CS 466/ 666  Algorithm
Lecture b

Deslgn and  Analysis . SPf:ng 2026

inear Pfo&(amm\nj

We  start the thicd part of the Course and the wmain object of

interest  is lineac Progmmm,yﬁ.
Tod\_aﬂ, we  introduce  [inear ‘E.'r‘CE‘fD\mrr\,.r\jl velaxations inf Combimetorio U?Uh-‘.iq‘.icn ‘F-(n'b'.zmi o, f?‘x'.lala?f‘. in what
Situetions th’t‘; com be uged to wlve the Pra'c,-'uzm E‘_m:*\fﬂ oand the k‘.f:._l‘l concept here 18 Ccarnec ¥ solutiens
We olgo mention  how fo <olve  linear progroms 2fficiently and  how  Separation tmplies oy‘tfm\jab‘on.

_Linear Progmmx

Th o lineor program . we hove o et of N Vaciables X, Xg .

We Can add  linear Constcanats o the wvoriables . eQ K-Sk ST X34 =6, ote Cbut not strict Iwa%mhtte&)
And then we cCan optismize & linear oblective function Quch as  mox  3x+2%, -y or min K +2X =X,

R mxy
Move Qomyo‘&\\é +f there are m constonals . we can Put the constraiats as  the rows oag a matox A e R |

the ﬁght homd  Side ()—i: the congtraints as o Vector belR™ . and the Coefficients o—% the o\o‘}ut\uz —cht‘on
as o veckor Ce(Rﬂ . So that the linear P{ogmm con  ba  wvitten ag

max <c.x> max < e, x>
oYr

Ax <b

Probab\a the Former  Form  is called  the Cononical form onk  the latter form s called +the standatd form.
Put we  will just tefer dne former ok the irxm%m\lt\d fo(m and  the latter <quational {o(m

Ahﬂu\m\ﬂ, H&A ofle Q%wudem— ond  We Can (eurite  the ‘FD\'W\E( —?urm nto  the lovttec fo(m oand Vicg versa |

2. b\é ‘\r\ﬁmd\umn& New Voriables ceR™ ond write By <b  as Ax+s:=% and <20.

OKMS’ So  this 15 the dedinixion of & (inear Pro&(um.

Euven ’C\\wgb\ we Jwst have lngar  Constrointe  ond OE]QLUUQ 1P ois Very 2xpressive ond. can  model m«ma ?fbbmm&-

In'tug‘z c__ lineacr progcams

MM% combi natorial oﬁ‘\m\sb«ﬂoﬂ Pfob(ﬁm& can  be aama ’Ecrmmmtz&\ oS an ‘mhzger Tneac progrom where
we olso have +the Gdditional

Constyeints X 62  of Just x;egoﬂ]

Tor example, Tor  bipoctite W\D&C\\Ty\§4 We Con creste one ndicoator vofiable for eoch edge e. omd weite fhe TLP:

Mo pE We " Xe
ek

> Xo €1

. < foc cach veVl | where S0 dandtes the set of edges
(XS0

Xo égo/ﬂj Jot each eck

ncvdent on v
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The Constraiats Xaeao,\g Yeek soy thot  eithec we piek @ by sz%h‘n& ¥e=\  or not b‘é g‘(t%mg X =0

e €1 than soy that we ean pick ot mest ena 2dge incident on o vedtax v

— N >
The conStraints P

The U‘o‘secﬁvz iy to moximize  the total waTght :rf t he leges ;che&

STm\lQ((j‘ we com  Formulte  the  maximum independent et Problem as  on integec linear pcogam.
Max \)i&\/ C\I XV
X+ Xy €| J%b( Qach Qolgg wet

Xy € 10;\} %0( eoch vertex V e\/

Co, thotls very convenient . but it yust says  that go(vw\s i(\hzggr (inear program s NP-hacd in gﬂnkral

Lineoar  propromming  Yeloxations
3 3
AS wae Wil diswuse loter, there oce polynomial time Mgoﬁf%ms to solve  linear memms
%, one  Common appyoach  to tackle combinotonial oﬁ?m]goﬁor\ Frob\gms is to weaite  a linear progrom to
pretend  to be  the ?rﬁagz( [\neac program .

