CS 466/666 P\lgorithm Design  and Analysic . Spring 2026
Lectuse 4: Applications of  Concentration Inequalities
We will gee  two Er\tg(’@st?r\l& ondh YmPorto\n% applications of tonl Inq%mtrﬁes.

The {—%rs% i about ‘j“?h gpms]fmﬁon oand  The Second s about  dimension reduction .

Getaph_Soacsificas

Given  an  undicected gm?l« G=(VE) with o wa{g‘nt we) on <2ach QAKQ eeE Jyw 0 Subset of
verfias eV, (et gQCS) be the cet of édges with one 2ndpoint in $ and  one !&nd?hnf in V-%
and, Lt wibg@)= = W be the Total weight 0 the edges in bg(2).

Lebe(©

We are  interected in \er\o\ir\% o “gwr;g” g(aph H  +hat opproxi mates the cwt Steuctyres  of CT we ll.

Dﬁ%n‘i]m CO£8)-cut Q\)\)(Ox?ﬂ\&h() we &mA H=(UuF) s on (20 -cut Qppmx\mkhr OWC CT:(\/,E\) ?&—
£oc oS¢V we have (1-9) wlbgw)) ¢ w(rE)) < (Hi)w(Sq(&ﬂ\

Note that & ond H  are defined on the Qome verkex et but Cowd have diffecent nge Sete.

—" Q?'\ttum from Nick Harvag’s notes )

This tuene out to bz 0w ‘\WFMTQM andy b@wﬁ{ml p(obuuv\ with mo\r\gX ‘m%uesh‘mﬂ and Sur?ﬁ&‘n& results
To&mvd we Wil See  the ﬁvst ond, S‘lm{;lest esult  In thic  ditection . and  mention one gmr\)m‘s\‘ng
0\3?\1 cation  in dag?gv\‘\n& neac- inear time Q\ﬁoﬂﬂm\ %r Minimum cut .

This fest fesult  needs o Somewhat Strong  ossumption  on the input  graph

NS mpikﬁn‘ The Tﬂpuﬁ %(()\Pl’\ G:L\],E} i< lmwwo,?s]rﬂ_eo)\ ond hot  ywan-cut value &((0&[\/[>
With ths hssumption.  thete & o Ny aimple  wniform sam?\‘\ng Q\iwwm +o gParsi{% a dense TnP\AT &m}ﬂ)

sathmy ¢ Qet o g(}\YV\Y“Ylg P(ubm\m‘h‘t\a P

Tor every uige e BE@E&).  with ?robab(h‘c% P, ?M 2 in M with Qd\gg Welght watiﬂ;

The 1dea i< 4o Qb the Q\(FQ&O\HOH m‘ght) go that we expect to  choote P’f(“t“b” of Qd@zs . ankk make
Theve  waght Yo be % . 2o thet the axpeded total wa\ght in eoch cut an H s the same ae that n G
But. of Course. it ¢ not QY\DM&\'\ to hove the xpected values +o be correct | as we need o @nsuce  that

all cute in H hoave appfoy‘\mv&cdg& the Some welght o< that & %ﬁmu@naam(% .
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Tor this, we

wheee  we

“Thootem Q\QMKU\) Lok P*: Lg’m" . whefe ¢ 1S 4he

TM n

M_ Consider @
B‘é lineacity of expectotion . L \6}\(83\1 =

TS an indicafor  vyarioble where

wWill  uee

cecall that

e
H 3¢ an ([i&)vcut

Qubset Qe N gaa

>
(429 q(%ﬁ

app( ximator o{— G wth  O( P R edyges with probability 7 V- T
%&QQB hae % Qé\gzs.

Ela,) = >
¢ Qe

Chemof{ bound.  ownd Qmu‘mkkg the ocsumption that the min-cut value s &Uogn).

Qx\wd—zi volue &X(Log“) is the \”lemz that we con Qchigue Jm‘g]qt Conce ntyation.

min-cut value of & -

fa

Note that k=2 ¢ b% de finttion.

Q;.L»r[k(;)@) < ?léq@)\tFk wheee  Xg

Me=( 1§ the zd\ia e s oadded to H and Ne=0 otherwis.

Q‘\mlimkj, E[w(éH(sﬁﬂ = L?P/%a(s)\ = \ég(s}\ =k, and 2o +the @xpected volues ace what we wont.

W )
Next . we consider  the probabiltity that the actual volue of \%HG)\ o fac from the expectotion.

Cince 16Ol can be wetten aS o Sum ok \(\O\z?amﬁlzrﬁ 0-1  vociables

QW\\A Chernoff  bound  and qet

where we used owr choice of  p= 7§QM(L¢3Q

Pr (\\m@k P K\ > QP@ <20

N S
(te e (o) Xe ) . we Can

~ Sk
"%——an <=

- ¢pk(z
= =2 )

Reca)l that k=zc ‘oa definition. % the Probab}[z%ﬁ that  §p® violate< the m%u\remant o‘f an  ClEQ)-cut

i N _z
opproximator 18 at most  n

But there ave @\(?m\anﬁmua mowy Qubgets  of  vertices

which s pretty Small .

