CS 466/ 666 A[gorithm Design and Anolﬂs&s . Sprinj 2026
kecture T Graph Sketching
Grm\:\,\ gketch\mg s oo ’uchniqsm ‘o Compress o gm?b\ while Suwort’\v\i %u@riu ond  updates .

This is very useful in oteslgmg Sf\wmw\\r\g 0lgo(ithms (ot well as traditional a(gmrltkw] foc 3(aph  problems.

ols 3

The goa\ in this lectuce is 4o intloduce grayh skztch?rxx ta.(hn?%uai to O\Qsign gemr-gt(eam:nf algor‘ﬁchm

(us‘mg 0 () sPacz) ~For %(a\)h ?foblems Quch @as CDmput]ng & Spanning forest K-Q(}\&L—Connu‘t‘wﬁj,ztc.

lo do so. we use tools Leom hash‘wi to build the qco(low\u\g primitives.

B . N
T _Spacse xecoyery Construct o Sketch sk € Z Queh that if  x€Z is S-sparse  than  we Can  vecovec ol

ns RS ‘e
entdes of X by (ammg k&) n OCS)  time 5 X is wot S-spacse then (etucn ot g-spacse .

) ) polyloy
Ly Sampling_ Construct o sketeh sk € 2 Such that e Can  Sample &  non-zewm of %

From  SkCO la polyofin)  time  wwith high probobility -

Lineac  Sketch + The gketches that (wae Wil congtruct Sat\s{g the  propertiec that skl x)= ¢ skix) j{or

any gealar C , omd gku@: %kbOJcskuA) Lor oy WY

Tn other words , Sk s o [(inear w\c\?»

301 it ko) s o k-dimensienal  Vector , then thee 1s o kxn matiix M Such that k)= My .

Bul. e went Store M o thic Coquires too tauch Space .

Tnstead | M Wil be defined Tmylic‘ﬁ:k«a using  hash functions  that fequire  Very Utle  gpoce.

One Tpor tant aoumtq%o. of htxving lneac  Sketches ore for  distributed CDM?““‘K , whee aoeh Computer
hes pact of the Tnput. oand ﬂas con  Compate fhe Sketch [Dtﬂuj ond odd them wp to obtoin the Sketch

(@] ) Q@

)
as gk = ke Gtk X = kT )+. 4 gk(xm).

1- Spacse Reuuer%
Frst we considec  the %‘m\P(L Settl “§ of (‘QLouslﬁng a  1- SF acse X
We will then mantion  how +hiS con be ovtunded o TQuwvec on S-Sparse X.

Aad then we will ase Tt to build o lineac Sketch {oc QO«S&m?li/\g , which will be used  for §ropla %Kztch?hj.

A(gorithm 1

7M>

Mantain 3 numbes w, =

-2
Xi L Wy = D S

M>

. S . ank (/\)3 = (

Clearly . thee Can be updated easdly Guwen  (1L,8), update W, €W, +4& . Wy € wtvA L ank Wy € Wyt AL
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The tdea is that w, and w, are used to Cecover X if
XS

X
1-Spast  or

is L-spacse ond Wy Is sed to check  hathac
not.

Cleady, i x G 1-spacse whae ¥jo, then wy=Xj ond ij*)
Also, f x is 2-Spacse. then we

and S0 (pxp) = (W’/w1 . Wa ).
ngect

a Wa \2 _ wy
o= g = (T
Tt tums out  that

2
wy = K%\w( it and only I{ Xoig o L-sSpacse for x2zo
B nice way to See thig

s that

W

Ywe T8 the seond moment  of  the Tandom vaciable X |
- - . '8 . . Wa

whece K= with  probability /SJ—XJ s Wkl [og

Then, we

is the
w
know +hat B/w‘

et moment of X .
te. K=TK)

O\\wo.jg ond So

2 . < Wa >
Bl ) 7/(\:[)(1\) = (TJA ,  onk  the fna%mueﬁ i< ﬁgkt or\(AA when % s deterministic,
X 18

1- 2parse.

