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lectuce | T : Matching  polytopes

We  will wse o fank Qrgmmw\t to  ghow that the natural LP for b;PlM)ﬁJCSL mfmm& i< ‘m%zjml

Then. we will See how <he technigue Can be  extended o design approximation olperithms for  Two felated NP -hard
problems, the 3-dimensional mc\‘tch?r\j Problczm and  the gav\zml ass]gnmzﬁ problem

?vr\mlhﬁ, we b({tﬂz Aiscuss Edmonds’ [P {o\( ma’(ch}r\gs n %e(\eral gro\?\\s,

Bioacts .|

Consides the maximum ‘o‘mek'\tL mw&chim& F(ob\im.
Tor o subset of ngu T<E. we wse the Shorthond x(E) for > Xe .

T

The mnatural LP  velaxation is ° mox QE{ Ve Xe.

K(%(U» < \ ‘go(‘ \/6\/

Xe 20 Lor eek

Outline

We  wnlt prove that there ¢ an  optimal lﬁqgro‘l Qolution  foc  this LP u\siy\\g a  Yonk a(&mmznf

Recall that tThee I alwaye an optimal  basic Solution, which 1s defined bé LE| K‘\n@arhd indapendent
tight  Constraints

Note that thore ace only vl degree Constroints, so If [EL>IVL then there must be adges with  Xe = 0.

We whill ghow that tf ther ¢ an nga e with  ¥gelosh, 4hen we can vedute the ?robum into o ¢maller one.

Suppose we cowld  mot  reduce the Pm\mzm anymofe. 1e 04Xl  Hox oll 2T in the (Qma?r\‘mg Qroph -

We will wse o Yonk Q(gmmznt to Plove that % (s not o basic Solution, o contladiction:

Therefore - there must b an ukga ¢ with Xeelo ) n ony bogic Qolution . Gnd we can  conclude that

thete 3¢ an optimal ‘mfzgm\ Solution

Reduction

The Tnductivn  hypothesis  1s that the LP Ts Sntepral  for oll Qraphe with Feowes fuiges.

@ IT =0 for Some 2dfe o, we Simply delete  fhig adge from the graph. Tt doesnt chanpe the LP value
and.  the E(QFH s Smaller | so bué induction  thece s on  optimal \n’tzgra\ Solution For +he LP.

® T Xe=l for come edge e=uv, we temove W and v from the graph ond ol the inddest edgec on wyv.

w Xe=l oy

Call the mmmnmg grag)\ (‘q): C‘{*‘gu,\ﬂ;.
Ae=0 > & Xe=0

Note that the LP Solution (estricted to Gy’ s o fTeasble Solution with value

opt (@) -t - whete  opt(&) s the objective value of the P in G
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B& mduction, there < o matc‘mna M Ge an integral Solution) in Cx with  ebjective value opt (&) - we
Then . dewhs, M= M+uv it a W\rﬁch'\r\g n (% with Ob&e(ﬁ\/m value  opt (&)
To Summariye the Yeduction 1g Ne Yy stmple + Wa  just follbw the LP <o chooe an 2dge with

Xxo =1 ond to

(emoue an edgl with  Xg=o

Rank OCgument

Now we prove That the Simple reductions owboue  weuld go all the way .

Lomma There @asts on edge ¢ with Yo € 0,11 in any  basic  solution.

Proof  Quppose, by contradiction. thet 0<Xe <l for ol ee®

Recall that there afe &\ (tnew\a independant  tight  Constlaints %o( n  bosic 2olution X

Since %, >0 for all ek, all the tight constroints afe deglee constraints

Call W be the st of vecfices with tight degree  constraints .t % (S = | ¥ wew

Then , we musk haye lwl 2 VE\

Tor any welW. we must have deglwdz 2 gince X b)) =1 but Ye< | VYeck

e, 181 - 5 Jtes 5 (e a2 L300 Ge)

