CS 466/ 666 P\lsorithm Design and Ano(ssis . Sprinj 2026

Lecture § : Po\gnomiql iohnt'\ta t‘cst'mg

We have <een that simple algebroic tdeas  used  in m\skm& hove  Vofious O\P?]ic_aﬁoﬁs

TOCM\&' we will Cee  othes gimple mgzbmic Teas  howe iwwim& applications  in d\asignsn{g Sast and wmtlzi a[jomthm,

ond  naxt time wa will Ste anether Mtuesﬁr\S application  in  The desi gr of dustributed  Network Coo(mj_

gt\"‘\'ﬂigr E%‘"’*Utg U MR 74 T™his s o §fr3|<‘m& UsL Of Yondomess  in CoumTaTZO(\.

Ima&'me o Cvm’EOnLd mointein W\Mt\‘?\q, Copies D\K the <goame }Mgg data set

Trom time o time H\% would  [Tke to check whether the Coples Qre gtill the Same.

We can think of— o doto Set ag o ‘D\Y\m(\é i’w'\ng of [ﬂnﬁtlﬁ N ’Eo( 0 Viz{\?Y [arjq n.

Problem : Alice hat MMM\A S{v‘mS Qy 0y e By - Bob hos o L;‘\r\ar% Strm& by by EH

TM\A wonld  Uke to  eheck whether their Str{ngs ace e%wt wth as few commumieations  as Fossrblg.

Deter ministic O\\gnﬂt\'\w\g An obvious thor'\ﬂwv\ S %or Aite *o cend all  her bits v Bob ., then Rob can

check  and  tells Al  +he answec. But it Ceguives  nxl bits  of  communications.

A kﬁou m\g»\t Rmm&{na , there are  no betyec ways to do it . omA It can be vaw\ that there, afe

no  determmstic m\gnr\’v\r\ms thot con do  battec . ms\w& tadmnk%m; &QULLO?C(}\ in Commun) Cotion Umflb“fj-

M\%ﬂ_&lﬂmf_ﬁm: Swpm?n&\% thace 35 o rondomized atjmﬂ\m for  this problem (As‘w\j om% O((OS n) bits.

There ace diffecent Woys 1o Colue  the problem.

n - n \\
One woy i to  consider  the ?c\\aﬂﬂm\\m\ﬁ ALY = ? a: X" andh  Bx) = ?\brx .
P \=

p (m.g. modular  arithmetic  over

agrees on o largg ahougk f1ald
o \ar\ga QY\B\AS% F(“M[ f)

Algocithm © - Alice ond Bob

+ Alce picks o Tandom  element VGF L oevodwate  ALD)  ondk cend ¢ ond AL) to Rob.

* Bob Compukes B(r) . and veturn S eensistent “ 3f AlR)= BGD) am“rmmmn{' NAICRES Bl

That's the qkj\ov‘cthm. We need to m\axludsc \te Swecess Probab\um\,},

Q.th\mgs ose  the Same . +then AGO= B omd the ﬁ\&o(\wtlﬂm il a\w%g smﬂs “Consister

Ama(égTS’ 1% the two

Se. whan +he Q\&n(?t\nm Says S dncomaisterd 7 TE Wil Never  moke oo mistake.

But the O\l&oﬁk\'\m oy Mmoake  mistake  Wwhen The two S‘%riy\gi are  not the Some  and <t SQAg “Cunsisﬂvﬁ".

We Would ke to uppes bound Ehis ex(or P(o\mb;ﬁ&,

f the tuwo stiings ove not the Some, then ALCO X B bull we have chosen ¥ swch that ACO = Bled .
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What

gl naoe

There

Qince

1S ARt ertor Pmba‘o;ﬁ:\ Tt onla hoppens  when ¢ IS a Yoot o (A-BYO = 0.
A and RO are Pb\\érw mia\s o% g}\gg(gg al most n. v s (A-RBRYW=o0.
afe at wmoest N voeots of o degree 1 ?o\gnmﬁml »

we pick o vandowm € In T, the error \Dro\oo\b:\{%% ¢ ot most Y\/H:l.