~ . (V9N x w 7 . W;/
So. o ansuer quecies . if Wy R (—W\ W, then return not 1-gparge” 5 othecwse , (eturn Cpxy) = ( Wy

,wi)

1t nepds the O\SS%MPfIDn thot

The advanfqgc of this algo(ttl«m 's that this is detecmstic (e alwogs correct ), but  the disadvantoge
{s that X270

_Algorithn 2

(which s fine  for seme a@g(}caﬁon&),

Maintain 3

numbers Wy =

e

n .
KL wa E andk 3T F KT med p
anddk ¢ is o Uniform Nnumbey 'Qrbm io,x,z,._.,

As before . if % ic l-space whae (jko, then W= Xy ond W1=J‘X3

?ﬁm number

, whare

p~'17].

p>n s o
Candom

large

— Wl/Wa
and h?.r\t( Wy = W, ¢

1 mod P

. W
and S0 (pxp) = (/. wi)
which s

check  whether

usSed as our  test to X s 1*9?0‘(3@.
Note +that 1§ Wwy=0. <then =2ithec all X;=0 or there was cancellotion , ond So in 2ither Cose

X is not 1 -spacse.
Qo we oSsume +hat W4 EO a  the —Qo((nwlnﬁ O(sum,zﬂf, which s o Common Po\\\jr\om\\ml trick in P(obmb((?%‘ﬁﬁ Chﬂk‘mg

. W2ty

Clawy  Tf x is not 4-Soocse , then W3 = W, ' ¢

1 mod P uith P(obab\ut% ot most r\/P
. . . % X: Vi _ Waluy -
Jﬁf_ The Q%M(ltﬁ i< Q%qu(tnf to =z, 5 Wq - ¢ = 0 modp
I{ X 1§ not 1-gpace. then the L[HSE s o pon-22co ?okghomm\ o-f dQKCU’. ot most n.
Note that ¢ s a voot of this

Po(ﬂnom'\q\ for the test to pouss.-

Etg the fundomental thevem of algzbrq‘ WHohas at mest o Coots  sine its degree (s ot most n-

Cinee  we chose r un]{ormkﬁ ra,\aLDm(ﬁ Lrom {o,l,,,,,P—U), this happenS  With \)(bbabl(itg at wost h/?_ﬂ
Note

that we can Choose p ‘o be Soy r\%JSo that  the -?Qtth ’\)(oba\oiu‘kn s at mesk l/y\l_ white
Wy s Still & numbec o O(\w&rx) bits .
W.
P R R s Mg mad 0 RIS

-t 1 ©unneron

. othor ico
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s Sl a numbec  of O(\n&r\) bits.

Wy
. I
o AnSwel %m(ias, \,\Z Wy % W, v *

Wy
. P ] . W, )
mod. P then cetuen not  1- sparse otherwise , (eturn (5/ XJ) = ( /wi . Wa /)

Tt has {oiluce ?robab}[lhﬁ n/P /0 when X ig het 1-spacse but  passed the test.

To Qmmmﬁ)}@‘ we onk«i nd. to  mamtown 3 numbys  of ouog N bits L *o answer @ Quay c,nrmt(j \,,,?,2 ey

S- g?Q{SQ, RQ""N“—% ( gk‘t?‘)ﬂ.d\. in closs)

The Tdea s Yo Mndomkﬂ Partition the 2lements in Ln) into 1003 Eroups/bmkzt: and  hope that each
element . So that we con use the 1-spacse fecovecy a\gocttv\m to  Yecover eadn .

bucket has chtk\,k onL non-2e7o

Algoﬂﬂ\m

Run c= log% Copiel of  the {Zollowlng n
heln) 9 0100s] Lom @ strongly  L-universal  hash family -

poacalle |

~ Choos¢ o ¢ondsm hash \Cur\ct\lor\

— for ecoch bucket beTooc].
(b - e 3 | W=l
be the {(@%wu\uﬁ vector  of 2lements i bucket b . ie. 1 1€ln) | iD=k,

¢ et x
(b) . . . .
described  in the  Previous  section.

* moaintain  the  1-3%parse (‘Q@uu\& Sketch %KQX(M) of X

— for ooth buket beT1o0c] , veturn the nonzero of xu’\ it x(b) is 1-gpacse.

bet S, = §L i) xit0l be the set of  nomzeco elements of X

TS the or\L\j nonzeco element 1n s bucketr h(D).

ﬁr\am\s\s

TFor each elemest T o S, b will be  tepocted if
N (W) 1 ¢ .S 4
Qtj pourwise  Tadependente . Pr[x is not 1- qum&] < i\,iégu Pr[h(p*—h(\ﬂ S o too -
\ <
So, oftec (w\r\‘u\g (og—gg Coples ,  the Zlement 1 is  not feported with P(O\M‘B\M\A ot most (_\km_()\“&'g < i
¢ .