Thue. the ‘\nQ%mme\@S must hold  ag @qualities . w, o wy

Tn porticulac . we have  degtny=>  YveW and U\Q&L\AZO Y viw. Wy 0 We

We will Show that the Cowsteoints in W ace net Un@ar\% independent Yyo v My

But  this Tmy\x‘es that  the number of t(gﬁ l\(\ear\\a iw&m\zeniznb Conctroamts € lwl-| = 1El-\

contcads ct‘\\«& A IS o bosic Selution

\I\J\(\La the Canstramts are  pot lin@m(l& independe al R Lets do 1t SLDW\%;

N N 1Ed
Toch Congtcamt 15 a  veetor o R

1 ek
TFor o Qubset of 2 dpes Fev |, call ¥ the chatactenstic Vector of T s ‘X;Ka\:& o if 24"

Note thal eoch tight constiaint T the bipactite matching LP 1o et {xg oD = 1 for Some vel.

Lot W, ba the gubsst of W on one side of the bipartite gm?}\ and. W4o2W be on the other qide

Since ckrzgm\:o g ovgw . all the edgu hawe Q\(qcﬂg one  endpoint MW, . oad thus pX rxgum =Xg .

!

B\é Ahe Qome &(gu\mﬁf\'ﬁ , VEZ\A\\, Kicw\ = /XE

Theefre, we have \jv—em‘(x““’) :wz&m {Xﬂmy Skowmg that  tThe tight Constrantt n W Qre \%r\@u\g dependent 5

A pploximation ol pocithms

We  will extend  the above Yank osfqumest +o  deSign  Gpprovimation algoitiomg foe NP-hacd vagante of bipartite Yv\qtd\mi_
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The high lewel ddea 35 fo Qhow that the basic Solutions  Calthouth not integral ) ace “close” o integral -
- Qomaetimee 3t meant that thare are yorlobles  with Uelue clote 1o one 3
Sometimes Tk means  thot  thece a<e  Constraints  almest  gaticfred b\g Thfagm( Qolutiong.

We will  S2e nn exm»\?\z %o( 2ach of the aboue. cloceness” o ‘\r\*zgm\h‘\a,

LD~ Couading

A <tondard approach fo d&sign QFp(ox‘xmqﬁun Q\gcdthms T8t wse L?/SD? celaxations C SDP s a gmzrak;gzﬂ‘\m\ o{ w).

N
or T

Tor o rinimization ?(Q\s\ﬁm, We Say n a\gor{thm Y an X -approximation a\goriﬂxm Cxz 1) Ry <o

whea 8oL denctes the volue of the Solutton bur lgeridm  retums  and  opt deavtes the optimal value

SoL
> gl

e o Maximization P(ob\ﬁ-m‘ We Say an a\gor{thm T an X -approximation a\goriﬂ\m Cog D By Zo

The d\\—HTwﬁ% o& d\qs'xgn:wg Q\;p(ox\mmﬁon m\go(‘ﬁthms < thot o cant QamFth opt z{ﬁ\(\enﬂué . Oond  So
Tt Seams Dk?‘HTCulf to  bound the O\P?(ox‘\mo&\un Cafiop -

TInstead , We we LP/sPP  (elaxattons to Compute a lowes  bound {-n( mir\\m\smﬁm of on  uUppes bound
Loc moximizotion, omd 1{ we could Show that  our integral solutivn i< within o factor m% o
+o the o\aﬁmal LP/ SOP  <olutione. then  eut Tnm&m\ solufion s an wawrox\mmm Solution.

&
«

m\n?m‘\bo&'\ur\
Lp of7  SoL

How to prove such a (esult 2

A commen gtrategy 1s to start from an optimal LP soluttn and design o “v@und'm&” algorithm to furn iE

inko  on ir\v&ml Sulution in way that  we tan  cCompare  the obxecﬂ\it valuwes .

There  afe YY\P\V\\A d{ferent Otp?{uadf\ﬁi Yo (}\Zsigv\ (o\md‘mg c«\lgo(‘\t‘nmj (gee the book b% Williamson and Shmmﬁ)

We afe gowg to See ome woy by oralyding the basic  optimal  Soluttonc For  LP

3- dimensiona| matchkng

Lot )(:SQX,,\.,X,\E and \(:{5\).\.,\5& omd ZtXa) /ZhYJ be the 2-dimensions.
We afe Qven  m teiples  of  the {“Mm (X;,&M;K\ , ond the tosk s to ?\‘no& Q@ meXimum  numb e o%
d\ns‘lo‘m‘t tedples . B Mo two  Chesen ‘Er‘\?\u Nave the Some coo(dinate.