If we choose o lmgt enw&h Hield  F so thot T~ woon . then this probabwﬁr(& is ot most

And  the algo(ﬁfhm onha needs to  Qend  of  west O((e& [FDCO([O&H\) it

How should twe deceoe the ecvor ?ro\po\\;l\;%n?

This 1

Tn this case. however, o bettes woy T8 Simply T plek o larges field 932, 2. \\{ \Fl=n

then +the excor Wbbabihfa s at most JFT

0.00].

s an O\\\goﬁthm with one -SYded  etcof . and the <tondacd Woy S to vepeat the o\lxor‘wthm c\few Limes

while we gl omt\d send OQ[UjW) bts .

Polunomial
J

1dentity testing
A\ [

Now. we cConsider a genual?gmﬁnn n{- the cw&umu& to multivatiote ?ohév\bm\m\s) ond it wWill be our mein tool

We are qi

ven & multivatiate Pol\dnom‘\&( Plx oY) and the O\OKQQH\/& s to determing K%

PU\/XL,;,., Ya )20 |, e whether  the Fo\%hqm\m\ I z%uql to  the e Polﬂmmmk

O% owrse
s Stlon
o Plx
Tn %evxero\\,

TJY tha Pol\dnumm\ is Sw‘ven lKFlv‘dﬂ\a (_Q,&A P(X‘,Xing)? X\Xin +‘¥X\g‘<g* Xz\/\; > , %then thic Y{Ob@zm

\gmgo(warz}\)buk +he Pn\av\wﬁa\ Con also be &ivtn U)m?mﬂg (e % \)Cx\,X\,X3 Y= (- X: )(Xzﬂ(:),..(%‘l\‘xg)
LoXa %y ) 2 det (Xo x:}’(g Yﬁ\xq )) ond tlo P{OHQW\ becomes anﬁ;mw
2R XGKaxg

there s no Known deterministic Fvl%nnm:al tme o\[go(f‘rhm —for this Pro\;um.

On the othec hand . there 1 o Simple (&ndom\sz& &lgoﬁthm A\CD( +hig Pr‘ﬂbLQ(V\4 bg g@mrm;%m& +the i1dea

that thece afe not mony coots in & low degiee po%nomim

Tn the ¥0u0w\\n€‘ when  wae talk obout Jﬁn‘\%a Q:ztdg, we Comn "]ust think ef modular acithmelc over F(‘\MQA

Lerma C

Sd\uc\rjtzzlippd Lerma ) Lot QUx, %06 FIxL. 4] be o multivariate \)n\nnomml DJV total o\l&ru A

Tix g ,E‘M“Jm et ScF . oand et v...v. be chosen Rnd\q@nduﬁa and un‘rfwmlcu] ro\y\a(m\g \Crﬁ\m <.

&

Then Pr [ QUr,. )= O—] S KT T Qe not T&anﬁu([a e%w\[ o 2ero

C The d\(zgru nfy any term (¢ the Gum o{ the D\K\Eﬂhehtﬁ/

(00 \We prove L\a Wnduwetion . The base Case (S\(r\g\( Vo atae PDL‘J,‘W‘\D\IB n= 1 s well known.