The matutal way to do thit s to wiite  Xe€ioif as 0 €Xe €| ande hope for the best

As you Moy Tmaging . this may not wotk So well, &g now Wa afe now o?tim?gmg over & mudn (qvgsz( domain _
the Wk of  Solutlons o R" or (o,ﬂ“, Yothee Tthan the et Ofy Solubions  in XO»\A“-

Consider the moximum in dm{amtznf Qet ?robmm in a complete Ki(q?\r\ and  we know  the rmLa&(q\ o?ﬁmml
olution is one, but the LP solukion Xy:{z VieV s oo fzo\gxb\a eolutisn  to  €The | P solution
wWith o Rf)qmw value "2 Ossuming all  waignts ate one.

Q. the LP olwow s sous  the g‘fa?\n has  om Thdl?endant Set of Size n/l ond  doesnt give useful ir\{orw\mt\‘m.

Perhaps Sucprlsingly . For mort  of polynomial  time  Qolvoble Combinatoral optimization problems  we com
O\thlug e tiact  optimal ?ntegrnl Qo lukions f(sm the LP  (elaxations.
Tn ‘So\ck‘ it 1S \u?d\z\ﬂ aaczszd\ Qs o wﬁﬁjh\g a\gmi*c‘nm?c fmm(zwcr\« \Ear Fo\ﬂﬁ“& Qolvable optimi 3ation ?robumg.

Vet ws {*\fgt hoye Stme  Tatwitions  about \uk\d this could bz the coase

Greometeic  interpretotion
A)

l ° ° ° We ofe umk‘mg over R" (R 3n the ?Cc?m(z)
AN %
° "\.\ o ° . T ach  Constronat  can  be Jc‘wug\nt o’% s o haffsg)a(a

The Qet of feagible  Solution 19 the 1iatersection of  the ho«(&sp&(u

We oace  interested  ia the integral powts in the %o_qgwbl@ Qet

OP‘-‘”‘\‘E\‘“& o linear obyective Fuackion s to {ind @ point furthest in Some

.
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; We ore  interested  ia the iategral pownts in  the feasible get
.
\ OPt\m‘\B‘m& o lnear objective Funckion i to Lind & point Tucthest in Some
direction, 2y '\'% we maximize O, then the J\‘\)? \)omt Yo the o\th’\Ma\ met

Tr\&v\"\thkﬂ) given any dicection  fo  optimize . there

So, ¥ we coud Show that ol the come points
always  hac infegral optimol  Solutions.

T other words 5 wWe  nNeed to prove that  +the
the 1 r\TaKm\ Lolutions.

Tn the qcnuow‘mg‘ we detine —Eo«mo‘u\é the Cofner

N el N .
are D\Lwoqﬁs Some \Cn(nq( pu‘mts/ that Gchieve o\fc\mo\kﬁ&_

Ofe. Wlepral | then we Can Conclude  that the [P reloxation

lingal Constroainte  define the Convex  hwll o(—

plecs d\a

?o\r\\‘i_ ond  then prove that there arfe Mm{\s opt‘mm\ corney ?o‘mts

Cornec points
Here  we  make the concept ot Corner poiats {-nmm“xi»

wMXn
Consider o LP of the equational Form © max e x> ovec the polytepe  Po= Q x| Ax=ab, XZDZ) . whece AER

We ossume  without  lose of ga(\emkihg that the (ows of A ore U‘(\QQC\\:X W\dg\)gndzy‘f

There  afe  thyee possible  defiaitions of cornec ponts.
(O Vertex  solutions A <olution x€P  Is an  extrame Fo‘\nt colution  if ¥\i:0 Such  that x*ééP and, xﬂ«i\eP.
Thic i O Qeemetric Intecpeefion  that @ Cormer Pom't' is not the owecage af twe  Trosible Fa‘yr\ts.
@ Extreme pomt Solufions’ A Lolution  XeP  is an extreme point Solution if FceR” guch that xe R
1S the unigue  optimal  Solution Thic  is On optimization intecpretion of &  Corner point
® _Bosic salutions This defimtten 35 algebraic omd 1t eosiec To deal with  when we do  caleulations
Lek supplad = S\ [ O]J be  the st of honyece  Variables.
Nete +thot X; Corresponds to  the i-th  column u& f\
We NV S bosic  solutton it the  Columns correspond  to  Supp()  are \Tr\QD\(LA §noksz\?lu\d\u\t\

Tn the (terature, the names ace used W‘V\TQ(C}’\O\T\SQ.\D\% N FYo‘oo‘o\u(\ becouse D% the jco[u)wh\g Yesult .

pe R™Y with men and A e ol <ank m.

