \O\A o {mLCto(

Thic ?m(&mfﬂr W Vs called
method , andh we would (3ke
T We dA\d nof

AsSsume D\m&%l«’m&
Corlrolled b\é ratuce  Las in

chosSes the orst outcome

we will perform very Poor[j,

Actmkkn, this is +the approach

- This

mubtiplicative

methed,

&) )
T% my € Y‘\M;W—J , we could vedute 4o The cage m;

D{’ W . but then the odditive taemm would,  beceme W nnn

n
the  width | Ond s ctuaial wn the m\a\&s‘\s ot mu\{i?[;coﬁme uFoloﬁcz
t 4o bz o¢ Small as Poss.b\q.

)
obout  the outcome , excopt  that e I-1,+(] . The outcome Could

el-L+1] Ts impor ant ( whete ik we wuse 3t in the P(unf %}, Iy\@mmﬂ] thic  boumde

el )

ba

the Steck mavket QXQM?[Q>, of eyen Controlled b% an ad\vuswi . Wwho o&mmss

Toc we afee seeing  our \brcba\aﬂﬁ‘ra A steibution In this Casw -

but what we can Sohld s that evzrg& zx\m& will

we would toke in appine  multipliestive  update i gnkuxnj LP.

update has O\W\“\mﬁms i Vadieus areat 2. learnmj and boogﬁn(j,
gome ’H'\no(\é , onling optsmization gte. Tod\ag . Wwe DnLn wWe . to  Slue  linsgar P(og({ams,
ond Uou  ace vefercad  to the Sulvey \g’or other app(t\mﬁons‘
Solving linear broprams
- T
A [neac program 18 of  the Torm  win <ox> st Axz b whee AGYKW“, oxel, beR”
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Thic is oan importont !P(ﬁbkflm that QaPtu(ex many Tﬁxzms%inj P(oblams . and Mt can  ba solved 3n Po\gmw\‘val time,

\As‘mﬁ the Z[L?Pso‘\d method  of The  Tnterior Po‘mf method. .

Wa Show how +to uwse the mu{ﬂpl?cdc‘wﬂ, \M;L?fk% u?okoﬁu method. to  Solve  Ulnesc proprams .

This mekhod is not as QeMFUc‘ﬁ\\m os the othec ymethods In Saqu{‘ but it offews Come adva»&vajou

%’or Qome. Covmbinatorial ?roblzmg, and.  we whill See one Qxam?[a next time .
To O‘WLLA the mul*HpUcodr\ve \A\)d\oftrz, maethod . we  ogsume  that  the

[ingar F(cgrmw i< quen  in the

‘Faasxb'\&‘mé Necgion., AXZL ond. X209 .

Note that the oFﬁwﬂsaﬁon version  Can  be veduced to the {Zeasﬂorttha version b:] b\ma(g cearch,

We  think of the constfomls X2o as casy Constraints , and the Conctraints Ax2b  ac +the hard Constraints.

Reduction

Thece 3s an }n\‘uuﬁng veduction Lrom  this Pfouem to  the online exPuf Prob[Qm.

D). Thisk of cach constrant  Aix 2 by as an expart . where A7 denotes the 1-th e of AL

Todh  Constravat  wouwld  like ﬁm{ to be the hacdest constcaint to be Sqtrs{rm\.

Co. tl’\ué ofre }'\D\PF‘:EF V‘]Q their Constlomt 3 violated Eka the PFOPDEQd\ ¢olution XL@.

)

Q(mal\czml(a, \\"F the \)fcgcmd\ Slutton  (the outcome in thae &-th gm\;) s XT7L then we dsz%m&

the cost of the -th  Constraiat s é\qu—‘o So_ +the Cost is Smollec t$ it s violated ymore.

). We - the LP olvec. would (ke +o plopese o  edition to So\ﬂffud all the Constrawts Cto make them MWEP&)

Tt 35 dffscutt 4o deal  with all the constraints Sfmw[fanzuu&ﬂa.

