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lLecturte |R - Sponn'm& tree polytopes

We shew that the Spanning tree polytope s deswibed by the subtouc elimination (P

The  proof uces the wnecossing technique  that  wndeclies many results in combinaterial optimizatien

Then we e on o\pph‘caﬁon n desrgn‘mg an  additive approximoation c\\goﬁthm \Cw Pounded dﬂzg(u men‘mj trees .

The Subtour  elimination LP

The minimum  Spanming tree Prublem con be  Lormulated ‘oa the {nl(ow‘m& lineac  program.
min E Co¥q
w(EC)) < (5l-1 ¥Scy ( subtour elimnotion Constraiats)
<(E (W) = Ivl-1
Xe 2 0
Recall thot TE(S) denotes the cet of edger with botn endpoints ia S and x(ECS) derotes o o Xe.
We  ghowed 'n LIE that there s a polynomial time geperation Oroade to  determine it a  point X

Qatisfres  oll  the Congtiaimts or not ., and f  not output o v%o(m%w‘ng eongtrainT-

This Tmplfes thot <the zm?nnanﬂa(»s,‘%mk subtour LP con b Solued in Potihum‘\a\ time b% the e[[{{;sclok method .

rtegrality .

\We would \\ke fo chow €hat the LP s ‘mh&m\) o gain ILS]V\S the vonk m%um“t , but this LP  has
Izyponer\ﬁmk\j mané Constfaints ond o STMPN_ a(&uuv\u\f ke lost Tme twont work .

Comewhat Quan‘smi\\i, one  Cawn SQhow that the Yank o% the  Subtour elminofion  constroints i< Small.
Theorem  The numbee of l\\l’\LW\% ‘\mia?emiuﬁc Subtour  elimimation  Constconats i at most |yl-1.

With thic theorem. then wa can :mstl% acgue  thet the LP is jntegral ac follows.
et ¥ be a basic oPﬂmM golution - First, we femove all ed\ges with Xe=0
Then . bg the +heorem , thare ould be at most |ul-| l?hemlh f‘r\d(’.?&r\dar\t Jﬁght Constrosats . ond <o
thare could be o mest  Wl-1 non-zeco  edges  left
Note that Qvecy edpe  uv  has Xy <l . oge it s Tmplied bt& the coastrount *CEGaud)) < Lwvdl-1 =
Therefore. to gmﬁs{n the  constionwt XLE(\A}:\\/\*\/ we must  hove Q\(Ox(tl:& n-1 edees  with value one |

&nd hence o busic  Solution C,DF(QSPDf\dS !qucﬂka T a &Fanh?ng Tree

Basis of t'\gh‘t Consteanats
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To prove the theocem . wWe needd to undersfond  more  about +the ﬁgb\t ConSteaints .
We Qouy Cev is a Jtigm set X(BGY = ISl (L

&l
C-(\\mr\ FCh, we define ®Kp o the Chefadenistic vector in i

with one for each edge in T ond 2evo otherwise.
Note that ey i the Cew vedtor in the consteoint  moatrix ‘Fo( the consteount x CEGS) = (sl -1,

and  we need +to  (easwen about the linzor dayzr\dan%,

Aminod asi
“To prove  that the roank i small, we ore Smg 4o Show thet There adsts a  boasic  (lee oo Moximum

2t of linearly Independent constrannts)  With o Specral ctluctuce . tor which we can uppe € bound its Co\(zi‘mo\[ltij

TFor this gpeaal Structure. we need  mo definitions

We <oy two  sets TSV oace Jdnfergedin ST TS, and 20T ace all non-em pty @

A {mvﬁl% L o{ Sets is o _laminar  Toml \—g there  ove 0o two \\vﬁarsuﬁr\g subgets .

Tn other \Wofds £ ¢ o laminac fo\m‘dé [ESRY e 4. implies that  either SeT,or 1S,
or SO T= d)

A Simple induction Can prove the ﬂlo\\m‘w\g ot otomaent .

TFact Lot £ be o lammar {o\m\,l% on  Ov %roumk et of  w elements .

l—% L does nit have i‘m&&%om (Le Qats of one eszuaM) . then 1L n-1L

Lam}na(\‘hﬁ ic  the ggu‘mt Strwcture  that we ofe Laokmg {oc
Note that v our LP  There oce  no tagnt et o‘f gl\it one (Since those Congtroints afe \/acums)

With the oabove {‘mtA the abeve Theorem  Would fy‘olkow Leom  the %e(knw:v\& theocem .

