CS 466/ 666 P\lsorithm Design and Ano(gsis . gpr‘ins 2026

lectute |3 : C,heege('s 'me%uo.(ities

We wnll Stmd% Cl«ugm’s in&%mt‘\f% which celates +he  Second QiKZr\w\lue nﬁ the LAE[D\CIO\V\ motrix fo  the

C Combinatocial ) JZXPans\on u{' a &ro\?k. We will alge  discuss <ome (econt geneml{so\t{or\sv

Grrq‘g\\ QK@nS‘\o n

Recall that A,=0 7§ ond only T & is disconmected

Clr\u&zr/s \r\e%uod’ﬁra will Show that A, is “small” \'g ond m\\g WG ot “thse " to ba disconnected

Fiest, let u¢ make \)(aclgq what 1t weant %n( o K{O\FL\ ‘o bo close to be oisSconnected .

There are  different  definitionc to  measure  how well a g{a?l'\ TS cenmnected .

. _ 1Sl
T‘(\JL Q\Lgan@?on c& Q 3( QFL\ < (‘LL{'\ r\QD)\ ag E(CT) = SZ\\‘/(,\ 1si< \\11/1 E(S) R w\r\uz Q (Q) = T\ Y
the catio of  £he number of edges cut fo the number of veckices o the seft
. mn \%“)\
The  Conductonca  of o qraph 1S defined o (@) <= con vel <] q5(5) L where O = Jolcsy  ond

vol (8) #= \E& o\g&U), the Yotio o% the number of 2dpes cut o the total degree in the <et

These  definitiony afe basimu% e%m\mmt when  the  Qraphs are  d-rogular (@(gj:d\¢ﬁs)>

In noﬂ—regula( 3(&@\'\3, we  whll celate  the ng\n concductance to the <econd @Igenuq{u

We Soy O 3(@\,\ s on expandar %zraFL\ it dg) s wfz <Q‘& DD 20.) L, and  we go\é Cevy

o sparce  cut it ) s emall Note that O<g6) ¢ Aor every Cey.

Both concepts ore very useful As we hove Seen . spavse  expandar graphs  are “mxg?ca[u ond  have
o\\&b(ﬁhwc applications . ond thza ate alse  wseful in defaﬂdom75A+Ton

ﬁno\mj a Spafse  Cut s wetul in dzsignimg divide-and~ Conguar o\lgo(athm) and hove applications 1n

?ma&a Szimznhﬁioﬂ, dafo cmswm% , Lommwﬂt\a detection in social netwerke, VLSTL oku:&n‘ 2tc

The gpectral ?qrtiﬁomng a\Qcithm

Thic ¢ o Popular heucistic  in {mo&m% o Spafie  cut in ploactice.-
@ CDMP\LJTQ the Second Ql‘gahuedor weR" o{ £

@ Sort the wvecrftices <v that X, =2 X

@ Let Q5 = fu..0% 3f isanfs
STM,,.,HS R A

Return min { CPCS;)%

IS\ € n
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There is a neac-linear time Q\jcv‘\ﬂm\ . known ag the \\Pa\,Jlr method /: to compute the Second efgen\/actor.
Co, the whole m\gov\%hm Can ba Tmplemented  in neac-lineac time, ond easy to Code u&lng MATLARB

This s one (eason that thic hewristic s popular

Another tTeoson 15  +hat it Pef\aorms vefy well in vaciows  applications. es;;ecmua in Smagm Segmentation

onda dus‘tmng, ond 1t wac o malv( brzmkﬂ\(ough n image S@&mqm‘aﬁon aCoundk OO

Tha  proof a% Chuzge('g Cne%mut({g will ’P(ou?d\% gome Per{ormance Suamntee of this a(gorlthm

Normalized wmatfices
~

To stoate CL«QQ&Q(’S \ma%wﬂ?%% mul% .o owe will use the “novmm\\‘izab LD\?\&LIQA malCix . wobhich allows we

to Cemoue the dependence on the  maximum okzﬂ(uv of the g(&\)h in the theorem ctatement.