Btj Unon bound . Seme nenzefo  element s not  repocted  with P(obabi({{—% ot wost

Therefoce , 3§ x s ¢-sporse,  all  nonaeco  elaments of X will be Ceported  with \)fvbabflﬁn ot least |=$

Checeing  S-3D0Cs ity The oaboug a\godtm WAl teturn ol nNon-2eres o§ X wWith h\gh p(oba‘o]lttﬂ if X 1S S-Sposse.
(o) A J

when X s ot S-3parse . We Can U a

f we alse want the aLguci‘chm o Cetuem U non S-sparse

Qumilac ?o(\jﬂom\a( tack to detet it with h‘.gb\ \)ro‘oqlo\‘[l(-%.

VR

Maintaln (WIS Xie modP whore p>n it o large_ prAme  onl T 5 QA \,m?’%orm (andom 2(emeat \‘,15[0,,‘ [)-11(

~

=1

W= ngm X oY modF . where XM?,{& s the Set of nonto 2lemeats (Q(AD(t(uL ‘o(a the algsr;khm

Alke  maintain
Tl’\lln,uks'm& the Some  ofument . % T oot ssposse, then Wslo with Pro\uo\bi\i’r% ot most n/? <6 f

we Set b 2 n/6 . wWe leae the details to the Ceader
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total of C-lo0g= (00S ng% Copios of +the 1-3parse Cecovery algor‘ﬁchm, whece  gach

Spaca We (un Qa

Copy maintain 3 numbers of O Lllogn) bits .

o (slo $ D)
5 gketch -

sketch Sk ¢ Z , Gad  Chetk  that  skOO s o [Wear

So. We %e'f o

There. ace (og“gg hash  functiong , each veguice  O(L) numbecs of OL(oyn) bits to store .

2,-— Soum E(lng

We will alio uwse  1-3parse fetowrry as o bud(o\'mg block o Construwet o sketeh for Ko—samFl:ng.

The P\\%h lavel idea s as  Lollows .

guPPOS)Z_, w2 Know \l)(uo Cuwhich we (Lonlt) . TL\Q'\ we Con SQmF\(L each glement in El\—k with P(Obmbiufﬁ I/l\XllD'

Then, & we Seen befoere  in LOY for iso\o\ﬂng Cuts | mctlﬁ one am-2eco <lement of x5 Sampled . and <o

wae Coan (ecover 1T \JLS\‘I& the 1—3?0«(% ru,ovwﬂ odgo("\thm. Note that the (etured =2lemeat 18 W\l\tormk:] { andom.

But we dowt know Uxll The {fix s to Quess [y bl,l ‘t(ﬂlng all  powecs of D .

Onothec  tssue Is  that  (ye Camst offord o Somple  each elemedt Tr\d@i)z,ner\JcLi as it Coquires ted much Space

4o Yemember “the SamF\LoL Subset  foc  the update operations . The Fix s to we o hash fw\cf‘lon,

A\gmwm

Rwn €= (000 bg n  wopies of the \Co\koufmg in pacallel

— Chose o candom  hosh function 'l d0n]  Lom o strongly  2-uwniversal  hash Fam‘.(%

= dfor o<k < logn , Lot Te =4 tet | hméﬂ/lkg‘

= {Zor o< Ki(ogn , Can 1-§PQ(YQ (‘QLDUO_(% Ski(XTKB of )(TK .

o lxg =t

- ng 0 <k i[ox\r\) {eturn  the Non-2¢¢0 Qntrg u.{. XTK

LI@ the al{ocithm retums  Sevecal noazecos . just  Yetum one of 't’r\lzmy

C'—\ooo&o%h Copies . In Lach Copy - thae are L»gn many (euels .

gpo&a : There Qe

Th 2odh lagel . the 1-Spacse Yecovery Sketth  Needs onhg 3 numbpers .

T & o (inear Qketch oS L-Sparse fecoveqy 1< linear .

SDJ the  Sketch YQQEUC\\’M D((oglr\) numbers .

Aou‘\t‘loml\ﬂl we need to store OUD&;“) hash functions, for o total of O(tognﬁ Nnumbers.

Correctness © T{  we Somple adh element  (fullyd indepondently . then  the Eo(low%v\& clam is easy to prove os in Lox
Function.