ﬁ%u;\um@nﬂkﬁA this 1€ A mximum wﬁch‘mg problem 1n o 3 - unitocm ta-partite \\%wgmw)

whece the  Qeal g to fmd o madimum et of \/Q(J(Zx/c’d&‘ﬂmnf h\ﬁmao{gu, Kwo L
%\ . .. Da“
We white  the %a\tnwm& cimple ond natural WP felaxation of the problem . .
) 2“
DAY
max % Ke
NEHES Yvel , whete &) s the et of }\\Ava(azigk cuntam‘mg v
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Xe 20 NeeE . whete & 35 the et of  mypecedges

We will Show that  thete s an LP~four\d\ing algor’\t‘nm with opproximotion  (otio \ml

The K«’Zti\ is ‘e plove that  Thete ¢ o h\ﬁ?k(zd\gz 2 wnikh XQZA{ Tn oy basic  Selution .

Tha Frugf is  Similar to  the one aboye %B(‘ b‘\?ark‘\fz Y‘f\o&d\‘m&.

Leomma Tor oy bastc golutien X with ¥%e>o for al ee® . tawe owsts a hw(m{gz e With X Z % ‘
Efog& Recall that in a bosic solution %, there are  1EL \Memhé En&agmdan{— *cight ConQtiatnts.
Sugppose. by ¢ontradiction, that all edges hove Xe< %

Let W be xhe Q@b of vertices with tight  degrea Constloints , e x( SO =1 W yeW.

Cince %o & % Ve, We must Thave dag@) 272 %r velW.
=L X :i—&idewLid\m > L (3T 3+ 3 =
Se. fwlz LRl 3 \té\)d\g%u) 2 \vel g vEW “ i 3 NESIN] VEW OB bl

Thus, ‘\M%mt\t\‘u hold as 2qualities. aad in karm\w e =0 Uy&d W onmd Vwl=lgl
We will  Show thot the Cowstraints in W ace 1ot Ur\aar\% indepeadent .
But this Implies thal  the number of tight linearly Inkependent  conctromts € [wl-| = |El-)
confteadicting % 1< o bosic  Solution
To see why the tight consteatats 1o W afz latarly  Independents LT W =WaX W =WAY and W_=wh2.
Siace dagu)ib Bugw onmd Quary ‘NAPIZ(Q&KQ ntersects Wy, Wy, Wy zxmﬂn once . we have
T g T X Ky C &

Wwew, wewy wew;x‘um = %e , showw\g \nga¢ Aependence ol thoce Tight cohs‘wwﬁs_g

Roundinp alpofithm
R 3

Compute an opfimal  bosic  olution:

® 1{— Xe=0 foc  Some }\&\mf@&ga e, delete e and (eowulse.

I
@ I{» Ke> "o &zo\f ome 2, aodd e $o the Solution and delete ol the ‘mtugagﬁv\i h\j\’qmdﬁ“ and  Cecyr<e -

App corximation Quatontee.

We show thot the refurned  olufion  of  our c\\goﬁt\\m s o \TL/O\\)PV'DX\M&TL Qolution . b\A Tndection -

The case  when Xg=0 3% Qasy , 9o Just %oms o the @S when we add o h&\?&@ig@ 2 with Xe 2 75 -
Lot hie R\jyumgz ‘03 (Ny ,vﬂ,\/.ﬂ~

Since. x(blu)) =1, the tetal Fcoackional value on hypecedpes \nw(gamng e oot v, 0 l-Xe %‘\m‘\\mhﬁ {0( Uy ond vy
So, the totel fractional value wWe vemoued ofter add‘m& e iS ab mest X+ 3U-¥e )= 2-2Xe € 2 as XQZA;{‘
Thetefoce. in the (zmm‘m‘mﬁ hm:a(jrm?h there 15 an LP-telution with objective volug at least opt -2