Te O‘?P\Z}

induction.  we group the terms o’g QX)) based on  the d\ﬂ_&\'za of x, to obtain

< N
Q. .ux) = Z X, Qi W, %),

wheve ks the \wjlgt exponent BWC X, and each Q; (X%, ..X) 3 O.
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and  the total AQSWL 1S the maximum otegram\)



We  condition  on the event  That v, W20y, YasYa.

d-k
Ciner Q..o ) %0 and 4 has  n-1 vaciobles | \93 tndwction . Py (Qpix, . v)=o) £ 1<l as  the

total degres of Qe s at mut d-k Csinee %, s of  odegre ko in the term Yo Qk(xi,,__,x,\ﬂ_

Nau,QSSum\nS Qulr,, %0, then %LXQ: Qly, v, ,r) 18 & nen-zeco (kl&r:zl k Singiz, variote \)o\amm?a(-

"
Se. by the base case | Py ( %Lr\):oﬁ N

Cum\o\\nﬂa . Wwe  have Pr (QUr,, . r) = o)

= P (Qlery=o0 | Qetry, ) =0 ) Pr (Bklr,.. 1) =0 ) + Pe (Qle .. ny=0 | Ol o) 0 ) - Pr (G (e, )% o)

d-k K d
Sl g Yt T Tl ol

Determinant Tasﬂn&

To cluck whether the detorminant c& om  nyn patix 1S Mtzvﬁﬂm\ha E%uuxl ‘o Jeo , we coan pick o
lwgg gnough  prime feld of size OC plyGn) - This will ensure that LAtk high waab\mxé thet the
Mdotminant 1o LRI noneco  in  this fald CI{ or?g?m“a Tt o1s wongeco b Thon , we can :]mst
substitute  Yandom ‘(%zkk dlemente  in the voriables and  Compute  tle numerical value of  the
detecwinenl  in PO\\ar\vm\m\ time. @\6 gdWsz»wazl, Tf the oeferminant s nongero | then the

(cuccess ) be‘oab\llﬂs that the numedieal volue s Y)DY\S(LH: XS \/Q(é M;&L\_

B]g«xrﬁfo. mat c\r\‘mxg

c b Bind A mexdimum carot\m@ﬁé subset  of \/grfawokislo'm& Q_o‘\&as,

A \?er{luf YY\ﬁJtCL\]nS KA modccwﬂ(g o-f n Qo\gas.

N X o wviEE .
Theorom.  (Edmonde) Lot A be an  nxn matix with A‘\‘J'i 3 whece ISREEREECY voriable .

0 othermse

Then & has o ’\)zr{ac’c w\odtd\;r\g 7& anok only \\% det (A2 O Ve dat(p) s o non-zero P°(A’\°M\‘“ -
n
E(oo{; Recall thot  dot (p) = P;iwmﬁw - g‘,%,\w) Aiso Prow s Ansen T Vﬂzmﬁm ¢ Spnla) —;[ AL@@)-

Notice  thot o Pefmutation  defines a ‘o‘\‘)eﬁ’\nn botwaen U ond V , and <o each ?ﬂ(mm’(aﬁun urrgngds

4o a ?otev\ﬁa\ \)er{gc& ‘mo:fc%‘mg between U and \J | Ve {U, Vgay - Yy Vea) oo uh\/mh)%~

\

A ngmm‘fmt"\uh T Contributes & hon-2g¢o Term to dat(A) T—F{« §\’\x\/¢(\> 3 uhvuﬂg s o P;Lv{z(,f
YV\&\‘VCL\‘m(S v tlae &YQ'P\,\ Cq
go/\w% thece ¢ no \)Q\»&a& w\o:fckmg n G\ , then E\/er\é tocm Vs zere  and thus det(A)=0O.

On +he other hand |, TWC there 18 @ *Pgr{uﬁ W\DICLinS n e[ thew Seme Teewm ts nonzeco . Sine  2oach

torm uses o dFffecent Subset of varlables . thete Aerms Wil not cancel out . and g det (B)FO. o
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Y N v N \Y \i
D~ ~ \ 2 2 1 . 3
\ \L&G\(\&\\\/A, ", O —o v, W, X\\ o o A, i o ©
Uy 0L—a VvV, Wl Ay Xan Xy Ui 23 2 \Y
“w O ¥, O Mz © 61 O
Uy Vs > 22 3
o wed TR : USTY\S Ed\r\/\wr}\/S thesvem ond. the gcl'\wa(tl—?_‘l?[)z\ lemmon we  Coan obfain a,

“gw?la” randoniyed algar‘\tb\m to check a0 ETParﬂh gm?‘«\ has o ?erfect mnmﬂg or nol.