Here we need fo  work ece ca(r&ukhﬁ SMEL We onk\ﬁ We  a paicwise  independent  hosh

Clain Swere 27 €lxloe 2™ et Te= 4 ielad [ hdeMa% b Then  Be Ulixglo s 1) 2 1/

S wlieTe ond J6Te for ol eS,\8b )

Coo Pelixe =17 = L

-7
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W

v

oo Pelixllp= 7 = €S PrliceTe ond JETe for ol Sesnz\ii’ﬂ

PrLieT]- (1-"\)('[_ \j(’:TK for some &C— Sha\Lih l \\GTK—&)
ESM PriieT) - - %Su\w Pel jeTe | IGTAB

= e Snz Pf(_ ht‘)é n/lk’&.K L - ‘)ic‘gnz\gﬂ) Pr [ hL\&) < “/lk]\>

Vi paecwise Unolependenc
Y A, (Snzf- |
e, 2 &\_ 2 }

N

I union bownd

1
> Egn 2F Kli\
> %

/Ryl €25

7 |§nz\>1\<‘1'ﬂ

We will use the Ro—go\mFt’m& Sketches o o{es‘.gn Some g(apk strzam'xn& c\lgorlthms.
The appfoach s to Store  the  Sketches of the graph

onk use them +o  answer gueries  to Solut Some graph Fro\slzm,

The groph Probkzms that we will Solue ore obsut cuts .

The {—‘ok(owiyxg motrix  Cepresentotion of o graph s crucal for Soluinp - cut problems .

Tnadene.  Hatfix

let G=(UB) be a Simple undicected R aph.

n
The Incidence mat(ix AC—( S on nx(1) Motk , where 20k row s Tndexed b\c] o vertex  ond. 2och  Column

1S indexed blj Q Pof@nt?at degz (le. all possible poirs of veetices ).

TFor & column indexed bLﬁ Gy OGP ET ., then Tt T a 220 column

bl

while 1§ U,‘A\(:E, then 1t s a Column with +1 in the 1-th zntr«& =L in the -th -?.ntrj , and 2R(0 pthorwise.

0
Cach fow 1S an (1\'(‘Llnu\s‘wna( Vector , ond 2och Column ¢ an n-dimeasional

vector  with at mest L noweer
The Ym?b(tmﬁc metﬂ O\C the ncidence matrix s that we con (ead  the a&gz,s in a cut Cey bﬁ aotd;rzy

the fows in C.

Claim . Llof Q; be the T-th cow of Ag - For any ct CEV, let g 2o

Then 0 (J,K) Ts nonzee  if ond m\lﬂ H Ge) soan 2edge ihS) G clossing the cut C).
b the adge (i) as both endpoints T C

then QQ(},K)ZO becawse o{' canc’|lation -

f  the 2dge (3 has both endpomts in Q. then a8 =0 ohvious&&

¢ the 2dge (&) has one endpemt in C and one endpomt 1 U-C (e L;\,LQESLO),

Then O\C_QSJK) s @ther +L o¢ -1. Q
Tor Yraph %tuzam‘\nj algocithns - e  Would (ke o

use  os little spoe  as Poss:m o tore khe gmpl\,
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while still be oble o onswec useful quede Loc Selving problems -
The maim tdea 1s to Onkts moilstcan o sketch of  eech  (ow a;  for QO_SQM(J(TT\R. goJ TnStead o{ %tor‘mj
an (rb-ddmensional vetor o Qach (ow . We ‘suxt Stoxe Oand mantoin  an Q‘,—Qamgﬁr\g sketch %Ko(oq> of Q;

o{ pm(a&o&&n)-d\menﬁibn for Qbmputqtibu, S5, the total Storage Is DCh-\?u\\d(o&(r\B).

Recall the Tmportamt P(DPQrtj thot the Sketches desceibed in Preulous Qections  afe oll _lineag Slketches -

So., thecg s Some (\m@hdﬁ matrix M Such that sk)= M-x . where the matix W is defined
("5 2%, hosh Lunctiong M““% muach Less Space and  still kGO can be Q&%lc\tenﬂi Compucted .

( The cwdec is Q.Y\C,ou,(o‘&?_ck to  wake thig matrx mgnat% for the lineaq <ketches that  welye %20 )

O advastage  of-  meintedning o linear  Sketch is that it I RSy to update , Ik XX+

thea 2k (x+a) = Sk + sk(a)  So that  we OnLU\\ need.  to Compute k() ond add to  skx).

Find’m& an_2dge in o cut

In QPPQC&C&M\S that we Wil See, wo wouwld (ke 4o Qompﬁtq_ Oc ond  use it to -?mk Somg szckxc in §O.