-y L
2 2
Given on onﬂawncz\ Mot (1% A/ let \94 =D AD be  the ]'\Q\’(‘f\m“detk M\Sacenc% afri , ond  lef

L=1-%F be the m(mukrduk Lm‘;\o\uan matcx. whete D 3¢ the d\lagsr\m\ Matty  whose  L-th entry s

’li - 1 L
the dngrw o% vertex V. Note that £ = T-A4= D (D”A\)D = D*LD™

let X,z A,2 .. 2 Ra  be +the 2iQenyalus ot H and et A S A, S < An b2 the ngnw\mu trS* £

Cloim V= 2o, 2 -\ and 0=\ <A €2

M’ We pfove the fesult {o( normalized Rokjaceney o+ and the tesult foc  normaliyed  Laplocian Lollows o icectly
3> -3 % 1o D
Note +hat O it an @geﬂmkm Lor L, as i(Dl’lS = <D LD >(D 1 j =D L1 =0

To prove Ao, we will show that & s o pesitive  semidefinite  matrix

— L -1 < H\i -\ R 2
To See it , obserye that % dx = YDALD X = I XD "L D>x = Z\\SQEKU*WJ_} 20 ,

et \

T
wheee  Lo= beby  that we dafined last time G Loz j[47] for e=iy ).
This dmplies that  IT-% %0 , ond thue o<\
< TP Y < K“ XN 20 S S ¥§LL
“ ¥ = -+ = —_ = —
Also, e cown wite X Qlﬁ*\ﬂ/)y % X =+ DX &x Q:\S&E Jh WJ\ + Lﬂd\‘J\> esieE g \W} > 0,

ondk  Lhig \\N\Fl\(lﬁ that TH+H ¢ o , and thue  Xn 2 -1, onmdh hence A, = 1=k, € 2. o

Cheegec’s  ineguality

Theotem %%1 < PLE) € J 2A5 L wheve Ay s the Second  Smallest Mg{n\/o\luz of L cf G.

Tor S?mP\icﬁﬁ‘ wWe or\\\a plove the theoreen  when & i< o d-regular SQF} 70 which coate &i_&’L_

The &)Z,V\Q(D\\ coe S5 imilac but a Uttle Bt more  involved

The %(;T KY\Z%MA‘\’M)(\ e called the zo&a Aicection , and the <ecend ‘\r\e%um(i%a s calleh thee hard direction
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R0, r\omuu\\% We  prove the &ma Airection WCW&(
one  wice th'\m& about the L&?\C\Clm’\ moetcix  is that we  know that  the f&rst e?&%\tuhﬁ( s the all-one vector

So b‘i\ the (’)\a(c\dwfiﬁ\vr\ 0'% An. ms?n% Rmélalgh (%mﬁ&znt ., w2 have

>
R P N -
A= win ¥ Ex o omin XTLX g see OGO
¥17 XTx x1l A T oxa? A Sy
ey

-
Seo, 1o upypey bound. Ay, wWeo ust need  to %‘md\ o vedor X441 andk umw’(a its Qan\mgh gﬁmﬁer\t

To &zt Some  intwition. (et Say c{)(éﬂ = ({)CS) ond (Sl =n(a

We conside(  the “‘o‘\r\ar\&” Solution = %=+l f el ond x;=-1 0§ &S
Cince \Sl:l’\/q, F XG) = © , oanwd thug xlf. V-¢
eV <
Then ho€ e CXeX)) o ABOL s el Lo @@
2, X & Ll CNES a

2ach nge, n $6) Contributes &
4 -
Tor %emm\ . we consider the b}nma o lution X; = 15\ A e S o X< g w‘{ S

S
B\L)S Constiuction, X L1

Sy | L
%, Mgome CXN) Ol (aTR@Y L ML 5 e
A2 %y A 19 g * sl ﬁw) - s\ lv-s)

This proves the gosy  dlicection.
To  Summofize, F thew 35 Sparse cut . then A, s swall.
We Showdh think of A, s o “relaxation” of the Qfaph conductance  problem, which s Pb\udnomm( time  Solvable

N Congeg uance Y& that I{» Ny 1S \M&q,, then we know that & has no pacee cut .

TRS  direction T v\;;@fu\ T determmistie  Copstruction o«? expander %rast.