Tiest, we pick a large enough  Fiald I

We Con S}mv\\l Ahink e% &D‘W\S modular  arithmeR e ovac o \argz ?r\m!{ \3

Then . for 20k edge Wy ek, set %y o bo o vowdom elemeat in T (e,g.Xo,-v-,?-ll_]) Rndqu)qnd\gn&l\ﬂ.

QDMV\KL det(p) ovee e feld F . Refusn  XYES 34 and onl% Tf det () ¥ O.

RUTIRS ?LJV thera € he \>Qr£th moﬁc\\\mg in 6 L tlan det(sy= o a\wans, no motrer what  we ubsbituie.

On the other hand \t§ thete & o \M(ﬁ‘a(f ma%d\\mg in & . then det(a) %o )D:\ Tdmond's “hovvom,

Neote that At s oo multivariate Polnnw\q\ o—§ total ng(&m n.

%&6 Qckwwfz«zippz\ Lmma \wf e Pvﬁt T vandom valuee drte the Varlables of O how2efo \)v\«:&nml‘mi)

the probabithy that  det(A)= 0 15wk mest ey

N T{ we Wt a E?dok $i3e o be at least Loon Ca peime P ot least L00h>/ than thic F(DMUK%
'S ok motk

ﬁ. Tn othec words . the m\gm\k\am Suceed & with \)M\;ab?\i{—\a at leatt 0.399.

Tiree  Complex The most A {Lreult S"kcL? 18 o Compute the determinant

Stnce e put in actual values, the determinant con be computed in Ol Y time b\(,) Goussian elimination .

There s algo  on O(r\w)“r‘w@ Lot matviv man‘F\‘\Ccm‘m Qljm?wm With  Lo% 23] .

Theveefically . this s thae ostest  known  algorithm bipartte matchin Wwhan ke praph s cene.
N \ i 3 §rep

Remack Tk g possible b vetuen @ erfed matchin in the Same  O(n”) Time, although nontrivial
Remack P P : ;

NI {ﬁw the maximum matc‘«\‘m% P(b\o\ﬂm) We can  Compute the vank o defermine  the

x?se.

l\\on»b‘\'par'k‘\‘\’n. ma‘tck‘\r\g (oPﬁom\D

Thefe ic olso am E\\&(\)rO\TC Sormulation  for Mzﬁdm\v\é o gzneml graPL\g_

Given o 3(0@\ G=(L,B). we consider the %uwwg Wiklyl  wetix B such  that

{or each cd\ga IL:‘wj . we  how L\\\jle and, A\‘Jt:f\(i ond  othec entries ‘o be eco

vV 248

lo o “Xa Xy 00
Py Xia © Xa3 0y,
- Oq Xy ‘xxzﬂfwo
\ 0 0 -%y 0 O

0 8} Xlg D o

LO08 Page 4



Theorem  CTubke) G hoe a qucut vv\oxc\w\r\& T\C ond or\ha T{ det (AY%0O .

Remark : Mama combinatorial optimization  problems hove an o\lgzbmta formulation

Pacallol M%o(‘.tkm and  Tsolafion lemma

Another o\o\\/an‘\“c\zq, 0£ t his q\gequtc oppfooch s te d\@%\\gh ‘Emsf P[;\(M\d Mfor\‘t%mg,
The main  reasem 1< that mqma CJSUQ(D\\\L ?mb\emg Cauch  as Cvzwpnﬁdhg d\ﬂum‘mm\“t> Can  bae Qovv\?ﬁzo\
ﬂ{'ﬁﬂm&\g in o parallel L,\s‘mg a  divide - and- Conquac

C\YP‘( 00\6\/\ .