Tt would be much 2asier +o  deal  with Dr\hA one  constvoant Cvist T\chlssw‘\\\é an Dr?g]na\ Constronnt 01( the LT’)\

773- The mm[ﬁp\icuﬁvz wﬁgh% update e thod Prbv‘\okas o0 way to  Combine the womnctrants wts sne  Constraint.

Recall that +he multplicative method will Tind a Pfobamﬁa Asteibution oyer the eszvJYS Cin this

case

The Constrants ) Ta each Cound _ So that in the Lm\& yun the muHﬂF\ICQﬁ\/Q method would ko

almest  as weall os the begt zx?ut

Thn ouc gett‘mg s the mulliplicetive  methook wil have a %)Y‘ob(z]o\\u\‘a oAvstibution \)LJ() over  the (Constrinats,

€

N >
ond. 1T combines them nte  one  Constranb \3 AX =z P@]D b

. whave \) T O Yow Vecter

We khnow that. over the Kov\& vun, the totol violotion DJX these constraints  will be clhse to  the

Lotal  Vielation of the V\Q\)pizsf constroint (as 1t il put MEL\U Prohab?tﬁ*% on  Q hap\:[er uA%T(alnt>,

LO So . For ws. i% we  Can OJWWAS Bnd @ 2olution XUO Sa”cisf&ﬂmg the constraint pCQPm(Z?LﬂE)
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then we moke this Constrant unkqw% and  Thus Quzfa Corstroint-  not Vqr% haw% . and  thig

Y\Lt )

| ~

moans  thot all tho Consteaints  are  almost ’F@as'\b[z n the \m\g un b% +he  Solution /\T—

SMH

and we ace hapgg

~

irec L

This 1< the idea of the redaction . If You find it ol natural. we can also  wndecstond di(&cﬂi.

oy

%
Thn the bQSTWthS, wa jmst et 'PU): ’L/n, and we find a Solution +hat Qakigfies the Congtronn®T %)(DAY\ZP b

The Colukion ma.y gq%\sjy(uj Some Cewnstraints.  but may violate gome Constraints .

Now,_ wa  do multiplicative weight  updoate b% Pm‘\“ﬁr\j moce \/w.‘\ghf on the Constrante  Wwith largzw violation.
This let we ”fOCLLs more. on  the wiclated Consteoints. ond then we ind o Solution X(l) thot gat‘\gf\es
2D
?L AY > ?@b .oand this  process s vrepeated T %Jrees,

| (o)
Tn the end. we wWill Qhew +that the average Solution TR Wil almest goms{\a oll  conStraints

M

'Fms'\bllt'q
N 1)
One question temonns > How te WCW nd o golution  Soty s{j‘morg FL e Fmb 2
This s very asy, b ace just golol Syt th fwo 1 bt Oarz p®L and x>
S SN 5, ecouse We Q \yu DU\V\S o \33 om Wi wo [(\Q_%LLQ_I es ? z ? an X 20
. N (N N N ) D . . N
Thdeed - this is nst  atisfrable 3  and On(g S P A<o  ond P b>06 - ond Im this Cate +the Dr\Smal
Nneac Program i< mot  goluable  ( and \)uh) is oo Ccwal  Solution Carﬁ{jmg that tha SgSJrﬂrv\ is in]cw\s\b\lv
Qs T{ The or?g‘ma\ gg)sﬁ,m i< {zagib(l then Such o Solution must exist (a8 a —?zog‘(b\z Colution

woill atwaﬂs Qaﬁsﬂ this  Cowsteoant ).

Ococle and  width

Griven o conStroawt ?Lﬂﬁx P ?Lﬂ\) _ Wa  ossume  that  therz 1§ on “oracle”  +hat WL Ceturn o
goluation XCH euch that ?(ﬂﬁxkﬂ > Ptﬁ b and X(’OZ o,

An 1 mportant  qua ntity of  the oface is the _wioth, .

We Say  om oracle I8 of  width W if the retumed  solution ch} Q\mags Satisfiec
s okl < Lor ol €19 m whare  fr s the  T-th row of A

The Yuntime of the methed s kz&v\k% d&vand\wﬁc on the width . as it cnrrns?mm to the

6w
lost  bound W\\>6E*\,u)+wj in the online QKFQr‘C P(ob\zzm.