The hacd dicection * Intuition

) . > ~ « )
In +the Ymmmwgo\ﬁor\ Pfab\em min  \eE Cx ~x5) S ”\% we  con enhé Seacch fm( b\‘r\ar\é] So\utions
WT TS ¢
aev !

than we oce Q&gerﬁtmkhﬁ oghm;s‘\na ovecr the Conduwctonces .
>
But we ace D;yﬁm‘ysh\% over G (o\(iu domain ovec W LT (otheautse  the problem 13 Y\IPAHQ(&\>,
ond. the optimm\ Lolutipne  could. be Sbtme \/U\a mor\~b?r\mﬁ,& Solutions (Q‘& \IQ(E] Y S menth 7 uzﬁar)/

%o( which 3t ¢ not clear how +to Hfind o spoafse  cut frnm it

To Ret  Some %eetmg, Suppote  we Gfe  glven grap% [Tke @ @ , Wwhich s a gooo\ case .

In this case, it ois net good\ to “S\:th tThe Vertices n  a QII%MQ. because there ofe <o many azigzi within it.
So. we would expect that +the voluet 1n ach C\.{%ML are w“& Similar . while the two c(\‘%us would.  have

>
diffecent values e that x 11,
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Hence. e ewpect that the minimizec  Would  look Very Qmilar to o bh\zxu& Jector . and we Can nguk a

&Dork cut  With Cb(ib%)\l \)ﬂ (oo\slvxg at  the [b?narg) Qe Lond. eigenve ctor

Now. consider a  bad example., whece the gmg)\ s |ike o—o—e—0—0—0—0
Then. the r‘nim\‘r‘n?smr % can  do much vetter thoan o b‘mar&a Jector ba T‘r\akh\& gach on&e \/Q(\a chort

2
while  the values decreace vamcﬂxha %rum 40 to -{. Ja whith case AN, o LG,

The kz% of thgu’s Ina%ml:h& s te  ghww that A\, comet bz  gmallec  than @(Gﬂl/l

T oother words. T Aa 75 Small, then we can extiact . Somewhat gparse Cut from the eigenvector

We can  think v§ the D\wan?sa Y embeds” the &rth inte o Line . wWhile most @i&u afe chert

'

o ‘1

Then, it chould be +he Case that Leme thieshold 3\\125 a  Spacse cut Cie. fow and  Colummn c\r&amwﬁc)

The hacd dicetion © Proof  Coptional)

“The %(g& %’tQP is  to P(a\?rocxzss the <Qecond Qrgen\/ufw 20 that ot most hm{ the entcies o2 non3ero
Thic would gu\o\(m\tm thot the out Puft et 8 Cotigfies \S) w2
This step s %?m})\z to desclibe .

Without loss o{ gzv\ew\\\‘t\a we  assume  thot  there ave —\Igwu ?og\{;w enteles i X than nﬂgmtlvt onto eg

X: i x=o0

Considec +he Aggtmwiwx& vector K’A ui = . L. Swst ge(o‘m& out “Tha n23A+{vL Pac{'—
o i %<

Denvte the Rogleigh fuetient by RGO:= K&/ X% = XTLx/ o

LCloim Rlyd < RGO

93 5 N
broof  TFor oll 1 owith Yi>o . (&ydi =y ”‘Eem) S X - ?ENLU%“ = (L0 = b

T herefoce. LATi% = E\/ \j:'(i\@l - i&mm kjl(&ﬁ); < 1 >\1><\1 = = K;\i\,’l) ?(Q\/\\r\g the le%mm

Now, thee & @ \/ma 2lemant a(gmmznt o make *the Gbove ntwition ?mdsz : j\x&i‘ \;‘\ch o Condom Lhreshold !

Lemma  Griven ony Y. thera exsts o subcet 8¢ Supply) Queh that ¢(S) < A 2RW) . where Supplyd= 14l Y= O%.
Pool  We can  ogsume  that oy, et for ol T, bﬂ gwl?ng 9 i necessary

lLet  te(p ) be chosen un?%mmla at  rondom

Lot Sp=47) \Al‘\ 2t Then Qg € Supply) bz\ Construction.