Py oposition The  three  definitions  are  eguivalent
Proo We will  prove @ >0 > O = @ . et
P

®-@

g‘xr\az

Let S= Suppto. \BK @ - the columng

Ao Sl<m .

of  full fonk. , 3£

we can

0%3

Qre  \|lineac \\3 mdepandent

oxtend S to m \‘\r\ud% Tndependent eolumng

>

and we  Ossume  withouwt less of  generality that =951 my

Now, consider  +he Objective  4unction ™min
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Then, X 3¢ & solution  with eV&actiuL Value R0 | and we claim that 1t Is the L/\m%U\JL one
Neote  thot ony <olukion Y with  objective value e wust  hove Wi=o {D( >m o as WiZo o and Ci= for Amm.
So. Supplyd€ Tvoowmy But thea thee is only one  golutlon  Sotisfying Ax=b becouse the first

m  columns  ofe \‘mm(hg Tndependont . ond hene W wmust  have Y= X-

®:>®‘ SMPPDSQ X Vs the  Unigue optimal  Solution {mr the  objective  min <e, x>,
Bssume bﬁ Conlradiction that ® s not & vertex <olution | ig Ay%o - X*\ieP and X*\AQP

Then. eithec <o, H%?S <e,x> o¢ <e, x~\é\>é x> (or both ¥ ((,\P:o) . Contladicting X is the um{%m O?fm\\km

®:7®~ Wae prove the Conltrapositive  that i x i< not o basic Solution, then X 3¢ net & Vertex Soluwtion
et Q= supp OO Tince % 1S nok boasic, the columns 1n C are hmm\a d\qzndzr&, and :1%#0 <t Smny@@S ond A&:D
We claim that thete exists  a Swall enough >0 So that X+ QL& &P and Xy eP _ and that would
imply that % 3¢ not a vertax  solution . Thaceby Cowmplering  tha proof.
To oo +4he laim , Since A\&iO, we hoave A(Xf&@ = AMl=b and S‘xm\la(\a (%C\Lﬂ%\ﬁ): Ax =b , Sodisf\ﬂ‘mj; Q@mbﬂay
Alse, eince  supplyd e supp &), By choosing € >0 to be Small enouph . we have A*Sy 20 omd K- @Yz O.

Saﬁs%\ﬁ\n& the Th@qglkmk\f\ESv So, both X+9_\$ e ? ond X*(;\)A ¢ P ; ond we ofe dong a

Optimal Cofnec ponts

Now , we Wwould ke to prove that  thee 12 D\meﬂs Some  optimal Ccovaec FD\u\t Solutions .

Refore we o thot , We  Stote  the  Covvespondin Aeliniions o covyner oints o¢  the inegualit ofm .
i $ P % 3

0<  this 3% mgua\hé tThe Foem  that we Work  With.

mxn

Recall thot Tha '\ﬂa%mlim& foem 38 win <> %, RAxs\o lot  P= X x | Ax < sz wheee Ae®

The cotresponding  definitions  afe

® Vertax  Colutions % is @ Vectex  Solwtion i f %«ﬂto Qudh that X—H\,XGP o dh >(~l&€?

@ Extreme Doint olutione X 3¢ the U\{\‘MZOU-L optimal  golution %u( DM o\{iqut\‘vz ’Eundicn cer.