T the %b(\ow\mﬁ, We ossume khot  thew  T¢ On orade of  width W to  Solve ?CC)M(Z?UC)E.

ﬁ'gofithm

Q)]
Trittaly p Ve T /n
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For t=t o T do

Q9

% that sotisfies pPPpxz p®b

VD) Use the ofade to WC\”‘A\ o Solution

t .
ond furthecmore | & ¢ )#b“\ < W -Eor all 1

(G )
outcome M = _AX-by B all b
W

1> Qet  the

vL?(iGLTL method +to C)m?uﬁt

%) Use MLO to O‘P?\A the m\ALﬂPNco\Hw_

_ s
Retuen XZ—E{Z @ ac ouc &??rbx‘[mmﬁl elutlon To the LD
+=

s>o ba o CSNFm eY(of Parametu. gm?pusz that theve 1s

_Theotem |t

Then , there 7T

an o(gnr\“tm which elthec  Pnds o colution %

o Concludes that The System s infeasible

Tha o\\goﬁt‘nm calls  the oracle at wost

timz  OCmen)  per Coll
%m\\s at rtound T . then P

(oo A we mrgu&d\ baﬁ:rl, 1€ the orade

Ce(ﬂ{&\{mg +hat *he Ystem i nfeasible.

w

-

X206

(G210

an

XS

orocle  with Width w.

O

Cuch that MY 2 bi-¢

C \)\6 how? né o dual Sﬂu&?ov\>.

‘F‘hf ol ‘\)

o ( \A)Log{m) /Els times. with qdditionagl P(ocrzsgmg

dual Solution

% we. *%Zoms on the Case when the oracle aever ?M\s

83 the theorem of the multiplicative twaeight update mothed - we howe
S L 3 SN n T |m©l 4 Iom e an s
=1 1= el n
Recall that we <Set m%tﬁ: (A\XR\"\:I\ /w,
Since the  ofacle alwa:&g Linds ><Lﬂ Such that Ptﬂr'—\XLOZ"FWb, we  haye
©® W W S él<w\w/?m> .

<F®/ m“’):i‘ ?;(Aix&)» by) = P AN “p b ZoO

the mu&\?(]cath u?iate constraint is  nluec JWWK}

et

\

%M>J£,

(That is.
i R . that T ~ (H— R
'S Impliec the ALl TR L Y
=1 W
W
5 ; AR* §\:>\ 2_”{(“} . \/\J/QJ\W\
z ot T nl
2 o
Sot m=37, @ bhat -MW=-%  and then set T= i@%@ > we Qe £=1
X Z
_ T y&) v
Now . Eg s’zktiﬂj X= 3 Z— , we have A‘\X‘\c\‘ Z-% . This hdds for all
‘=1 T
is orwcial .

Aga'm, o’\a_s\gn‘mg an orocle of Small width

Tt also da?anfis on ouY Choice of asy Const caints
updm‘tlz method ﬂﬁW\E‘mLS}

hard  constraints ( that +he Mu(‘flpliﬁaﬁ\fﬁb

TFor  LP Cem\hg ’&lﬁ)m
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I

Cthat +he ofacle needs to gvﬁ\lif\ﬁ)

Combinatorial \Pﬁ)blams L, Wae lLSU\OLth hove o Qt(a?gh’t%orwmdx

T

and. we're. done -

and,

beund that =)



and thut 1t s a Pohjnm*.q\ time  method P{ovldm that 2 s not teo Small.
Nole +hat < 1S the oadditive ofrfor on the 05§e¢\\10, volue  ond usmmﬁ we just  set (t te be a

emall  constont  for combinatortol \>(o‘o\zzms

RQ&Q{'Q'\QQS The wmoatecial s {»«m\ “the QUWZ\S * The multiplicedive \gzlgkt uP&oKL method i oo yneta

odgo(ithm and Q?Pllna‘r\br\§)// b‘i& Acoco, Hozan . andk kale . Qe % Qo( el e qFPlxmﬂms
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