Theorem The  detarminant OJV an N bLA nootex  on be Computed in OUogrxﬁ Time MSWAS OU\‘H ) )emussws‘

Cnm\;:vﬁng ths theotem  withh  the algt\;mtu m\ﬁmﬁ m\gur?tlam thece Y0 an L{{{chm Pmrm(lak algoriﬂw to
check  Whether oo graEh has o \)Qr\cect W\D\‘fd\?nj or et

We  whll 2xplain

CYES or NO .

below how 4o Yeturn

O Pu{*u’t w\zﬁ“d\?ng when  there T8 ome -

The. d\\‘{-ﬂ—‘\uﬂﬁg in dxzéign‘xn(g ?a(q\\z\ a\go(\t‘/\m is ‘o Coordinate  the Processocs +o  Search fof the Sama ‘maxd,\‘,y\s,

There are jro\PL\s with .@,X?O"I\Znﬁhug Tany Ma%ckmgg‘

The isolatipn \lemma ?rovidas a gl«rprh?ng ook (’_\annf \,Jma to Yeeolve €this Issue

| emma € Tsolation Lemma )

Given a gt gjdun o Q Sroum}{ cot e{ n o elements

i we assign A weight Thdqznoﬁenﬂz} and w{m% rwxo(omlg from £1,1,‘.)1n},
then the P{oba‘o;uﬂa thoat *hece s a ur\‘x%mg minipmum \uq,?ght cet 3% gt least /2

Remark : Thig 1s %U«\l—tk Courtec- Intuitive

A et S\LjS'tLW\ Could  have DA;) Sets .

<

n
On avecage, there are QQQ /L>m13> Qefs o% a g\\\/m wﬂgl\t , oS the maximum wdgk‘t s €an.

But the isolation (emma Sqag with gow\ Pm\galc\(xt% there s only  one set of  Ynintmum wzzjkt

Proo;& et F be the <et mﬂgﬁm. let v be an arbtﬂma 2lement

let  Fy ba the set of substs which comtoin .

L»‘Z,JC {kv bae TL& S{t D{ §ml:§{'t5 \A\\I\\(CL\. dm\/{ contoin

Consider the %mawﬁ*ﬁa oly, = min wl8) - min wlR-v).
CeFg RETFy

Note -that ﬁc Ay, <O . then v deec nof \:atong to any MinimUng \,uz?gl\t sel as +thete < o

Subset S which does net cowtonn v and  its \Na‘\sm s Smallec than the \m&m a\t Q\/erg S ubsets

that coitaing v (even ™ the M\\Em o‘f v o Ts nol  Comsidered \&T ).
More !Muxrajdn . bv(& o Similac ‘HLDLSon'\Mé R ‘\{ Xy < W) , than v doecnt kdnng 1o any MinYmum \,mg ht set
On the other hand . if oLy > W), then every Minimum  Weight Sel  muwsT  contoin Vv
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Wae Say  an element V18 _ambiplow £ = wlny
Note that oy s a f%gwnﬂh& ?hdszv\o{anT o{— WW) L and wWly) Is choien wﬁfwwg rano(mt% A om Q\,i,..,lrﬂ].
Therefore . the Fm\mmm& that v I ambiuous  is at most ”ﬁ
“8\6 wnion  bound  the pro\oabtm-a that coeme element 1S c\mb?jmus 1S at mest Ji
F‘\muj, observa that Tf twe diffecent sets ALB have Hla  minimem  walpht o then any ¢ lement
in A-R A%gJD ond R-A %@  muct be ambipusuc .

Therefore, we  Conclude that  thare are two differst  sets with the wmintmum we?&H Tsoat wmest J{

M w]

Tor tha MD\TCKMS ?rc\oum/ WIS zx(ﬁfy\ 2och gokgg o \\r\d\mwno&avﬁ ondom \\)B;Rlﬂ't ‘{lrw %\\,1) . )m7] .
B the  Tgolotion lamma , with the set sustem baing all possible ecfect matchingt . there s a  wunigus
4 3 § P P 3 %
MR Mum \N(LTEM- per fzg% W\M‘LL\\W\X with Fro\m aL\‘\ﬁ'\a ot \east ‘rLi N

go‘ Nnow  our Sao\\ Te T output this uh?%@ Mminimum w;zf\gl'\‘f Per{—m,{ W\rﬁc\n?nj .