@ Bogic 2olution Lot xeP. We %mA oo Const<oint A:  (the i-th cow o& A s tight Ry ((\-\,x>9\3;
Given xeP. let A7 by the ubmaterx  of A Formed by The +Tght  Condt(onnts

We sSoy ¥ is & bosic Solukion e AT s of full fank L i (aﬂ‘ﬂ(@\twln

We \ASLAQH,\S use ) ond @ n ’?(m—&s Tov Completeness. wa prove +hot U\EA e O_O{TmRVo[szE

Pfoyoiﬁt\on O and  ae Q%u\\/m\@n‘\

~ c . IR PSS S NP A 23N [ Voa P Y P 4 ~ v R
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P”fogog‘ﬁ\j\on 10) andh @ afe Q%u‘\\/m\Qnﬁ-

E(oﬁ We will prove ﬁ®5ﬁ® %7®. Given ¥eP. let Pf be +the <et v& (owt  that ace tight wrt %

’\@’3 RO gu\wom X ¥ not o boste Solution . \%\3 d\aﬁin\ﬁwn) the (ow (oak of A: IS (256 xhon N

This implies that the Glumn (omk i ales lesc than n, 12, the columns ace \(“Mdﬁ dependent .

So, FYyFo Lk that N&:o Hence . A:(Wrgpl\): F\:(x-@, . tIQhT Constroimts  {emain tiqht .

Therefore . b\é d\oos’mj ¢>0 %o bz Swmal Qnom&‘r\ 5 the non-tight  Consteonnts (steict ir\Q%Mx\\ﬁ&S) wonk  be ulolated,

ond thus we €l have Abﬁ%k@ib and Ab«%&@ < hence % 1< net & vertex solution.

O =2H® guppo&tz X i not a0 vertex  Solution - EL& defmition . 3%40 Such that F\bur%)“\; ond Hbué\} b -

et A be the LT Cows c& X, e f\:xc‘o: . where b s the CD\”(ZS\?ond‘m& cight Towd  §ide

Sinee A(H%ﬁ@b ond {\Lv\@ <%, we must hoave P\:(Hxipébi oneh {\:CX—@ <%, and this Tmplies that

N Y <o and A (ﬂ@ So and hene N W=o.

This  Implies that  the  Columne o’ﬁ AT oave ““QN\‘A dq?anﬂGV\T‘ and < (ank(f\=)<r\, thus not basic -

ExecciSe Prove thot the three defimtions are 2quivalent

We ove rum{& to  show Thot here s o\\umﬁ; an  optimal  Corne( ?o‘,nt wolwtion -

We say  the piytope P s bounded W there exists  a positive integec M Swh that 3 xeP

J

then  Ix\e ™ an( all  1si<n . Note that it holde ‘%D( mott ¢ ombinatonal o?*‘\m\gﬂ\on ?(ob\ﬂms oy OSY < |

P(ugbsﬁ‘\mn ?0( bounded P &—o( o\(\u& ceR“, 3 basic ‘R:Jzusﬂahz Solution X Such that Q»(sua For all erP

Pﬁw& The Jdea i< Simyle We  move  tn the  Tight Space until  we hit o Cofner
_X% X g not basic, then (ank(*\:><r\ . o q%*D Sweh that }\:S:D>

Consyder xucrc& ond X\Qn& Both Solutione have +the curent tight Constroants Sl t‘gﬁ oS (\:\fo.

Mlso. eithec <c,x*e\&> < LD oy <cn(~<z.g:\5§<c,><> Cor both (c,\:&>:o> »oSoy L0 kY & Le v,

Cet & to be the maximum value <o Yhat A(%‘vi\ﬁ\ < b

Since \ﬁo and P e bounded , W2 Know That @< . Tn which Cage we Wik O new ﬂglﬁ Congt Connt

Co, we Con find & sSolution X/:X)VC“Q With  ong more ﬁght constroint 3f  x 7S nek basic.

