CS 466/ 666 f'\lsorithm Design and Ano(ssis . Sprir\j 2026

lecture 6 +  Dato Strenm‘.v\g

We Sjmd\z\ dome '!n‘m(zsﬁf\g Lublinear spoce Q\gm]thms‘ 3r\dud\y\g o{z‘tuﬁr\j haav% hitters - st\mak‘m& number

of  olistinct  elements . and QSﬁmaﬁﬂ& fm%um% tomant s

We will <ee that ideas from ](\asl'ﬁr\fg ond K-wise ‘V\O(G?@ndﬁq[e Gfe very useful in these Prob\ems

Cublinear odgorithms

Tn <Some awﬁmﬁor\; whete we have o massive data set . the data 35 too wmuch that we Cannot mcforo(
to  Ctove them oall or fead +them once.
Yet we Can des?gn ublinear Space ov eublinear time a]gn(\thmg to  achigue Some’rh;ng non-trivial .

Rondowmness is crucial 3n These Qu't‘mgu as 1t can by Provadg thot  deterministic o\lgnriﬂm Cannot Quarantee

Otf\\ﬁtw\r\g noatvivial fnr these problems .

Tor cublinear Spoce algrithnt, we focus on the data Srreoming wodel , in which the algoiithm  can tuke one
pass om the doto bwt  has very Uik e Space J%or computation A &oad mof‘wm‘fm& emmF\a s n COWFMWF
nebwovks . where couters  would like o geT 800()& Statistics oi the traffic but oWk wot afford to  ctore
all the data . We will SW\KMA come basic Frob\z»«\s Such ac QSﬁmoCﬁnS the number  of  Aistinet elements

the Sewnk  momext of the doto .efe .

HQGV\& Hitters
Given o dato  steeam Xy, e, X each  Xi= Lig,e)  where ¢ 35 the ID of the t-th

dotor omd  C, 1¢  the weieht acsocioted with F 5 oo 1, 38 the TP address oandh €y s the number
* $ g + 4

s& \:\&tm u—g the doata Tronsmitied.

Ouc &oo\\ & *o {—‘mo’\ all  the L\{o\v% nttese QJ'S the data  Qt(eam -

Lot Q= 2¢ be the total count.

Given & +theethold % (ag %: @/[003, (N8 MLA an ID 7k a hea\né\ hittec \\’{ ‘tév—l Cy = %

et Count(,T) = ti Ci be the total count For ITD T

=1 ﬁstii

We will ghow o sublnear space  algodthm  with the %le%ﬂg ?(qurﬁes‘
@ A hmw& hittecs ace Yeported o e thuse  with  Count ! ?% )
@ T% Count U,T} < %‘ TQ, then 1 g szmﬁed with ?rob%\\lh& at most §.

infﬂmm\% the alpdthm  Thould tzport all hmwg hitfecs - and hav‘mg 6 mall  probability  of (ern‘mj an LD
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that s {o( %rom ‘oa‘mi o Hmva hitter.

The Jdea s 4o we  Q-univercal hath  Punctions.
We will uce k  hagh Lunctions hishe, oo he ,  each vv\ofs the wnivecse  into -21)1,“./ 9\7] .
We  montain k-0 Cunters, eoadh  countrr Ca

3 odds ta we\&ht ef the iteme that are mwm Yo the j’ﬂ\

Q\’\T‘(\é b\a %L\l a-th \(\aSL\ ‘{‘A’\C(‘\\VV\ . Iw:ﬁm\\ﬁa Cg‘(\\) =0 4&\( l<ag k; < :B<‘ Q .

A\gn(-\fv\m

“The o\\ga(ithm S g;mF\&‘ Given Yz, e ,—&( 2ach \Co <k, Intrement Ca}\ o \o\d ey

when <‘\t , C%)  Comaes
9\ 2lamante +C *Cy .
A+ +¢y compure  h Cipd L hCd L oo, ke G
e \
/ IncCament  thoSe  entyies bg Ct
MGy S | (i
¢ hath tablag ke
A—{kzr we tread all the data , wa m‘Purt all 1 with ‘n(“;-‘“\ . Ca,’) 2 g These Can be rewrtqok om tha —FL\VS
12 hali) <as

Tn words, an IP  is M?mtzd\ i{ all Counters  agodoted  with 3t have  value ot |enst %

Tt showld be clear that o hw\l\é hitter s O\\wuag feported , Lince ‘o\A the ojgoﬁthm all  Courters  osSociated

With Tt wust hove volue at least & (Sukst Loom this D).

