CS 466/ 666 Algorithm Design and Analysis . Spring 2026

lLecture lq + Linear Pro&(&mm\r\g d,\koﬁ‘hé

We prove the Strong ohm(\%% theocem  for  (ineac \P\fogromnm‘mj,

Then we we <ome G\\)?UCD\TWY\S in  Combinatorial oP1§m%Sa’cf0n and Qome H\aorj

wality _in ) m
Considec  the {cttomng linear prof ram
mox ¥, T 2X,
Gy, + 8%y € (2
2% + Xy £ 3
3x,+ 2, = 6
X, Xy 20
Thic & « may"\m?sﬁ\‘on problom .
To Qive o lower bound on the optimal yalue. we just need to qve o Teasible Solution.
Tn this oample. sz’(t‘mx X,=%=1 Shows that tha o?ﬂma( Ualue © at [eost $
Could  we find o better solutivn? T not. how do we prove that the Optimal value s at mut €.
Loakmﬁ ot the firct Constroint . we know That  2x,14¥, €6 . Stace X,20. this implies That 2%+ 2 € 6.
This Shows +that the optimal wvalue iSOt mest 6. Can we do  better ?

Add the ficst +wo consteoints and  diutde b% three. we obtam that Ony feasible solution  must Satisfy 2+ 3K, €

Now , consicer o gereral finear progcom
mox e, x> max <o, x>
Ax b whae PeR™, beR™ coxe R & Lo, X> b,
X209 <(ky;/><> < by

wWe ean generalize the S ame S‘Troﬁew to g\\/u\ an  Upper bound en  the Op‘hmaf Value
) BY B
Take <come P[}Sl)(t\/t inear  Combination of the ConStvants, fo <gg| ot Yaoy > € g\\b\ + tﬁlbl
W here Uys Ys be\ﬂg ?Os\tw[ s To enture thet the TIne %““mi& holds 1n  tha ight ditection-
N > > “ > . S > >
Now, £ Y, &+ U oy dominates © T PN SV c?\, t Yaoy 32 ,  Then wae kmnow thot <\j,3\*<\{;0\1, > 2 le,x>

0¢ X2o , OGnd  thue Lﬁ‘blnﬁ,le s om  wupper bound on +the optimal value

How to Lmd the best wppec bound sing this method 2 This s Ttself a [(ineac PO Qramming Prob\sz
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A tsociate o nnn—nzjmwt numbec %‘[ to each constraint  aboue The \mﬁ/gmaklzsk wpper bound 38 -

mn <oy min <biy>
%%’\Q\ 2 e &S (ﬁTAZC,
Y, 2 © SN v zo
wWe call this  por of  linear programs @ Pv?mulwtmt pai e
max < XD mn <b,\i\>
Ax < b \\J&T(\ Zc
X 2O \1\7/0
Trem ouc ditcuscion, the P(\mql Ob‘luﬁw“ value s upper bounded b:{ the dual o?t‘wna\ value .
This 18 caled the waak olum‘\hi theorem  ia limearc Prog(mmminj.

Wealk dual[&% theotem Ar\% -Fsmilb[& primal Solutiom x  and am& ﬁzasi\gm Aual Solution g So\ﬂg&% e,x> < <b);j>.

Proof <b,%> = y'b 2 gTAx Z CTx = {oX?, whete we we  YZzo,X20 in the inequalitiec. o

QOm‘Dlemen‘ta(\é Slackness conditions

How -to peove that o primal Feasible Solution % T< on optimal Solution

One woy s to fwd o dual feesible <olution Y Quch that (c,%>:<\>,\j> . in which  cose
we Qdmk\% prove Chotk both % ig Fr‘\mm\ optimal  and Qs duol  optimal

When gl QTX‘—\J\S7

Recoll feom  the proof of the waok duality theotem that wib > y'Ax 2 o x

So, to have ¢TX :\:T\é - We must hove  both inequalities Scx%ls{\j as  equalities

Foc 4he {irst Tn2quonlity to hold a an 2quolity - we showld  have Y=o only if Co,x>=b:
12 we Should wse +the 1-th (ow Dhl% when  the 1-th Censtraint it %:Kht.