This process Comnst Yepeat LTocever  (Since we haye & finite number of  Constrowmts ). and heace zwlv\tmm(lg

we will Rach o boste Solution  xF with  <ax®> € o, n> foc Onu(\ A

*

Tn Pq(t\‘cu\m’) HIV x is opt%mm\, then X ¢ an  optimal Qolution which  Ts alse

basic 0
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Lets  vouan the \)(ooﬁ on O hice sway‘Pke, to fTind on ‘m&zgm\ v?timm{ Solution

Consickec the Pszrfuf b‘\?wtﬁ( W\at:hm% LP Mmox  We - Xe
ReE
b <
Pl Ao =1 for all veV
0% %o €\ {lw ol ecE

We claim  that o vertex SColution muck e 'ir\fzgrox\
Considec o {Zfaat\nm\ Lolution % Wwith  <ome a&gz wyv %mvmg O L Xy <
By the  Constraints ngXLi\, we con find anvthee edge Uw  Such thal O <X, <1, ord So on
< v
B 0.4 o 0.2

RQP@»t this O(g‘“ﬂﬂﬁ wetil  we  have ’?Du'r\d\ a v SW%CU% {*rmﬁonu\ QAC\C <\
This s On even Qﬂdz as  the grqph is  bipartite

obte 0.2-¢ 0.4-¢ o2k
Now . we Can constract  two %(md‘\onsk Solutions XJ(LAEP anch Y\*%eP b\a gathng

o2 PRESS 0244 03-¢

ond.  keep +the \”w\m‘mn\g vaiables W\chc\ngei . Shbmr\& that % s not Vartex.

ThoteSore, o vertex Solution must be W\TILg(ql

Next £3me . we will we the (onk Q(gummi to  plove this  result agam, ondd  then +o fenealize other ?foblllmi.

Note that the ome [P s not wntegcal foc pecfect mqt‘dw‘mg in general graphs

Algorithms foc solying lineac progcams
There aw  three main types o& olgu(‘\ﬂnms ¢ S}m?lzx methods Q[\?FSD‘HL methols . and Inteclor ?n’mt methods .

We Sm% Vecy bv‘\zfl% mention  these G\\Xor\thmg , but h\gmrgm o %aamrz <r§ the QLK;ESo?d\ method

g\m¥ka_\ﬁ methods Work, in the Q%wﬁ\oml &:o\’m

Stact  from en  acbitrary  bagke  feasible <glution

Move 4o a O neighbocing ” basic  Solution by femoving one Column and  adding one column

L4 there 35 a nalghbor with obleckive volue o8 good.  Chiose One ond g0 thece.

T al neighboce  have wolse obljective volues. gtop and {efum the curfent solwtion, owmd thic it coerfect
because o local optimal  Solution ina  Convex Optimiyation ?ro‘aiﬂ.m e g[oba\ oPtamq( Solut)on.

There ore Mmony Afferent vules  Tn C‘V\ODS“\y\& which m\gh\mv to o . ond  Some tmay  Can into  infimte Loops

Tor Motk naturel rules, there ore QKQMY\QS %km\mg thot t‘ne\é\ nead z\xronewﬁo\H\g many gtaps To
{each on  optimal solution ,  euen Lov  some Coundowiied Cules.

Tt s still & majec open Pmbtam whether  there ace po%nwm time simplex a\gnr%t%ms~

Ac’m;\mﬁ_ one r\aczssm% condition 1< Whethee evany {)vkki\JtO?Q, hol oiameter 6t mott Fulﬂv\om\gl in N oandA m,

ond this  ts Keewn  as  Hicschs Qm{yzcmm ond ToTs o etill wide  open.
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One \lmfbffm\t remack i€ that W\(Amuel combinatoriol O\\gof'\f\'\mg (Q-g QUjMMng \)a{‘n Q\gﬂf“thmi )
Can  be undecstosd  ms o simplex  algorithwm  of o Specfic vule.
In Plactice, Qimplax ngm-‘\tkms Qeem Yo be very Q_OYV\PQt\‘t\VQ_‘ and. there ¢ o fh@ora D{ Smvothed, O\na[z\g‘\_g

developed o em\;\o\\n thig \ahzmmwun.

‘\;\\\?So‘\d\ Dx\go('(t}m\ : Tt Ve the %‘(S# known Pok\jhbm\al +ime Q\ggrithm ‘Fb( LP . ditceverad ‘0% \(V\mdﬂ‘\%o\n

Tirst, note thot the optimizetion problem con be feduced fo o docition problem of chacking whathee P 38 tosomy.