N . opt
P“j mduction . thete 35 on ir\‘czgm\ Solution ™M with ob\mm Jalwe 2 4{(@*““‘) = ’Ei”\ n the rv,mo\\mv\ﬁ h\i\?ugraw.
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, t opt
Henee, ™M=M™Mace I8 0On mﬂgm\ Lolution  with o\o‘quwt value 2 QQ—V’;—\\)M = —P—f , Prow\& the. QP\)rox?mmﬂoﬂ Catio a

Romarck : Usmj on  additional jdea Called  (ocal Vtkt‘tgl/> one Can ohtoin o J{~Q9?rox\m0\ﬁon Mgoc‘xtﬁnm ]Cur
the weighted p(obkam, and Hhig tr skill the bect  krown Gpprosimation Quorantee for  thic  problem.

Qee Chayptec 9% of  Yitecattve  tnethsd¢ In Combinatorial D\DY\MKSD:‘C\‘:)\'\V o intecestad

G’e.r\e_m\ a$S\Q n ment
J

Tn thic \)rablzm, we Wi\l See the idea or% ruam\g o gOod\ Consteamt 1§ thee are no ’mﬂgml vociables.

Problem:  Thae are m machines M={M,.. . M,L and n RELISENY {3, 7.0
There 13 a Total available time Ti for each machme M™;
T Job 3 is precessed  on waching 1. then the cost it &) omd  the processing time s Piy,
Given the obove input, the gom\ s Yo &sg\gn 2och Yeb To o machine. to Minimize the total ecost

wohile Smﬁ&ﬁ'\@ng the +time covstroinfs i total P\’OLQSS\Y\g m maching 1 1 at moest T\\

LP celaxotion Thete is an  Indicator  varioble X to ndicate whether job IS assigned to woachine 3
et B be the et of possible paifs Ly Inﬁtm\ﬂl Quany poxr 1 possible, but we Wil delete  paics

S

X Ci3 3
"G 9N
‘\34,1;\@& ‘7\‘,’5 =1 \“]Jej I eoch Soh s zxsé\\ghlzk Yo one maching
= Ny by ¢ T VieWeM [ total processing 1 t M ot ab most (g
IR 3Py 1 3 = ol processing time o Lot oW 0 N
Xy % O Yijek

Tt s 2asy +o check that this 3¢ a  (elaxation o& thae P(o\o(em, i mmgm\ Solutibng  afe Qu\s‘.b\&,

Pfig(ous%?ng We  oseume P‘l < v '\:\GE, b% (LMWMK thece  Dours \5 with \7;‘A>T;,

We Can  deo  this becawse these pairs connot be m av\% JQHS\MQ 2olution.

Theorem Suwosq thoe 1S an a<Signment  with totel cost  C g«xtwsfj‘mg all the fime  Constfaints
Thee 15 a ?a\xﬁ(\nm‘\o\\ Time «\gmﬂm to qcxmx an agggmew with total cost C

. . . - R b . N Y - < 5T
while 2very Lime Consteamt TS vielated Y af mett Ty e T T s o ?‘3 P

Remoaxrk: Just to  deformme = thece 5 an  atynmenT  Catisfyia all time  constyom®s 35 NP-hocd
; ying

THevotive  Youndin alQot 1

Lot M'=M , whee ™M ¢ the ef of mochines (oith o time ConStroint

While 3 =% fb oo
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® Cuw\me A bosic o\>trmal Solutton X to the LP  yeloavation Tf h&u\s‘\blz, feumn im?b&s\\a\&u
@ Delete ol poves 1] with Xy =o Lrom  E.
@ 1% X\S*—\ , O\S&Tgh 30\0 j to  madhing | U?d\o\@, T; « T = P\\ o d 3 e 3— »'{\BH .
@ I—% theve 1S oo machime 3 ith dv_g(zt L . te  thee s an\% on e 1\0\3 3 with KQ >0,
then up date M’ < M/~§’\71 , ve. (emove  the Time  ConStronny —Ec{ mochine .
@ 1‘% thete s a machine i with dkcuifz@, 2 and \:\ B Xﬁ} R L then \A?d\aﬁ@ V\‘ & H/* ‘R\L
j~x56‘c

Retuen  the O\S&igmmmt

In&{mnu\ﬂ‘ the  oalgerthm Tinds integral  Voriables  os Tac as poscible = delete a pair i 1i=0  and
%o&tom the P <o assipn ‘30\7 3 to machine | x\l:\ and  then (educe the %)(ob\qm Quo{d\;n%k\&.