Tor the Second \mz%mh%& to hold a¢ an zqsmutu& we  ghould  howe <Q3)%>:Qj whar e Q:J denotes  the
‘yﬂ\ column  of A whanevec Xj >0, e % Xy >0 then +the Coefficdesnt in tht combinetion  Should

atch mecﬂﬂ the coeffrcient In the objective Function  Cin other words. the dual Congtaint s ﬂ@h%)

Tn foct. thase ove necessary oand  su{ficent Conditiong fcr Xy to be optimal

Comp\emevﬁcw% Slackness  Conditiong Let % be o primal feasible Solution and y bz a dual feasible Solwtion .
Then X and Y Qfe  optima) Wooond Oﬂl\ﬂ f H\@,x th‘\s{»u&"
Primal conditions :  ITE Xy>0 , then <o\5/\$>: Cj . whele o’ ¢ the -tk column of A

Dual Conditiong - 1& \ﬁ‘>o, then oy, x> = \); , where Q7 s the T-th Cow D\C A
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The QDmp\zmﬂn‘tm/\/A 2lackness  Conditiont Can gm:d@_ we o Qearch  for Dpt?mml p(%ma( and  dual  <olutions
using o Combinatorial  Algerithm, e the Hungoacian O\lgoﬁthm for wzri hted  bipartite moatehing .
These aye  called Pf?mol-d\ual algor“thms , u;‘:r\g the PY\W\al»dual Po\'nr whThout u\)t?ciﬂﬂ &o(uiﬂg the [P

ond thoy lead *o Q}m\ﬂﬂ. ond aﬁ;e:znt algprathms for  Combinatoerial p(uElszg

Y

Thete  ace  also oppowimate C%m?lcmﬁﬁw\:& slockness  Conditions ” %o( the d\u?gn o{ opproximation a(goritbmg

CGome.  well- Know n Qoamples  Gfe for %acmhg locafion and network Okes‘lsn \n(obkzmg- See the book b& \A)\\\‘,omsm&%moﬂs.

Convex  an a\isls
We have derived necessary and  sufficient Condition ?N a  pair o{‘ P(lmo«t ond dual Lolutions to bz opﬁma\.
But we hove ot proved  that they must east . ond this is the content of the <tcong d\ml\f% theorem -
wiich  Soys that The dual Plogram o\\wmﬁi provides o tight  wpper bound of the primal progrom.
There ore d\\ﬁemnt U o prove the St(ang otmﬁﬂ thasrem .
One ic hased on the Simplec olgorithm. which 1o 2lementary and Self- Contoined . but 1o gpecific to LP and not as insi ghtul
Tnstead , we wil see o gzmuu\\ awfomh based on Rimple convex Qeometry but o shight disadvantage s that

we mged to oaume 2ome  bagic  results in ana(\ﬁs‘\s ondk we wll not See all the details U{» the Proq‘

Sepacation  theofem
To prove stwn& dm(i\‘t\ theorems. We  need  the %okLomng ’Fuhd\Dme‘tm\ recult in Convex Qna(%s‘z& R Shomﬁn\f +h ot
W Con alwoys find gzpfuht‘mg h\ﬂﬂp\una to Sepecate & powt att In o cloced Conuzx <t from the comvex Sef.

Recall That the ic  what we needed n the Uh\;;o\& method os well.

Defimtion A get £ ¢ closed i euety  Limit  powt of £ w oin &

QQﬁ}n\‘c\bn A et S i Convex x,%c—g . than D<>(+(lrb()ﬂé$ 100( all o< ws .

@qemﬁov\ theorewm Let 8<R” e a non-empty closed convex 22t ond  vEQ.

Then  there exists  weR" such that o> > <uw, x> for all xeS.

The psoof plan 1< Simple and  otuitive
Criven v . fmd the umgue  pomt MeS  that s closest to v

Then. arQue that <\/ﬁ><*,><~><*> o for all xel and this Wi Rive e the hi?u?\c\na with  difedtion  v-X
The p(oo% s Swnmo\r\&zd ‘o% The wauowmj 'PTU:\WQ @

Lamma  x® 35 uniguely  defined
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Lemma  xX* s Lm‘\%uz[& (ia{m;u}\
P(ooi Lot X be  on (A(b?t((zr& ?o'\ﬂt n g
Consider Y= § 4eS | Wyl < Mx-ul |

Then Mol bounded  and cloSed , and  thus Compact

A pont cloeect to v

¢ o mm‘)m%w o{ the continuous J{uncﬁon "FL@*'“\&‘\I\\E ovec Qumpc\d et Y.