=45 'Im%‘\mﬂxj/ we £md o lwga Qnmug‘n Ql\'\‘?go‘\ck to Quart antee thot 1\t Contawms the whole Fn[\iﬁw?t P.
[ Tn each otep. we check Tf 4he Conter 03 of the current elipsod s in P
Ey pES 4es. we are done.

I& net . the o\lgoﬁt\am fa%ulre& o }\%:?K(FKQNL that Seperates O ’From P

Given sudh @ hwu\;\mna H , the o\\goﬁthm wonlde  fiad A gmallest z(\iyh‘\d\ \?Hl that
Containg i nH . In pacticulac itoehill quacontees  that Pery
Repeat  until Vol(E) has bheowe Yoo <mall, not Possible +to contoin P
The Key of the analysis 35t show thal  the wvolume of the ellipsotds Aeereases fost Qnm&k‘
A alqmaﬂtwa omaly\s  Shows  that Vo\(EM)/ vol(E}) s Q‘W/unm . 2o that In O(m)  jtecations

the volume of the ellipserd ¢ decreased b\i o Constant  foctor

Thic method falle 1 the clgs  of a\gec‘\wms collzd  cutting  plane methods | not necqsm(mé ms\v\é ellipsoids

Tntenvor point  metheds This s ancther  Clagg of Pok\ﬁr\nm\a\ Time Q\gur"\t‘nms —gur gokuihg LP . disCoverad \Jg Karmackac-

Quuﬁhh\x\ . the linenr Prog Com i (eduwced to an  uUncenstroined o?t‘m‘xso»ﬁvr\ \)(O\o&m, b\é \/LS(V\& ~ baciec ’gthtmng/}
To enSure  that awn optimal Solutivn o  this  unconctrained problem &%mﬁs In  the Fn(\{cogm‘

jw'\tio\\\n, we STart Brom The * Conter 7 o& the ?ohﬁtcym,

Tn cach step. we Slowly decreace the M "ot the  batrier funckions . (esdue  an  unconstrained
optimigation Pmb\gm u\s\\(\g Newlon methed . and  move  Clocec To  an oPﬁmml <o lution of the u(}g‘mal Pro\;\gm

This Ts Compefitive  With SRM?\U methods  In Ploctice-

In %\\zmﬁ, thete  are  Yecent Q\(cit‘\r\g Progress gw‘mg ’Eas’( tecior po}n’t a\gonﬂms fo{ Combinatoria) upilmgﬁim

\)rob\zms, Thclud\h\g mafch‘mﬁs oand  PrAimum {Lowg.

Q?tim‘%kﬂof\ via  Sepafation

An importort  Leature  of  the ellipsoid  method is  thet Tt only  feguices & " separation oracle ” or it to

WorK.  That s, @&n G\\gnc‘\t\nm to dedde whothec xeP I§ not . Yetumn o §zpmﬂ\‘rg }\5F2(§>\0nz
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T ?a(timkar, the ek\‘\?sg‘\d\ e thod does nst va%u‘\m as to wivte deun —ne LD ngl?clﬂn . and  in ?(?nopli

we Could  selve on Qxponentral giyed LP ot Lm\& a$ there < @ ?ok%mmml Time gaFa(ojn‘m\ ofacle.

Let’s see o nowtxivial Qxam\ﬂg_ O\c gukv‘mj an Q«?onznkcmi siyed Ly

Consider  &he  Spomning tree  ypolytepe

min PR Ce Xe
&

Rew
Q&S\;(S} Xe < \g\*\ \'} g(-\/ > whece EQS} denotes the sets Uﬁ Qd&zs wth Yoth Q)\ok?n‘xﬁs im S
> e = J\-|
eckE
Xe 2 O ‘(} QEE
Tt 18 mot d¥fhalt to  gee that it 3 o Yelaxativn o the ™minimum sparnng tree problem.
me(e

Tor Qmé ‘mtzgfok Solution, the Firct clase of constamts Sauy that ony Subset & cannot  Contain

than 1S -1 adges , and this s wsed to \Cnr\o\d any uidzg-

The gsewnd  esnstroant Soy¢  we nzed to choote ‘““‘HS n-\ Ulges, and we Xnow that an C\Uﬂd?c Qub g(th

with [AVARR zdgu must be Q S?qm‘m& ‘rew

We will  See \latec +that  thic P i Indeed integrol.
To soluz Hhis 2xponentiol Sized LP. we wonk  wike & hown.  Twnstead, we heed ‘o dczs‘vgﬂ a ?Dl\@(\m‘m?o\l time

a\gor‘\%\qm to  detecmine 3§ ke P, ond ¥ *& P we muct cetum o Constioint  that % does et QDLJ(‘\§-E-KQ

the Clase 2 Y < \Q\-1 g S ev.