We ()\r\a\u&ge the prutuk Value o{' (é(itﬂ ond. the QX?(LLtUﬁ\ value o§ \gt(

ELK%(S@\]: ‘»}ﬂ; [?( (the Zd\&ﬂ_ 15 2 mb )} bud l‘vr\mrit\é oﬁ Qxyuto\ﬁm\
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S 2 >
- \\36‘5 | Eﬁ] - %) \
= VXGT: lg‘ %J\\x’*(\ts[
< \j ‘%&E C Wi - 43 A \j \%@EQ Yit Y ) bZ\ Camchwgd\w&(2 <a,b> < Lall (Il
< J%H:Lﬂ Y3 ) 1%1(‘_&\“&\\%)

= ) 3 CenY Jaaz g

= Jary (AF )

Elica] = Z Plyl2t] = Z)u
=
T\w!&(@%orz, JCE o (Sfﬁ\]

X < )W
Efdlit\] d 3
“Thit means  that é[ \%(Stﬁ\ - JIRLL\@ s \Stl]

Henw , there exists £ Qwch that Cﬂ)(@t) = édigt3 1&(\3
(Sl

COW\‘DMIY\S the claim ond the lewmma poves the hocd direction a§ C}wagu’s Tr\e%uaunﬁ,

Note that +he \D(oof chows that <the pectral qu%'\tioning ngb((‘\“ﬂm achieves the P:z(—gormq-,\@ &\Aa(on+ﬂg

Vecouss the oubput set S¢  Tg

o “threshold 7 Set that the C\\gor'\t\nm hae Searched Lor.

Discussions

(D The proof can be genealized to  weighted non-cefular qrophs, with Quitable  modificotions.

@ Both sides o—& Chzegar': \"na%ualit\a ale t?gm, 2uen the Constents  Qre tigh“[

To Cee on Qxamp\@ where  the  hacd dlirection s almott tighf> Consider @ c%\do_ of txmgﬂ\ n

One can Compute the Spectrum of the cycle qmcﬂjd but we wonl oo it here

N T
Recall that X, = min X &Lx

n . S to S‘wm an Uppe¢ bound on A, we jmsﬁ need t0o demmstrate one vector
xLl A%

1 \
_ — g
Considec x= (LR V-7, . w0, 7w, ..  ~M=w -l.-\-% ., 5 OJE Sy \)

< L L
Then )L € ATON (X\'X D = 0 n ( r\\ - 0 \lI’L
By o MEL) - of)

On the other hand . it g easa to \/Qr}f% that the Condwuctance of o diz

Thecefore,  in this  exomple. ¢(C¢>ZQ(W~).

is D(‘\nﬁ\

One \"f\mﬂ thiak thalt T ¢ on artificial Q\(D\mFUI_ in wWhich the <econd e(gzmvu\(uz C(@\f(é undecestimates

the Conductance. , but lets consider the {-e(bm‘m{i elated oxomple

Two Cycles o (er\g‘U{\ n L oand there T8 o Pgrfyut ma‘cth“mg

between the two Qidﬂ&
o

Wwhere each 20(&@
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o

Two Cycles of length n . and  there < o Pe({-ut mo\‘cch‘mg between the two cydles. where each Zo(gt
|

[
2 SN o gkt 1
in the mm\‘ch‘mg has wa‘&ht Loo/n ql- L g
- <_/ \up_‘Lgkt AD—DL
Sy N

3

C(ur\g\‘ the optimal Spocte cul TS the Pzrf@t mafth}mg, with (p(&) = 0( Jﬁ)

On the other hand, one can Show <that +he gecond ew‘gzm\/(ate( would, <titl be the some os n
the Ci‘)dl e\mvn\ﬂz, with Twe mnodes n the Pq(%@c‘c mﬂcmv\i 'uizv\t‘qﬁiea)\ as  eong node

Thetetfore . Ny ts ekl O(J&) and the value s Cplrect , but +the optimal cut s lost  a&nd

eUUA +hresholdh  cut s bad

‘ R {
@ Related o the aboue \;n‘mt, C\r\eq&ers Me%uuxhtg Qives  an OQTTB‘QPP(DX‘\MM'\M o\\gwlﬁnm for es{]mqt’mS QECCT)
When A, Ts \a(ge (z\g. when As is 6 Constant) . then £ s a goozk approximation |
A . .
But Aq could be as Small as oC Y\I) , onk % 1t wuld ve oan  Q(n)- Q?P(OX(V"!\D\T\E(\

Thig doesh}i %mﬁz Qylen the good\ Qum‘cM Pg(\%rmancq in \P(Qc_ﬁ(z.