Theorem Lot F :§ S\ (B = [s1-18 Vo the set of all tight gets.
let SPQnQrF) = i e k SQTZJ be the |ineav QuBSPQLQ i B Sponned bZ& the, characteristic  Vectvrs in (\F

There evists o laminar {am;tj éﬁﬁbﬁi Such that SPM(d{): $pom(ﬂi).

Thot is, thee 1< o laminac ’%Qmu& ;ﬁE(? such  that eueay Chatoacteristie  vedtor  Ygcegy for SG(F
Can be wiitten &c o linear Combination of the characteristic  vectors NELT) for Te &,

Or moce Simply. every fow  Corcesponds tv 6 £ight el in T can be weitten @S @ linear  combination
of the A{ows co((zspondm&) to tight eets o L

So, this laminac family £ is & bosis of the tight Conciraints.

Since Quch a laminar "Eo\miua ( without ?‘mglatons) con  hove ot most (Ul-{ gSets, 1t &me that
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there ofe ot mosk

[Jl-1 l(nzqug independent t'\gM consttaints  and +the previous  theorem FTollows.
Necossin echnigwes
Owur gom\ now 15 To  constywct o lomina e basis 2. o basis with no ]ﬁersacﬂng sets
The Unccossin g technigue  would allow ws to  “unccoss 7 the ‘mtuudh\f Qets -
The '&:o((owmi claim  makes  wse o{» the f Caph Qtructure
° < <
Llam. For S.TCV L gy * Xgry € %egnry T Xecsor) -
Tucthecmore Q%uc\lﬁ‘i holds \\WC ond. WL\% \‘f EQS*T,T>Q:¢/ where BCS-T, T-2)  denctes
the et of edges  with one vertex n C-T and  onother vertey n T-C.
S?fcn& Q‘o\a P:C:t‘\/\_(ks = thm szgzg eontribute I +to both Sides.
g 6 T = thick adges contribute X to  both ¢ides
< > = dotted &dgzs GntAbuke 0 to LHS bwt 1 to RAC
Tkszorz, the \‘r\a%ua\(ﬁv& hold s . and Q%ua(th& held s ?‘E and onh:} i thae are no dotted Jldgas ‘a
The ‘?o\\@w‘:ng M‘mmo\

Says that tlgh’r Sets  ore clised under intersection

Qnhd  wnion
there s

and  Turthewore
linear dxl;m«\oten% Detwean them

yiv\{orwmu(ﬁ‘thﬂs will hJZlP VESRN VQP(N‘W\E two ‘[r\mrsecﬂng tight gats b\f) two V\Dr\—’mTQ(SecHr\g Tight Sets.

[ emma T{— S/T E[T‘ and. SO\ X0,

Fuc thermore

thin both  ODT ond SUT ore in .

Xey * Xgmy

Keenr) T Xegory -
Proof  Sinee QT are Aight,  we have
lel-+ Tl- = wCEE)) + x(0TY)
< x(BG m} + x(E(gﬂ)} u% +tle oboue clawm\
¢ o lenTl=1 +1suTl-1 U;% LP constroinks)
= 1Sl =1 & T
Co

, egualities  hold  Thiowghout .

The Second Tr\Q%mkita holds os Q%uutihﬂ implies that pboth

anT
The Hirst

and S0 afe tight Cets
ir\eagmw% holds as Q%umﬁn fmplies The linear q:z?gnotgrwg blé the obouve Clom
as thate ore no edges  with xg=0. o

Tha foltows g pro posiTion

implies the Qecend  theovem.

?“’EDSW?N\ XNC £ 1 a moximel | oaminar %m‘«:{ow\&\d of (73/ then %Pan(iﬁt QPGn(r\Ji)
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Yoo I~§ L 3¢ o wmoxmal  laminac f*o\m\ha ; then every Set RER but R&L  must interect Some

i

Set a
Lol ntecsect Qiﬂ{\) be the number o% cet < In & that ntfersect  with R .

Suppose  thace eyists o sek Re T but R Spon (L)
Wae consider Such 4 B with  mismum  intecsect (wﬁﬂl) o ong all  Quch sets.

SOLUA R inteccedks Qéi

Conaider SaR  and SUR. Siace 9R 675, beth S0 and SLR e 3n K b\;& the 2mme .

We Wil prove thot both ntecse(t (&, 0R) intasect (ALR) and intorsect (£,S0R) < intecceck (£ R,

Agsume this s true for now.