The  consteonat Seg Xe=W\-\ s Qasy to check . S0 e fowus on Ctwe

VE\

Griven on LD soluton xeR . we will cun Wl minccut ot akgorzthms cach 1o check whethee there s

Q \/Lo(zxﬁv\g gefC Containing o Speufre  verter vy

The construction 1s  Shown n the %oucm‘w\& PTQ’&\)‘(L‘

one vertex foc each odge ey,

X
& N /\Qm the Copacty of +the arc  Sey
2 s
L .~
~z

~/
v

Kled

one  vartex  foc Rach vartex i
sovy 23 =) | than we add Two OCes

Cez.v) ond Ceguy) | wadh o% Copack S

except foc the pectol vectex , in this ease Vi,

thece 18 an edge foom Vi to £ wikh Lopacity one

| emma Thece 3¢ o vio(omng et C'M\J(D\Y\‘mg v, % the win =t cut Value 3¢ S&rkﬂgj lese thon [V]-1

P(bo& T the il @ \Iio\atir\& el Cuntmmﬂg Vi Say g:S\\Uu\/w ;\IS’lJ Such  that 'EZE(S>)<Q, >1g\-1

S Xe >IS|-l . ond S has

Note that 2oach Qdge ee€ B muet Send Tt {Lom o vectices W S L but oo

o
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on\\A Lsl-y copcity Yo t . and Co the ca?uLTf\& o B connet be gent v the Qwk £ ook

thue  the s-t JELm volue  would  be gh;cﬂj Smaller thon  TWl-\, so wmn st cut < L=\

Tor the other divection . Consider o 8-t cut o% valug &trid(x% smallex  thon  \Ul-1
Consider Quch o cut. Tt cannot  cut omy edge of cm(mc?ivz\ . Alse, the cut Cannst  contoin  all

Top adges [ Simce E¥XQ:\\/\ﬂ\3 ond  commst Contain ol boktowm Q&gzs (swnee there are Ivl-| zo\gas}

Co, the cut Showld (eok like thig ¢
call s St £,

call thig Qwm

et of

Q&ZU & ho edges fom X, to V-S

l// 0s  thote n:lgeg afe of wpacity o0
Y
call twig ©
et S <
Qo, oll edges ™ B must hove both vecticer ond  heace = Yo = L N
S =1 g el % o€k N

We clomn that P Xe 2\ =\, and this would ;’V‘?l‘é Thatl € v «a U\okmt‘mg et Qorm}{m‘mi Vy.
1

e
To Qee fhis. note fhal IWI-C > et cut value = 1811+ g %o = IS1-1 4 [l-| —253%1
Therefece, Jz?as) X Z ZZE\XQ > 1sl-l | ond  Fhig Cmme\&tes tha P(aa{ N

So, to do this Gnstruction Lor avecy  Spedal Vectex v oal min st ot wvalwes ace W)-\L twen X s \Cws‘\klz;
othecwise 3 Some s cut value ¢ WL we {\no\ N \/{omﬁng const(ont

To conclude. g Can  Wse e\\\?so‘\d\ c\\Snr?H\m to Solve this @yponential %33@& LP in pn\\{\rwm‘,c,\\ 1ime.

Refecence

TLerative methods in Combingtoriol opBimization.

Ur\dustani‘mg ond wsing 1inear programming \fla Matousek  C highly  (ecommendod awthor ).

Combin stocial  optimization = Poluhedca and 2ffictency . by Schetjue

C 3-volume Set  rnastec piece , > {200 pages of oncise ?(ua{g 1)
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