To do $o, wL monatain  the Qﬁ~gamp0ng Sketch iko(o\ﬂ fo0 cach  verkax eV, and use thewm +o
Compate SKLA) = Mag= HIT ad = T slla) .

Note het we wee the Same hash Lunctions Loc Qoch vortex eV , Se that tha¢ <ketches are  bosed oa
the Some linear transformation M o what  the obove  Tdeatity elds .

Since wo maintain - an Qe-Sampling  Skekeh  SKTCa) of ¢ L We con use it e Cetum o fondom  mon-2eco
2ntry of o, wWhith X o Condom edge  Tn SO

This s the maoin bwmmg bleck  of  the strmm"m% ol goctthm s o Qraph  cut Problam: that we will  See.

G{(Q?\\ Strmang Algorithms

The @ctu? of gmph streoming alqorithms 15 thot we  stact feom  on emply graph  with n o vectices X\,:,..,AB,
ond thece s a dysomic stream  which is o Sgueace  of  edge  Tastction oc edge deletion  Updates .

We ossume  that on edpe deletion  occuts onkﬂ when  the zckxe, aists, te.  no “mgodc'\ve_” edge in the v\raP\q.

At any ?smt of  time. we mowy need to  answer qucies obout +the Cutfent g(th ; rg. whether Tt 1S Cownected ,
what T the wminimum  cut valuwe . ete.

We dont keow the updates noc  the Quecies 1o aduene.

T we Soe the  whole graph. then thae g notthing Special  obout this Setting-

The cholleage T¢ to  use oz (gt Space A< possible , so that we Can St upoafte :zﬁme.\ﬁj and answer the

queries Lawrox\mqwhj) Corruﬂn with P\Lgh \)rombiuhﬁ.
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Tt i crucial  thoat we allw  the algof‘ltm; to make mistakes 14 this iattmg , as & i ?oSSlb\Q to Prove

that there are  detecwministic algorithms that or\hé need o) space .

As discassed in the pevious section . we  Will wse  the incidence matriw of  the gron\, but onh?)
mointonn o sketch  skla)  of eoch vow of  the matéx that  corresponds  to  gach Vectex 1 in the Qroph -

We will wse the Some (andom oits {—o( 2ach Cow (Q»g. Qome  hash {unct‘xo:xs) Se that  the gketches Sodtlsq(j
[‘»vxm(it\a sk L= %g skla) os  discussed in the previous Section .

When o zciKQ ﬁ/j) Comes in. we update sklay) ond SquJ') msmg the alguclthm CLQPeno(mg on which hﬂ(,mn{smck,

when a quey Comes n, Wwe peed to cbmpw&a the Oonswe( m%]n& Sketches  sk(a). - . skla,) o:ij,
We now “sketch” o few ‘lntmzsﬂng Stry_am\ng ngorithms Loc  some ngh cit  Problems .

'F‘moung a_spanning  {ocest

We adapt  the clagsical  Borauko's Q\%o(ﬁihm for %no\zn& Spanning forasts

Tn thic olgorithm. we maintain o set of  Supefnode  which repeesents o Subset of vertices in the &m})k.

The atedtion s the each Supienode s o Subset of vectices that belong o the Same Component in the g(Q‘eL\.

Tniﬁmug, thee afe n Supemodes (4, Ch.... C, . each s Simply - Vectex U oin the {raph.-

Th coch cound , for each gu@a(node Ci. we find on l(k&!?, jk e 6(0). T4 no such edges 2xist foc o Superaode Cy,
then we knpw that Ci s o Connected Qnum\an{ in the grapk and we call “iy\th\\/gU Peom now on

We Store  all thuse ngLs - and Collapse  the Supecnedes  that Ore.  Connected b‘i these edges Wwto  one Qupernode -

Note that the numbec of  “activd’ supernodes  aftec 2och found Ts at  decceased ‘o«j a Toctor of X

ond So  this O\lge(lthm <.tt>§;s Ta ot mest L,ugjn Younds .

Then, wt can  find o Sponning ~ocost (sing the gdges that  we Steed  Tn these  counds.

Tt choald mot b diffreult o See how we Qn ue the Sketthes to  execute  this algerithm.

Tn Qach gound, we Wse l{o~30«m?lmg Qketches SKDKO\J,.\,%KO(%) ‘o C_nm(m‘ca slad = %C%KDKO\}S WCD( Qach
Supemode  C , owd then  Wse %ko(oag\ to retuen  on edge \'Xk in $00).