Minimum  waight  perfect  matchin
J
wile)

Tor gach zokgz e, W ?\,& the Velwe 2 o the variable xg .

ket the w\‘\%u& " R wdgﬁ Pu{ect matc\n‘mg have mtgm W ¢ 1m1.
. W
Then | on\\a one  Term In the determinant  has  value 27

/

W R W
All other <terme n the oeterminemt  hoave value 2 o \,\)7>\,\J . an even humber Times Bigﬂu than 2.

Computing  the Mnimum ey
2uen ‘\{ K<\

We can S‘qucL\ ,%\( the Wi nimum \,\MSL\’V T P(xro\\\g\ , \Ag‘mg tha ‘Fcu\)wh\g ohservatiom det (A - cdd *\% K=w
'S

2 not I—§ k>w
We can find this k in \FCM‘N%\ . odtec C,ow\mﬂhi det(A) in Fa(allL{. divisibla

Note that det(h) can ¢fill be @m\mtad\ Q\C%‘\ctmﬂg L 0s Qadh ety hat ot most 2 bits 5 and thi I

Wheee  the  Tsolafiom  l(emmo ¢ useful  in that Tt does  +the Eu&; b\;] ml\a \A_Q‘VV\’S Small \NQISH«

Fh\diy\§ the  minimum  weight  perfect vv\rerck\mju_

Tor cach edge @, in pacallel , we went o check. whethee o \JQ_\DV\XS ‘o the w\“\w Yol Far%uf mﬁckb\S.

lebk e=uwv, and G, be th grs\?k obtained fven G \,bd delefing the veefleass w ond V.

Then, note that  e=uv is in tha  Unique winimum mxgm perfact m[{ccmg in G W ond M% E e winimem
waight  perfect in Qo hag welght W= W)

This agoin  Can be chetked Tn pacallel mi»\S okThLzreydt procassovs for diftacent G[m,) ond Lo Fhe  maini mum

welght  perfect mmcm“i Qon  be  comstvucted Lf\%‘du\t\\é in pacallel.
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Remark : Tn SZWUM, Other O\_\&b(\wﬁnmg bosed on algz\am?c ‘\CM\MM\MHWQ Con pbeo made Farmuzk.

Rafuanu : Chaptec 7 of  * Roan domi ged a\gwitl«m ’ b\é Mot wont Gl Raghavan .

Open gu&sﬁo“f Gven o gm?\,\ where each edge is colored Yed or blue . we would ke to determine f
Theee T o pecfect mo\tcmnz with o«kcﬂé Kk ved adgeg. It% o goaci exefclse  +op ghow  that thers
Y ‘(av\domTSepk PO\\AHDW\\\A\ Time a\iorlﬂw {or this P(nb(zm msfr\g tha Q(Sebro“\c, appcoach , but
t hos been on open é%ueg“ﬁom whethee thece  1s o determintstic alSDrIﬂ\m For +the Frabum.

ng\_gynz_ﬁi@\_’- It % a MQ?\D( open %o_uﬁm t Bnd o Aetermintstic Pa(odu.\ m\foﬁﬂnm \Cbr yv\afvd\w‘ng,
?thﬂ\j, there 1S Roma ivxh(ash‘aj Progrecs n d\L(C\V\d\st\\ng the  isolabow  lemma . which  lsads

lop n)
hOQOS

T o paralel a\goﬁt\nw\ mc?nj Mang procassovs - Nice question b0 think  about .

Swst a feu doguas age, & Solution to  this mapc open peoblom  was  announcad , with an elegant solution®
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