Ea Waierstionss”  thostem, +the minimum 15 ottoined b\é Qome Pu\'\T x*¥e S

To gee that xX 3s uniquely  defined , Suppose oy comtadiction That  X¥¥% ond both are miatmizers.

Considac i:%bﬁxg . Ei\ Convaxity xeS . et = \\Xrull; = || xrulli bae the mnimum volue.

Check twat | x—v\\? = % I -ule + 5 nx,v(lz - %;foj\\; = }Aa%m—xl\\l, o tontrediction . 0

| Qewmo ¥ e

the minimizec  if  and enly £ x5, vyt >20  foc all xeS.

E(m§ et xe 8 Congidec Y= (V%)K*ﬁ“m( . B% cowm%, &i\sg.

Note thot UE\—UUZ - O -w) —e(-0llL = WxXE-ull) e e, x> 1 @ i\x*foj
Then XX s the mInimiyeC S5 —e v XK x>y + e Y*—xl\; <0 \dx . Yeso
x * £ ooyt
= -y xXF-n S s 3 W=t Uy . baeso
& oy, xXF-x> <o Y%, op

P(eoﬁ o§ SQ,E(;O\—t\lOT\ theetem

Lot w= v-x*.

Then Wl >0 = CuuxF> > <yt S <ywmd> > W,

Fo¢ ouny xei*, the previous  lemmo Ty Cx-X, vx*><o > <><)u~><*>é<><*,v~x*> = <x/w>5<s<¥,w>,

Thecefore, Cvow> > dxow>  foc ol Xe S 4

Tockas lemma ond  strong  LP duality
= g

We are going to use  the Separation Theorem o prove Tarkas lemma,  and  then to declve ST(oni LP okumk[%j.

Fockas  lemma  Yels ws Qractly when o ek of linear inequalitied  hat no feasible Solutions.

Thesrem  (Fockas (2mma ) The Qustem Ax=b . %20 has no Lolutions 4 ond only o

_5% Cuch that \ATazo and \ﬁT\D<D,

P(09£ é) I% Quch O \Q evists . then the mi\gtqn\

must  have no Solutions, as  ofhecwice

O>\§}> :%TAX Zo , a contradiction.

=) Let S={ Axlxze) . Then £ ic @ closed  Convex get  (sex chagter 6 of  Motouset - Cracdnec).
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Note +hat the System Ax=b, %20 hoas no Rolubione it Q%M:Vm\ﬂmt to go_\j‘mg +that bé& <

SLA the Qepafation theorem . There @xaste Y Cuch that <g&,lo> < <\3,2> YaeS,

which can bz Cewcittea of <%'b> < <%, Ax > bYx=zo.

Sine  0eS . we haw <yb> <O

Also. w2 must have ﬂTA?o . oas otherwie theee 2uists X220  Such that <\S,E\X>T<L§(¥jx>:«m,
(Lwt(mi\‘&\r\g that <Lﬂ,b> < <\ﬂ‘A‘X> YX20.

Tockos lmma  Ts  eften called o theorem of olternativec : Either the tyetem hal a geolution or not

and  ia eithec Case  there is an Qas‘,l% Verifinble  Condition  foc VL.

Tn Pacticwlor,  the non-gxistence of X i equivalent  to the  existence o \jk

We  od= WLQd‘ﬂ to  Proue  the Qt(onﬁ LP d\u\a(\ﬁﬂ theorem.

“Theorzm (Strm\g LP- d\mal\h@ T4 beth the primal ond  dual alfe femsib\z,

then ‘t\nzn have the Some O\OSQLHUQ Valug .

p(cgﬁ Qong\dfl( the pdmal Iineac ?(Dg(mm M the Q,%u\omh& ”Form»

max 'Y

Wip ET%

Cprimol) Ax=b Cdual) YAz

X 20

We would (ke to  ghow <what i€  the primal objective value  1s lesg than o volue ¢ then thete 1S

& dual fTeasible <olution Y with objective  value less than )A) ande this would ‘\mp[\,& Strang oLw,\L}hﬁ

The P(imal DWOSQLH\/{ Valug 18 lest them Jus R z%\dualgﬂ\’ o the *Rio(lm%ﬂi S%Sfim XS \n\ceaStbLQ

X =-8= p

N o ( A 3\ W ) (b)*\

B% Tockas lemma. this s infeasible A Evjéﬁ"‘ Cwnere ACR™ ) and 2eR  SQuch that

Q&T 2)[ A ©)\ zo buk Cy' z}(\b <o .
-l

}}\

More compactly. LJA+ 272 o, —2z2%20 | and \ATB tzp <O

We Consider two cases-

Qummge 2=5, then +thig 'nm\;l\‘e; that %TQ >0 oand L&r‘n <O _ which wmeans that the Pr}mat

Vingac  program ha¢ e §ms;b@ Gofution  at  all, Cbr\t(ouii(f?nf TO  ouf {ms\b\.hﬂs asSumption .