T4 we cowld olways do the above . then we Coutd tolve the P(chum axactly.

IJ'Y Wwe Couwl dnt Tind an ‘mtzgml vartable, then we will ghosw that either Cose @ o @ must \(\0\?\52(\

Note that the machine. n case @ ol @ s Almest  Celbled  with ot mott  Two  wndecided b

The 12w 1dea Mefe 8 to  femove the TIme cwmstramts  on  thote wmachingg , and we ofa going to  show
that the vyielation in these fime Constfonts  would be  bounded by o

The ku& tn the omalysis is o prove that  Witheut @ of @ then wWe Cawn a\wmjs Lind on integeol

varioble  In o basic plution. Wwhete tThe ?VUO\C 1S agein b% a (oank o\rguwnt

A p O \mMoitt on %maran‘tm

Here we 0Ssuwe thok  the al&ofﬁjhm awa\;\S oucceed < in ogs?&)mh& all  the ‘thg to machines . jg. one of
the Coses opplies  ond  tho o\\ggﬁthm wor\IC gat Stuck - wWe  whll prove that thie ¢ inderd. the cCase (ater
Since wa only astign A Job } o & machine 3 1L =1, o Simple Inductien  Shows that  the cest
of our Solutien 1s no more than the ob}adﬁ\/a value  of the LP celoxation.
It vemains  to  Consider the vielation of the time Constroints

Consider  Case @ The madhine 1 was  assigned  Some ‘mtfz&m\ yoes befoves  and now \aft with @ J%\'w_ﬂor\tx\ ;)ob.
l P ‘30\) 5

O N
T R b
moching 3 W/ & o othac mochines
Qutfanl  ogsignmant L =S

Aij=od

[l Palre] | <

Sivee maching 1 ig DM% left with  ona ‘Ao\o, L2Jn q@ we  (emwue the time Congtloial  the worst cose s
b Y will be agigned Yo machine T Sn the new LP Colution
Qe p@é? and. the Qugvent \r\’fzg{a\ assignnent ol madane T takes ot most [ time wmts , 1t Follows

That  the fime vielation ot moching 3 s ab mest T,
R

n ~ . o o 3 41 Wb i
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that  the f£ime violation of 1machine 1 s af met T,

. &
E LTW b
Cose @ s Smilar but o lttle more  Tnvolved - — LAY
e,
431 % <2 1 | Job s
Only two Jobe ace wundedded ot waching 1.
4 { T:= l%
; £
bul we know  thot X'\A‘\& K}‘h z\ Lie. M5 oas 'g{wﬁcno\(\\é st(gmd\ ong 30\, /

We now chow that the Woletivn s ot mest [
The LP wees time X'\‘AVPU\ + X‘il?"ix L, owhile In the worst cate  the Tnhi(a\ O\%CKY\W\)ZV\\” wses P+ Py,
Q. the wislation ts ot  most bR+ s ~ Xy P X4, PR = (\Hx\s\j Py, + C1-%33,) Pijs
GRS ST E S Py, - P S
< T, e Xig, + X\SIZ\'
To Summacize. O&Summi thot the  alpo(ithm  teiminates . Tt produces  oun asSipnment wWith st at mest  the

LP objective volue. while the Timae Constroint  on  Qach mochime ¢ vielated b\A at mest T,