The “3 is o show that f an TD s not o )’\eava hittec . then 3t ig mi;ovtvui with  gmall Proloabmg.
let we concider a SPQQ{« > o

Suppose Count (1, T) € -¢Q - What ic the pobabiity that 1 s veported ?
Consigec Cohagy Tof 0 Specific a Sinee i i weported . we must hae  Cglyay 7 %

But Since Couﬁ(\,T)E%—iQ‘ the ID ¥ has onla Contributed ot most %J;@ to  Counter Qg,ha(u

This means thot OoFher TD¢ have Contributed ot {eost <@ To  the Couwntsre Ca by
+ gl

let 2, be the valie ef this Counter that s Incremented by othec TD.

Since hg  1s chesen Hcom a D-univecsd "?aw“\[\é , Owothel Ttem ¢ mapped o hG) with Pm}mg;ﬁg ¢ L

Q
T\'\Q(L‘EDVQ) EEZRT < Q/SZ‘

Bu<\ Moackov's Ma%mmb(‘,)_ P((ZQZQQJ < E(qu/i& < [/gl.
o, PFQW‘;‘:\ Zo 2 3Q> E Q’@iT\\k . as the hath  Functions are  chosen “\/\dzpzno{ﬁnﬂﬂ.

%t 0= and k=a(V6) . whis Pfobab“h‘cg s at mest 5.
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S, we ek need to  moeintain O(\Ti%%> Counters '€or this task . whidh 1t Just o constont

for  ctnstant € anat 4§ (2 2=oel and $=ow01 ) |

The hash jcwxcﬁang Can be ctored Qfﬁauﬂg R mshx olk)= OQQV\LS) callc .

And 4he  evoluation  Time s ok = OQinT) word  opacations

Distinct  Elomeants
The Tnpﬂ“ 1S A Streom o&— & Sequence Ay ,a,, Qg , whe  each  a; s chosan From “T\ﬂw-ﬂ“?]-
Ousc a\gnr?{hm ¢ allowed o toke ohe Posg 6{ the treom U\S},\S \,Q,g T mitedk gFD\(L (z.g O((Dg(m-m)))/

and  eturn Q@ gomi eSimate  on  the mumber n% distinet  elements  n  +the date  Stream .

We  will &‘\\/c bounde in terms of w&(m} instead. o (og(m) . T 3¢ Somk in the ase when ns>m
Tn the coge whan m>n | we Can %vg‘v hagh the 1tems ¥o o toble UJL £\3Q N of 1wger,

then  With h&M ?(cbmbm‘\'(g there will b2 no collision puirg. ond. thus we can assume that Lv&m = O(Logv\)

We ghow how To wse a gﬂov\&\\é S-univecsal  has<h “meﬂz\ +o  Solue kg ’Pfo(olﬁm.
The Jdea 15 to W\RF the  Unwefse {1)1, m7] +to g\,z,. 5 w\%-LJ

Ae we howe Zeen 3n LS. there will be no Collision ?a\(& with Ng\n ?ro\oa\bi((’v(&

gw?\:)oso, ‘H\E(Q oNe D (}\I Hinct Q\Qmeﬂlﬂ > Smé \3\, L \DD’

Idzml\\ﬁ, we woant  the D hash values hib), hiby) ., hiby) 1o be Q\/thg Adistributed  in S\\;z>.,, yﬂ.

2
I’% thot's +he case . then the t-th g¢wmallest hath volue ({lmon& thase D \/m\uu) Chould bao clse +o t%
t.om®

- +
Ro, \% we know that the t-th Smallest hoash voalwe e 7T, then Tx W\D ond thue O T

We must  be  caceful about +he 2pace (eguirement .

Ticst of all. we o not Qoing  te <tefe the whole hash Table. os it is M““ﬂ unnecess ary -
We on\\A needh o etore  t nuwmbece. Qo(wsPonol?ng to +the t gmallest hath values that weve <eon.
(e%m\ru mofe  Spaco

g-&oﬁng ote  Numbers  Wwill Rive s A bektar estimate ,  but DJY Coucte \E

We will fad o good £t balane the ecror Probability and the space (equcement

Al Qotithm

=  Choose o Tandom  hash r%[mmw\ J?row\ O g&rong% Y-univessal  hagh fo\\m\\hﬂ

=~ For <0dh item o n the data  Stream . Compute ha:y

Update  the \:st/hm? That storz the £ 9mallesr hash  voelues  <een 2o {a(
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L—\XTQ(‘ o\ [N ¥2N Lo . 1RL 1 be tThe T-Th Smallest nasn Vvolwe ARA e AT stieoam -
Retuen

T 0s  Ouc  e<timate

Theore m By setbiag T olv/e).

we hove (-dP & Y € () D with constant F(cba\:]l[f\ﬂ.
Proot Uppe¢ bound * We {iest  bound  the  probabiltty thot N>+ D

tmd - &5
This wmgens  That T< (oD < BT —

whece the Secomd an%mtrfa holde fov €%
Thig '\M\g\;qs that <hece ove obf  feast t  hach volues