.
ngPma 2%0 . Then 2<0 . and we have K%} A=t and. &g)\;<}k,

L19 Page 5



—ul
Thum%mz, jz— s o odwal Feasible  Solution  with bk‘j@di\l@ Value

(¢S thon
Creometcic  ntec Pmtq’c\on

Mo

a1 «c I{ X iS o oPﬂmo\\ Solution 3o the dicection .
3 then the o‘o‘)zmvt -Fumd‘mn gheuld be n Tthe (one of
2 ewmi=h
the tight consteaists - Le 3Y 20 st yh=c.
+1
i Othorwnse ,
: } } T
D -1 1 2

we Lol Tmdl aw im?(oum <o lution

in ‘U’\L
divectiom ¢, ond thud X (¢ not oF{imML
Min- max theorems in Combinotprial optimizatien
Min~max theorem¢ ove %md\amzn%q\ cecults in Combmoatorial o?ﬁmisqﬁon ,as Jcha% 31\&
of the optimal value of +the Problem

M Characters go\ﬁ br.S
gDM(L

well-known Qx&mvlz; Tnclude

Mﬂx—b}gw’c\tafmaﬁd\’m? Tor ony b3pu(f7f2 g(mp‘m the maximum e ‘c’% A rhmch‘mg

S Q%m( “+o
the minimum SRRC of @& wvortex Cover.
Moy - Tlow  win-cut

Note  that Ho\t\lj thesrem 78 \NTV\P\‘.Q(;\ b(lj it
Tor ony davected g(m\;\q and. ony  two vertices 8 and T . the maximum volue of an st flow

53 Q%w,\[ +o the  minimum Value of an ot cut.

We nfow See that these thescems

Con  be proved S%Sﬂmoﬁ?t&\\% uS'vng LP OLL/\u[T'ij,
B\\gq(ﬁtm W\rﬁch‘mg
Cpimal ) Mo = Xa C dual ) min ivg&v
(S <) Yuel YutYy 21 Y wek
Xe 20 YoecE Yv >0 v vel
Note that ony "m‘mgm Solution  of the olual progrom  Cortegponas te @  vertex Cover-
Tt can b2 thown that <thwe odual LP  has '\n\“ug(o«l optimal  Solutieng Chbw\ewwk{),
. the min-mox theorem  Rollows  fom  the Strong duelity theorem.
Mosimum ¢ low
L’?(‘\mo\[) o §;:g C dual) min % to
A%gg‘“m) - £ W) <o Yuev Guy * Yu-Yu 20 Juuek
‘\:Q, < Jeek Y-y 7 |
{Q 20 Y ecE

Yezo YveV
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e 20 Y ecE Yo 20 YueV
de 20 Y aect
To undecstond  the dual progrom - \C‘\rst obstcve  that dx\ku:ki\w%\/ Y uuel ia any optimal  golution
Alto, we can ossume that Ye=| and Ye=o L and V24,20 Lo all veV
Suppose. \3040/ B Yy, then Tt Coccesponde o the b whee  all vertices  with wo=l Qre on the  oure Qide,
while all  verficar with Y=o are en the 2ink side | and the objective function  Counts the numbec
of szrigu inthe ot ek

Aguin) Tt con be proved that both the pYimal and  the dwal are Tr\VE%ﬁx\ C avercreec 1) . omd Thus

the max—{llom win-tut  theorim %ollnwg Leom  the St(ohg dhmquhé\ Theoren

Minimox  thesfem in  Qame theory

Thece oce also  Vaiows  wes o{ the gt{ong oLLm[&x& theorem in q ame H\zorn

The west  Tundamental ome s the &MLWMK mintmax  theorem in twe playecs  3eco-Sum games -

A tws plogecs 2ere-sum gome  Con be  descel bad bj o mataix, where 2ach (ow Covrasponds th o gtm‘cegg a{—
the (ow player. and eoch column  Corresponds To @ G‘C(D\Tz&j of the column p(mu\&zr.