@ The Second a?genvo\\m is C\o&a(g relaTed to +the M‘m‘n@ time of  vondem tolks. ond So Chfejarls ine%rw(;tg

provides o combinatoriol approoch to  bound the m?yini time . which we will See next time .

Recent %enera\l 1ations Coptional)

The last etgenva(g&

Note that o g\’aph has o b‘l?m:m Component ‘WU( Rn=0 . where on 18 the mallect Q_iy?nvalmz of T+ Lﬂi’

“Thee 3s o vobuct gznamhsaﬁon ofg thig Q\)uﬁ(c\\ chq(m‘rerigoﬁion

befine  pLey = M fie LYY g > | % adges wtin L] + >| % adger withio R | + 169)
Ye{ o1} oS, luol eV dlg)
eV \61

(LR pastition of ¢

Thic & called +the \vlywt?tanus (atie o{ CT which < Small 1§ ond onha {{ QT Contains o Qubset Cev
<

¢

which s Clece to a bleﬁtz CDm.\;on@n‘(‘ with most edﬁu in Q(oSS‘mS L and R

_Theorem  (Teevicon) Lio(“ < ECG{) S J2%n  where Oa T8 the Smallest QEanva(wL o'f I+S4’

The Ctotement oand also the proof 0fe Similar to that of U\azger'& nequality.

This Tesult con be used +o okas\‘jm o nontrivial &PProximaﬁm\ alguthhm {or the “maimum cwt F(obtem.

The k-th thuw olue

Recall that Ag=o0 T4 & hac  k  connected Components whete Ag s the K-th Smallest eijanmme of Ji(@

TL twme oyt that there are two humn‘mgwcml ways to ggr\lz(‘alfsz this basic xcact.
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® Small  Spacse cut - T Ae Is Small. then there ¢ a 2parse cuf S with gl Wi/x.

© Mony spacce cwfs:  TE Ae o small,

then there ofe k Vechx~0ﬁ&]o‘mf epacse cuts.

The first result s ?qud \7% on O\(gumer\t \Ag\n& fandom Wwalks , and  the Cesylt rau&hhﬂ Sc‘jS that

Fov  large enough k. there is a cut § with cpc;ﬁtﬁxk and 1Sl = lvl/k

The <econd vecult s P(owol bZ( oo Lpectral Qm\cedd‘mj Q(gmman% that moaps  each vertex to  a Po‘mt

N K R N R N L
n R using Tte entries in Livst K Qigenvectars . ond then e Some Qeometric rethod %o partition

the \>o‘\r\t§ o, whete This ¢ a heuagtic used in Vro\ct{cb

“Theorem S = 0 < 005)'3 Ay where & (G) = gm;(\ . (W;Mk ¢ <
1552 50,3k 1€

o{\sjc‘mt

There s olse a Qenecaliyotion  of  Cheagecs ineguality weing Ay

“Thesrem %Al < (D[Gr) < OQ K%) "{lor 0\(\\4 Yz

o, when Ay Ts 10((31 for o small  k (qg. X(Q:O‘lD . then this theorem toys that A, s

a Constont Wcactvr appcoximation  of OCEY. and sndeed the <ome SP@LTFM \Parﬁ’c‘\nm& Ngom‘t‘nm

ochieves thig ?Er{—wmanca gMQFQn+€Q.

Tn ?magg Cefmentotivn  and  datw Ctustz(\ng,

practical  Tnstances mguqtlg& have o €mall number of

o(ﬁgfﬂr\img ob&ects/du«s%e(s, and.  thig im;;h‘e; that A s 10(%{ ’%M o Small k.

Thecefore.  this theorem  rigorously

Q\(P\Qms +the gooi vix\)%ﬁ‘co\l per{-\urmmw, QJY the i{?ec‘rﬁxl Pm—t'\t‘\onmg

O\\ga(\%hm in Pracﬁcq.

Refecences Course notec of  Dan

Qpiekmqn . ond Luea Trevisan., ond  C2 Rbo in ipm& 2009
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