Lt (- 5)
+that ore emallec  than —(5

On the othed hond. (ot Xi

ve the (ndicoator (ondom

2%
variable  that hloy) € At (O-5)
3 < <
-3 t1-3)
T\ﬂlﬂ, ?i )(; = \?r L Y\LQO < twn (:) ) -

Smee hCaD s Q%w\[\\:\ l\kehﬂ +o be in X)J,.,mﬂj

Therefore , 1§ there oce D distiace glementc E L4 elemeats with hosh valug S

B
‘ti%)_ﬁy < (-2

<
of such hasw values s af most t(1- =Y. bwt we have at least £ now

R, the Qxpacted nuwmbey

TO b()u\r\d\ the Okﬁf{\J(xT\Or\

o Wi Compube the Vvarlance.

2 t0-5 3
let A= = A - Then T =5, and s EDX= £(1-5).
Sine h to chowen from o Stcongly d-univecsal {'zmi\ﬁ_ the hash ualwec of  the D distiact elements
ore  poicwise Independent . omd  Fhuc The indicator random  variables X; e also peirwise independant

iD ¢ 2 (-5 ¢
Theefoca . by Lok, VarIx] = Z Vo Lx < i\z\ Ex) = DT 50 = £(-3) L wher  the tnequality
%o\kmg s \/mixﬂ:\ak\’@éP:EUﬂ fuf o indicotor voadioble X;  with ?robo\b‘lkﬁ% P ‘02\“& 1.

ISR et
E\i Cheloyshevs Tneguality . Pe(xs>t) = Pe(X>e(1-5)+

€Y = pe (-] 2 ED

< G\ o TX) - 4(\-5 . 4
> S T e
. 24 A
Thevefore, ¥ we b t= 75 then PxX>t) € T

Lowec bound :

We next  bound  the plobability  that Y<Ci-9)D This 1 very Similar to above
N (=)t W\Z
The conditions ”‘”P\‘a that there are lese 4han £ distinct  elements  with  hosh value — <

- o}
B% o mlar calewation. BLX)= Qadt  and  Voc(®]) € Qo)
- Notxd 2 1 14
By Chebyshevs inequality . Pr (x<t) < Pe(Ix-elx1) 2 ‘%JE} T CTor ST Bt o
Tharefote . with Probab;uw ot (east ¥4 we have () D €Y € (DD
TEvror Xgrn‘oa\p‘\ﬁ © How chowtd  we boost the Success \D(o‘amhmt\é to be af laost [Lé J%n( Qmﬂ %>o?

We Can do this \3\6 \(U\Y\n‘vng ol (o&—\g} para\lm C,cP‘was and ‘m\qm& the wmedion Cpfow thie ) .

Space  vequirement The total space used s O(\Tg\“g% \"&W\B bits. 2nce  2ach Copy Stores O(J@\)
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hash values  each of O((D&W‘B bits , and the hash 'ilumtﬁnn onl% Teguives OC(BS m) bits to Stor

whani ime i The Ust can bao \mvlamenf&& b\a Q. L\EG\F o gm\){yort ’?0\% Mvdxoxtts .
Qinee  there are  at west 0O( ‘/9’) elements . each operation Con be Quﬂm(tkd n OUD&J‘Zﬁ S Teps.

Thece s neat trick fo do eadn Opefation  n amertized o) SWFs‘

m@b&a@mm kane. Nelson and Woodtuff qove  Qn a\jodthm that  wses O(i}*ugm} Spoce  and

OW update t3me Thz«a \Dro\/m that ¢t s o?ﬁmm\.

Efe%w&nc% Moments

This (s the {—Nst Ceswlt  wn data valam‘rn%~
A%aﬁr\_ (et 0> 0s,.8n be tThe Ttam¢ n the dota stream | Wwhees 2ach a7 is from -?1,1, . /hr\?]‘

Tor 1<ic¢wm, lek x; b2 the  number s% Jtemg e%wa to I-
We wowd like to estimate E\ XTF where P s a 3‘\\/@}\ Con stont

Note Lhat when ?:O this is N\\ugf the distinct  element ]Frouarv\, when ?11 s val .