I{  the cow plower  choosec  cteotegy 1 and the column player Chootec  Steatagy Y. Then the  payeff Tor
The \DLO%L(S (< thwe K'\,D»%h Znt(\d aJy the modtrix.

The Yow \)\mﬂw’x &ou\ LA ) maximize the PMSH while the column P\Dx\ﬁli(ys gomL 'S to m‘\vﬁm‘\sq the ?deo%s,

P|S R
PO |-1]1
g 1 0 q Q-% this ve the ?Q\i\ﬂc‘% moli{ix oi‘ the ?QYN"SQ:SS‘”’("LE 3“"‘2'
R|-1|1]0

A Naga e@uilibrivn s A paic of Strofegies of the playecs , Such That euen € o plager knows The
Ltcategy of The other player . helshe connst gan by Changng  his [her  ouwn Stlategy -

Tt chowld be clear that there 1 no  pure Stmtzgu\\ solutlon  In the poper- sciscor ~yolk qama. but  The

(%51

A Need Qﬂomzf% is on Q%\A,ﬂf\"(o(iutm Solutivn fo( both \Dﬂo\\ﬂug.

We now  show that any two,yka\jm 2%(0-Sum  ame has  a  mixed gﬁmteg% 2%m?t?¥(\um o lution

bet A€ R™" be the  payeff matrix.

bet = (X. . Xm) bz tha Probobility olistaibution of the Yow Steategies | i T Xl Xizo di
We danote it ‘o\& xe A" S‘matwt%, the column  mixed W““Xﬁ tg dencted bj Ye .

Tf the Tow playec ?\m&s X ond  the column ployer p(qu\\g Y . then the puﬂa{& S glm?L\,\\ XTA%'
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The  minimox  theotem cays  that i{  botn playecs play uPtquU%, then it doeenT matter who  anwounce

theay  mixed Qt(v\tegxa Lorst. and thu ﬁeﬂ —Eorm o Q%ui[(‘or?um 2olytion .

WMo min \ATA% = min  max )(Tﬁk&‘
YN \ied\ \\&eg\ Xe 20

Theorem C Wivimax  theorem )

On LHL, the (ow i)\m&e( annopunces %rg’t 5 while on RHC.  the column

Q(ooi Tiret, obeecve  that owe the

?m&‘z( annvdunced \Cwst .

row ploayec fixes o gtfmg\é X, then the olumn playec  con

QDTY\FUZUL XTp\iQ?UZZ,‘,I,\> whece 2, To the zx?edzi ?mﬁogﬁ }% the column piaﬁer pmﬂs SVMQ& Y.

Note  that P(Mm& the  puce Strotegy ¥ with minimum 27 IS o best (esponse
o, wWe Can SImPh{\a nox min % F%z) oS Mmoax  min Q)(T(\S}, which Con be weitten as an LP-
xes"  yes” xea™ 3
mox t
S
Vs 2 <) €
2, X 3 J[ S 1<3< n
m
VI
b 290 N l€iem

QRme[S, min nax XTPMi Can be S‘MFL]{IZ& os

™min max QAl@J . which can be wiitten
vea”  wesr

My 0 as an LP:
Yee J
min 8

n

Eals%ssr ¥ lsigsm

=

2y -

= 8

Y3 Z 0 9 \élﬁr\

Now, Check  that theee 1P ave a p(‘\mabmwl ?o‘\r, So tha minimax Theorem WCmm Stﬂng 1P dml(hs.

Yoo’ minimax  peinciple
> :

Yoo obsefved that tThe minimox painciple  Can be used o prove  lower bound ¢ ‘FD( {Qﬂdom\ﬁzrk algb(wt}wg,

The Wotst  cose (unhh\g fime D’{’ [N rwxdow\])aq:k Ox\go(‘\thm s 1te Y(mwm& tiwme on the worst EnPMt

gu&mm&l we Womt o plou. o lowec bound.  on  the fwm?ng time of Q“{E \(m\dum‘ty«)\ Q\Yoﬁt‘ﬂm To  glwe a P(b\)b&m‘

Note that o ‘(Qmihfv\‘\szrk ql&)or\‘tbm s }mch o distoibution ot deteoministic odgmt\\mg L leo when  the