E\d the choicee a—& R, W must  have both R & QPm\C&) and  SuR e S\)O\'\ (i}

But  then rXELS) + (XEUL) = /XE(S(\K) +(XT:LS\:\L5 b\d the lemmi , ond since S, SOR, SuRL

OYe N Q?av\ (;i\)/ it \\W\PRES that R s alse in Spm\(i>, 6. Contradiction.

@b/ thete 18 o R wWith Ré(\{i but Rég @?ahQﬁ)} ond we are dens.

“To complete the  ploof . it remaing to  pfove the f(auaw‘mg cloim .

Cloim TE R Anterseds Ced. . 4han both antecsect (&, SOR) | wtersedt (£ SuR) < ntersedk (L_R).

,?L(Ab,f_‘ Consider o cot Ted ond =< -
2
13
inee TGQE‘ it does not Intercect  with S.
Co, whenguer 7t intefsects with SoR (cose 4 or T
SUR  Ccase 2 of case 3D it must inteysect with R
This amplies intersedt ( &,50R) <€ Antersect (£, R)  and  iatecse™ (£, QuR) < intecsect (LR

TFuthermore, both CaR  and SUR  do not intergect with S but R duoeg,

andk So thit Impliecs that we hove <QT(ick ingqualities g

“The Clatm {iﬁw\is‘nu the p(m{ of the Pro{ms?c\on, O

‘T\wxz%nrq, we  have Com?\e“bz& +the ?(no{ that tThe Qubtowr Climination LP s 1n%2gro\l

Smbmdmm%

A Lunction J}faw\ that Satisfies £+ F) 2 £ oM+ G0TY Y ST ¢ called a ubmdular funmm,
One imporfont xample S the cut FTunction 3 (SO + x(&T) 7 x (ScgaT)) + x ($CsuTY) -

TL 7s not on Lxagecation o Sy that 2uecy polynomial  TWme  Soluable  Combiaatorial oFt‘\m\ScA%wn

\P(cb&ms has snmztmg to Ao  With g“bm“d\w\f}\(\*‘(ﬁv ond the \M\((ossw\g Tlchvﬂ%ul 1 used to handle it

See the Qv\cz\do\aa&‘\o\ o—Q gc\/\r\xS\/e( fo  luscrote  fhis Fo‘mt.
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Minimum bounded degfee Spanning tf ees

Tn this pfob\zm, we ol g‘wm o okqgrzm wppee bound. By on eath veitex , and our th 15 ‘o %mi X
ggomn‘m& tree  with  Mminimum cosk  thoat satisfres  all the d\zg(ul_ consteaints -

This s NP- hatlk  os  the Homiltontan paﬂw ?{lezm S o Special  case . and  there s ne
{eatonable Rpproximation c\kgoﬁﬂmg ‘\‘f We o insist oen gmﬁsg%\n& oll  deglfee  conctfaints.

But we can do Sometw\nﬁ mtuut‘\r\j \‘,? w2 allow  emall  wviolationg DWL the okzzg(QL ConStlaynts .

Theotem IWC thete 1S @ Spanning tree with costt C  that satisfiec oLQgL\DS By Loe ol vel. then

thefe 18 a PO%WM‘\DA time o\gmw‘ﬂnm to Pl @ SPQYIMHS tree of Cost ¢ T and dej(v>5Eu+l U\JG\/

A C,o(o\\o\(\ﬁ 18 thet we Can \Cm\{x O miniyum S?D\nn‘mi 1o  With max o(aguzz ot most 2 mare than the opt monl-

[ingow PIogramming Celoxotion
Win 'QSEE CJL K‘L
*(ECD) € Isl-| SV

x(EW)) = (i~

X(%(°5> S By bvewsy (\/\) s the =t of oka&m(z Con st conalts)

e 20 Y SLéE

Ttetatlve olgosithm

I«\\Jﬁaﬂi \&: :#D (-P \s the ?o\(ﬁp\\ olution Qo ‘6&( 3

While 1)

v

> d.o
©  Compitz o boasic optimal Wlation to the 1P Remow oll edges with Xe=o
@ T4 thete s a wvectex w Wwith ov\\ﬂ one @Kgg wv  mtident en 1t

then ¥¢?+§Mv’7}, \J%\}“%\ﬂj, Bu ¢« By —\

@ I&: there s o varfex v owith d@g(u)é%J Yemove the ohui{sm Constlonnt on v | Ge \Ae\k\%%.