To avold o\UPendencﬁ between the Counds (e . the Taput to the nwt (ound  dapends on the output of -the
curcent Cound ), Wwe wle o hew Qet of  Sketches  <€(a) ..., sK°(an) T Lach tound , 12 In the
Lo~ So\mjel‘mg sketch  eaglier . we we Tnda?u\duer\k hash  functions 1o Compute the Sketches ™ och fourd.

So, 1n total. we wse OCrﬂoSM sketches  of  the Locm SKOLQ-\) . whete gath Sudh Skefch  reguires O((ogzn)

humbecs of  Ollogan) bits by the Tesalk Hoc Ro- sompling . Thus, Fokal spoce (eguiced 1S &N Space .
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k-~ Edqe— Conu.ck"w“’u
hd J

The Spanning %omt o\\gortﬂxn\ Con be uSed os o bul\c{lv\& block  to Solue  the k'&igl“(\,onnzctl\ﬂf‘n P(ablﬁm,
Wwhich s to determineg whether the min-cuwt volue of an w\wz]&b\tnk Undifecded \Smpk is of (east K & not.

The ~Mawn 1dea is  baged o©n  the -gul\owl,\& Combinotocial  [emma  (which will e chglm‘nuk W closs) .

[emmo  Givea G and k2o, let F be o Spounning  focest of G\(F\UFlv...uR‘J,

Then CT IES k—l@\&l_s(,om\e,ctuk ?% ond D\\k\j [{— H= \:\ UY-JU- .0 FK \s k—Qd&Q— Connected .

First, Lo Construct the sketches needed  foc k independent nstantiations Ly, o, Ty of the spanning forest algorithm.
Then, wse Ty +o Compute Q. Spanaing Lorest Ty of G

Then, wpdate Ty by Cemouing all edges in Ty from G, and then Compute o Spanning focest of (-TF4.

find o on. watil we usc CIK—UL\URU,.O_\:K_\) to Compute o Spanning forest ojy G-(Fu . UT’K-\)'

Then , we Check  whethee H=T,0.. 0 Fc s K- adye - Connecked (\xs\mg Qna vensonable algur7thm>~

The Space Complexity s g(r\-k) . So 1t onkﬂ works  well when ks Small.

BRE Coximate Minioum Cut ( * Sketch v )

The K—ngvconnacﬁu‘m& qk&of‘lthm Con  in furn HYe used agy o bmid\’m& block {‘0( O\pyrometIv\& minimum  Cut -

The new  ingrediect. O You may howe  Quessad . 1s k‘“&uls &m\ob\ ngs]frtqﬂor\ (esult  n Lo%.

T{ the mia-cut vale is O(Logn), then  Wa Can wse the k»&dge_—u)m\ut\\ﬁﬁﬁ aL&orIthm to C/meth
on xact  wmivimua  cut ULS\r\g S(n) Space -

T{ the min-tut  value S much kmxu thon Logn . thon the 1dea s to wse ka(gulg uml-gorm gamELm&)
a\gor'\‘w\m to gpa(s\ﬂi the %(qp‘«\ &G st the ™intmum cut  Tn the gpmst{—tzd quPk H has O((ogn\ zotgag,
ond. use the Sca(‘zd\—ug min-cut value as o &ood &P?(ox\mo&ton Cie. in-cut (H) /P whece P is %O\V\AEUh& Prok)-

To Lind out the Corfect Smmpt\»‘g p(obabtu‘w\\ . we Can J&(ls all powers oF L e P:%,‘%, 'l&‘

So we Cun Ollogn)  copies of  the k—md\%e”(,om\uﬂ\/lhj Ovl%o(IE'ﬂm, 2ach With o diffecent Sowmpling p-

Tt T not difficatt to show that the laqest p <o that the min-cut valie in the Spaccifed  Qreph H becomes
O(J@'[OKY\B, Then ‘(Y\'u\wa'tU'O/P is  on (H‘L\-Qgp{oxlmatbn o the min-cut value.

So

-

< ~ L R N
n total ,  we need Dkg‘ﬂy Space -(:ov OL(JP(OKln\q‘tu\& minimwm cwts.

A technical Tssue is hew o  do  the tandom %O\m?k‘m&,
A notwiel ddea s to  Wwse  hoash functlons, but the problem s that  bounded - Inclependence 1S not 2nouph Lor

the onalysts o show that the Sparsified graph s an () cut  approximoatol .
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The £ix s to use  pSeudovandom feneator for §\>act'\>ow\dzot Computotion , which s sklghﬂj outside the Scope

ol the Coucse.
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