Propectias of  bosic  Colutivns  wsing  Conk  a¥gument
v N
Te Q_DM?\ILt( The \3(0%, it femains To ¢how That tThe m\gnnﬂw\ must  Terminate %mtcags\ﬁu\u&,
e ong o% @@,@@ must 0\??\\6, in o boasic —?aos\‘o\i So(ufion .
gu\)?n&‘l @ and @ dent, O\?P\Q.
Then - thefe aofe  [E| (w\am\LA ir\d\a?znim% t\‘gh‘c constCainte awong the ’Ao‘n Constrawts  ond the wmadhine  Constroants.
Call the <ot ot tight :\Db Constronnts j* ond the set cﬁ t‘\g\nr machine  const{aints M*, o ljo\M*\ 2 m.
Sinee O<X13<~\ \4)\&61 [PNS @ D\ﬂw\® C)\u\"’t D\\)\>\ud . the d\ngQk oﬁ 2ach S°\° :A(tj* 15 ok \Rast 2.
For & madine e W T ohzgmz =1, then @ opplies -
So. Quppose @ also doewt aw\a , then eoch machine  1¢ M¥  alse hacs hegree ot least 2.
* . ~ . N ¥
Then, 1T \+ MLz el = A{ K %3 deog () EM d@gb}> 2 A;K %;i* O\agg\) + %M* d&&gﬂ} z 7M1 dTLL
Qo, equalities hold theoughout . and this implies that  daglid=6 kj}é;j* and  depi)=0 \’)MY;‘V\*,
and Tuctherasre  the VQmm‘m\r\i gm\;k TS o ok\s“jo‘mt uvion of u:\okes o dzg11 %o( {emaining vecticel.
Consider one Such Cg\a\m (G Then \Kﬁr(\t\ =1 M*(\C_\
Ac each 5°‘D ]e K*(\C has \Qrmd\ov‘a\ zi@.g(m one (‘\JL\ ‘F}\ec X‘S = 13 bi’] the :\ch Constramt . the total
Tractional  value in  the cyele 3¢ [j*mc\: \H*(\C\, ond Tt Jollows thot +there exists o maching

wi th {ro\d’\m\c\\ d\:zng ot (east owne (e, ‘?\3@%3&2\> , andk thue Cose @ st Q\ﬂg(ﬂ, as  desired

To conclude, the c\kﬁurithm must  terminate guuass%&ﬂ) and thic Complefer the ‘;raoﬁ of the theorem.

Ha\‘ch}n&& in_genecol QT aphs
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As wou mouy observed b‘é now. the P for bipactite matching 1 rot  integrod {or enaral  Qropht

1
OF coucse, Tt has to  do  with o0 odd cpde L 29. l& . while the  iategrol eptimal s one.

2%

Edmwnde  Qave  an exponentiol  Size LP for gzneral mofdn'mg,

Mmoo PN W, g
«  ecE

xCOWY) = 1 Y uel

\ <\

x(BELD) ¢ VANV whee 181 T¢ 0dd and B 35 the set of adges with both andpyints in S
Xe Z O M eck |

o 1Sl

It 1« Qasy to See that W i & (elexation . Gc an odd Set S Canmt Contoin  more  than By 2.dges.

Edmends ’ﬁ‘D\Momshﬂ P(ovz& thot  +this LP s in‘rqifml.

Also. this LP Con be Selved in P\)hﬂr\m‘fﬂo\\ TWme mg(n& a Fn\\(\v\wm\q\ Tiwme SQ?qmﬂon scacle

Both fewlts are  diffieutt to prove.  and we Wil aot dp It

See d\w‘)ﬁz( q o% ﬂifz{o\t\\m methods in Combihatoflal o\ﬁim‘\gmﬁnn" T\L Interested

Xowu Moy wonder 1 there s o po\a\r\wm? al  giyed LP ‘Eo( ot ch‘mgg in ger\g((x\ Km\ﬂns.
Rothvoss (2019)  proved. an  @xpenentinl  lowee bound on the LP gie for  non-bipactite matching Tn o
vary g&nem\ Seﬁing , ‘\r\c\udmg all the \Dossi‘o\a LPs that we cCounld fh\agmq.

N ?ﬁhmgzs Sur?(rsmj\%, € hol o be SO Qbm\ﬂiuﬁqd Tybr w'or\—}:‘)?wﬁtq_ mq\“d\m&\-

2tecen Conftent is Lrom chaptee 3 ondk Q ot " iterotive matheds in  Combinatorial D?J(”\misﬁ\"br\u-

The &/E,mz(o\\ O\Ss‘\&mmen‘v vesult is bﬂ Q\rm\n&s ond. \o{deS
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