Return
PQV 0 mance uc{ annte
We st assume  that  the Pt todive o\\fon"chm Wil termingte SLACCJZSS'QVL\\&S, andk  wr Wil Drove

lated that 1t i< alwa\js the Case.
Tn Step @, note. thoat Xuu=l. becawr the conttymints X(E(\/)j:l\/\ﬂ omd X(E(V»f\uﬂ\) < il

de\mlk\s Amplies 4we  ConStconnt XC%LU)BZ\ , Omdk Since NV 1g o{ o‘\qgmz V) we hove Xuu=L.
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Tw@ormmltn, the Q\gm?thw\ Y < fr\jh\& to '?»‘mk a (zfrf to odd to the Spcmvx?ng treg

Thzmﬁo(l, we (w\LA clhoose  those ZJ\EQS With Xe={ ., ond b\é o S?WPKQ Inductive Q(Summ\% one.  Con
F(ow that the fetuwmed eolution has coest ot mex  tha LP optimal Valuo -

It temains to aue obout The degree  violation.

Tn step @ , wa femove & dggree Constiont  when there ofe ot mest  thiee edfes inetdent on it

Note 4hat aft an& time Byzl VW uveW.

Thecedfore . in the worst Case, we use ol Ehree Q&\SQS ond. violate +the d\Qg(RL congtroint b% two -

Analusis o bosic  solufions

We would ltke teo pfouve =hat elther thece 2wists Xe=0 , of thete s o daglee one vertax,
Of thete TS & vertex with degpree  Constrannt  and its degtee 3¢ at mest  thiew.

guppoge to  +the Cm\*\‘{o\rﬂ that none ofy thete }mm}en in @& bagic goluttion x.

Let W be the Cet of wverklces woith chepree  const(oints

T hen, dzgu)?% o all vel and degly) 2 fm( all ve V-W

This tmplies thot  [EI 2 5 T degd 2 %(Ew + j@?) = %K@M\“W’W) RRAARAL]

On the other hand ., how ‘W\D\V\\A %{gh% L onsXk (adnks

con

There ace ot moct \ul-\

we Waue &

2

Bight qubtour 2limination Constrointc by the theorem ,  and b\& Aefinition
there  aee okt most (Wl Tight  degree Con$tloints .
Co. there ace at most (NI + 1wl tight constrointe |, Lawer than the number of vadiables |
c\sr\%(o\d:c&mg Yo The fodt that x ts & boasic selution. So, the alpoithm must tarminate

Optimal  olporithm

Tt we werk arder € using

The degees violation can be  Aeceased to ot mott
And  the algori thm olo  becomes nicer.
While \/\')ﬁecp
@ COW\\:L&L a basic o?%in\o\\ Solution %

(wv\'mw\%ﬂ, independence , ond o bottec Qoum‘ﬁni

Rewmove all edgee with

afgmuwb) , then

one -

Xg = O -

@ Remoue the d\lg(u_ Constloaint on o Vvevtex '\& theve ofe oot most Byt Qo\gzs incidewt on 1t

Retuon MST

an

That Ts. £he Q\g°‘7fy‘m 5“5& m‘ZFS rﬁmev\ng v)\zg(uL Consteeants  One b% ne ,  andk Q_Uu\t\,@\ua Just

Yeturns  a Minimum g\;o\nmmﬂ ‘oo .
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See th?*\’z( 2 o"y Y iXecokive  methodks Ta Combinatorial OYHMSD‘“““ “ i% Intecested .

A\ X - ~ N ~
Onen Qbmod‘b : Dﬁ_s\‘gn a Combinatoriol appfoximation &\go(\t\r\w\ with  Simi (o ?Erfb(mar\c\q_

Refeceaces

Thic ¥ tterative (o»\y\d‘w\g ! O\?\?Yozxc\'\ 35 ficst Yatroduced b% Kamal  Join 5 whe uwsed it 4o Solva
o gzmm\ network dag\&h ?w\o\am ond. Showed that ony  axtreme Pnﬁv\t olution  hms  an 2dge
with Value ol least % , mcu}% o‘D\LoC\r\‘w\& o 2-opprovimation algocithm  fo¢ the problem .

This QPP(bmcL\ works well  whea the Prbh\ﬂms ‘oawng Studied i o vadant  of  Qome ossical

Combinatoryal ‘O?iﬁmiswﬁon ?fub\ﬂms with “\ﬁ*liﬁa] Ly &v(mm\m%imng .
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