Yandom bite ace  fixed , the alpecithm be haves dd‘zrm;mgﬂmuﬂ,

Think of 3C as kwmplqﬁg( 3ero-Sum  Qame whee  thece s O Od\ug(swv& who keg o \Dta% the

Wworst  distr butie n v% ‘mpmg +o maximiye the (umn‘mi time while  the ran&um‘xiq}\ a\gocithm T\qu

wants o ylaﬁ +he  bect  dasteibuxion @Jy al{mﬂxmg to minimige  the fumn;r\g time

Quppose. the  number  of inpute s Gintte and the number of  detorministic olgm‘\thmg 16 fimte
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Let  AeR™" e the payelf matrix . whee 2och (ow  Coffesponds to  on Jnput . and cach Column Cofresponds to

o Aetecministic algo('.t%m > ond the U,th)u TY\P\A is  the (\Al’wﬂn-g Time uf q\ﬁo((ﬂnm& on 'm\nm s

1y

Lot e X b a probm]m‘\f'h& Aistiibution of the Taputs. and Fea be a P(obab;u%% distibution of the algof\thms_

-
The Qﬁ)mp\u\%ud wa afe  Intecected in er\a\ﬁg‘mg (XS r_g‘g\b“ g\“:;m \

S
AT 5 the ﬁmnini Hme o—% the dedt {uw}mmism algnﬂﬂm(

. 7
Bu the wminimox theorem ‘tos z%m\l ‘o wmayx a3 €
3 ’ Tearm Rep!

o, *to prove lowec bound on the cbm?mx\ﬁ& of  the bect (wxdom\guk ok{mit\am& L, kot QHW&K to  Come up
With o disteibution of the inpule  and  Prove That oy deterministic Q\gcf‘\thm wowldh  take @ long time -
Tt 1< msuaLL\.& eagier to  Teason about  detecmintstic algm‘\‘c%m, ond  thig appfoach s widely  used.
Note thot Gm& Alstributon o the “mymts Wouldl %\L\/(L o lowec  bound ( the wwk otrmli‘ﬂj theocem ) |
but the winimoav  thoorem gays thet  one could pfove the optimal  lowec bound.  this woy

See  chaptec 2 of " (mﬂdomxgm atgmthms/’ {vr an 2xample of })(om‘ng lowes  bound this w%A

Tolls  £o¢ Mulficommbd;‘f\é‘ 4 low

We mantion one  moce opplication with a  Qoime  theory £ lowor

gu\a\wa thece ¥¢ O troffic network oc o0 Commumication Network.

There are N wgers  in the nNetwerk . wWwhee eoch Wsec T womts to  €end A wumts of R“{g(mat\un —grnm Q, to ti

I\C we let each uwser to  Chooe theiwr own paths to  Send the information. thz% Ay all Qend c\hmg the  Shortest \)aﬂ\s
omd. thic mm& Qowte ‘mg}\ congutmns on Romg ngu , onde thus o bad utﬂ[gq“ﬁor\ o{» the network.

Tnetead of d\‘\ruth:X Qm\‘wokhr\g theie behoviows , what we towld do 1t %o 81\11 prices  on Qigeg . onck d\o\rgt

the weers on  the zd\gu thxz\g wied , and the ‘r\erpsz 1S Yo quold.  ovel Lon@utivn andh  to o bettec ¢oaal wu{are.

This \xoL\zw\ can  be formalized os  follbws.

Let Py be the St of all possible -ty paths For 2ach path pePi . we have a voriable ﬂ;
Let Co be the Congestivn of edge e thal  we would ke to Qn%a(t&

Let JQ; be  the \qtﬂnu& of the path b, Qluen the Current Conpestion  Dottecn.

Oue ohguﬁ\m 1y 1o YY\TY\\‘W\T:)G_ the total \(l‘tlncka while ZV\’E*DFCTY\f the CDY\KZS‘HOY\-‘

e %5 % fy
\?1@.,3? Re < ce Yo Coongestion constcaint )
?ZP; H = 43 SR Cinformation consteaint)
%P“ z o Yp vl
The duol plogrom s nax éo\: 2: 4 E Cote
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e
A Z‘leP e S 9.\) by 9 P (S ?'.
e > 0 Ye

Now. if ULz @t the pdce on @ach 2dpe & To be te . and Q use¢ needs Yo Pay E? T, dolars for

lexoUmi on  unit o& ‘m%ormmﬂon

Qtav\g Po&}\ 'F
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