Hete  vue %ocmg on the \Dw‘on when P=2 . ond later mentiong Yesultc —%(‘ other F

A go(\thm

- Qet | G CR I I -2 ]nd@?@“?}x@ﬂ"ﬂg 1 with ?(obab?b‘%a Vl anch =l with P(abmbfh‘t% V;_
n
= Mowntan Y= :i:, (RO (this can be done b\é yust &W\r\& The Curreat volu of ).
Refum \/l
/L\Y\A\Lé.ﬁs
m
We will <Show  that ¥ s a good\ approximation  to %1 X with 3000( P(obqbima.
—_— > m
Tirst, we Show thet TLY 1= \i %
2 ) > o m —
Siner Y= Ef’\xi\ . we hawe  ELT=E <er = X } Elrrjxx 1= 1(% 3% ] Eir;vﬂ

When 3=y, FLeeg) = BEGerT= 10 as ol When 13y Elegl= Bl Elvl=0 o they are in dependent

2

Theeefore . ELY D= ?_; X,

To show thoat W i< o &ood (xwfox?mwﬁon With goad P(o‘oabilwﬂ, we vieed to Show that ke Concent coted
ofound  ifg Qupected value . {’or which well Compute The second momeat and uSe Cheb&shzu‘& inz%mo\LI‘c\ﬂ.
4 .
So. we Compute TIyH] = rs?‘&usm X3 Xy X Xy Eifﬂfkfﬂ

Note that g{?;“&ﬁl -0 whengver  one  Tnoley appears O‘r\\a on ¢
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Thetefore, there ace

OY\L% two  Situations when E[(\*\rj(KQ]#o

ry
when  i={sk=L. and This Contributes le;‘* to ELY™T
when  two indices  appear tTwice, Gnd  this contributes 67(3 WX b Y
m
So, BLY*)= 2% + 6 2 >y
<y J

Then. Var [\{111 Ei\(%] *(EL\(]Y— = %1 X\'q + b ?;—3 x;lxj ~ (% X;l>1

= s EyTY

. P (1 N-EL 2 ¢ Jvac YT ) _\EZ
men& m Var YD ¢ 1($1Ylﬂa

This \MF\ies thot the output

B% Cheb %shev’s in zgsmtiﬂg

we hove Py (k\/l’ EP&B

» CREYD) ¢ @

\(1 DY

m
2
IS & Constont fo\ctor QW(o%maﬁm\ to E[\YJZ 1X;L

with Suod P(obab.‘lﬂh.
Better approximotion

To et a (th»aP\xox\mat%um we would Lke to \Cmok A Vafioble ?1 with E[‘(ll:‘ﬂ?lﬂ but \/arigﬁ < Var (Y3

2 2 -

The standacd \Mma to do this g to Compute \{\)Ya,\.,\fk "\V\d\@,?zy\{kzn{\a and Take the ()NU'&LKZ~
— L — N

ket Y = (Eﬁfj/K‘ Then dm(\g YIY 3= 1LY

2 3 2 k 2.
B\A independence . Vor 1Y 1= “\i:\ VacLY /K] = ‘l\} L Vael) =

=

T Var Ty, ik 35 at mest = (ECN)
AFPH‘“& ijswv’s mg%mma on \?) Tt {oumg that Pr(\\?l~ H?l]\ 2 C\\l/y\ EE\?]B < ]/8.

Sqtt‘mj ¢ to be a Constant and k= 0(Ve) wll give  an (Li@«app(ox\modﬁon with Constant ?(o\)a\r}?h‘rs

’

g?acg VQ%u\rzmenL

The Space re%u\re& ‘o Compute  one X

¢ 4o store ome number 1.

Sinte  we toke the avernte ofy OU/{Z) Y‘r\d&?emd@nt Copies , So the totol space Vz%mmd is O“/Cf) numbers -
Wak . how do we Qomthe Y §§ we (\Lm\/’( Ltoce

Ciaa, i, T 3 This re%u\mg m bits |
A kqa pont ot the anolysis i thot  we Dn\\a need the wvaciobles 4o be  G-wise 1ndependent
% that the calewlations about ELrr;) gad EUG 0er, ] sl hold.
Now_

m o Y- wise IY\DL—QK)U\OLZV\T bite can be gme(ated %(‘Om

O((v&m) Toandom bits
Qo, the axtca S‘Eo(qgc fe%muk —%or the Cwmguﬁmﬁon N ene Copy s onhé\ Ol[o&m> bits

TAIS opproach is  called sketcling - which 1 very useful in data Sﬁrzam‘mg algortthms -

Tt s r_Lnsu% celated ‘o the Tdea of dimension  Ceduction
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™m 2,
What obout X %~ 3

TP . - . $r
o t o t "
TE tume out thet O (n Po%gtn)) Spae s m%mruk to estimate = X ‘Eo( ) Y P2
On the other hand , -?o( OgFgl QQ tan be %rmt\onm\ﬁ o then Oﬁpokﬂkoghﬂ> Ipace 1S Enwgk,

EZS efences

- HU\\/% hWittee 1S \C(OW\ CL\D\FJYU > of M.

Dictinct eloments  and {(e%un% myments  afe fvom  Course notes of 6895w MIT ):;5 Plotr Tndyk

= An optimal a\god’c‘nm for the distinct  element ?(O\O\Qm, b% kane, Nelson. Wood tuff.
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