N N /
e\, and %30 & naive unon bound wont work.

The TM\;DTTD«Y\‘t observation 8 that the P(obm‘otkwn thot o Lo.(ga cut (e k largg) i< Vvielated  is

sk

muh ewmaller (iee n € ), ond there ace not mana cmall cuts !

Lemma The  numbec of culs  with at mest ac Qd\ge; foc ozl
N 00 We have doaz +he Case when o=1

With this

Pe [ gome cat V¢

<
X

“The Froo% s left ac

2
s at most n -

The ngw\ Cate i$ Smilaf  with & modification.

an  exegrase Of o homework F{obum. a

[gmme, we can do & more eaw,\ﬁu\ woiow  bound  based on  the <ize of the cute:

violated \_)

> Pe( ot Q e vmmrx\)

Scv

S PrCecut 95 viclated )

K= 1.2,4,%,.., Sy KC< )6e(e)] S ade

b 4 ' N .
T N Peleut & 3¢ violated
Goh _ 5ac/e
s n - 2n

®=2 Q4lew
-
= LN
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Jl dividing  wto  casec
based on the cut 2izes
Sfoupsui into

1
Ye it €2 e

&LSKQQG)\G?_O(C) /l ‘0\6 the (2mmo

// bu(\ the U\Q(nﬂ‘f% bound  obove

7 Fiest teem  domnoted,



\\’}W,M,{‘Ofe, with P(Obmb‘\u‘n& ot least \a% CoH e an (\ii)’cwt qPPrw‘\mDﬁDr of G .
K‘mm\lu\\, b% & Simple applicativn o4 Cheenoff Bound +  H has 0(?»@(@\) edges Loith mg}\ \7(oba\>§t‘ﬁr\vl.

This com?\z‘teg -the p(ooﬁ a

Remark Usin& Cheenoff bourd ond  umen bound can c\\readg 2olve many mﬂ.ms{‘mg P(ob\lmﬂ.

J:XMYLLx Thic (esult & tectrictive . Sipnce (£ ocsumes the %(g?h hoae a  Qomewhab Lm&L minccut  value .
But {w &rﬂ\a‘ns “hal Ore essev\tial\\é chmF\@‘Ca (i-a Czil&r\)) L the theorem gm%s that  there s an (i) -cut

approximator  with  OC n\o&n/%lﬁ 2dgec, o eigmficant  gpocsification feom Q) edges n the input &my%-

Appliations * 02 noku(al  Opplication 1o ko dewgn  fast opproxi mation mk&mtms for ot problems.
Toke  our  Lovocite ?COHQW\ about  cubs.  sapg the minimum ot cut Ffblnler\/l
The Cuomng time of  the  olforithm wsually depend on [EL L which could be QY.
To Sperdup. we st Spocsity G by Comstcucting an  (ryeut approvmator Mo with  fever edges
Thea, tun an (evact) m\&nﬁﬂmv\ on H  to {:r\dL o minimum St ewt  LEV L ond feturn R ag
our approximate  min St cut on Gr, omd it Cow be Shown that it 38 o Q4 2e)- apploximation.

Thic ives us a Trodeoff between funtime ond Opproamition  Quacantee .

IW\PfO\/EW\W&T }3% Benczur  ond kng( oWitthout the  minimum  cut OLSSumF{\‘mv\, ER N QMA 10 $R¢  thot

the Come  Umfoem  Qowpling  olporithm  wont wotk . 2.p in M ok g very Ukely the cut edpe s not chown.
pling  olg 3 4 ey ¢
RBentzue and  Korger designed o veey elever  non-umifoom  Qampling algorithm . whee  each adpe 1S Compled
\ 3 4 pling A% $ P
with pro\ombik‘\%\é\ m\/uma propoctivnal  to  the “Conv\adwx{%“ of the two endpoats
T%mg defined o notlon  Called ™ gtﬂmg com\@d‘\\/lﬁ( ool P(Q\JQC}L “hot so\vnle& with P(a}go\\m‘l%g \Y\wrse%
X)(o?mﬁuv\ml o T Wil fesulk in oan (Hcg-wt O\?me‘,mm‘mr with Oﬁm(ngn/gl) ngu ‘Em” O.n gmg’n
Fuctheermore, they chowed how to Compube  This  cecut Qpacsifiec In neat Wpeat +ime ,  ond  this
4 P P

%D( exomgle  Qives the fiest Btr\l)ﬂmm a\licﬁﬂ\m fw cm\wtm& o\ap(ov?matz min ¢t cut .

We will not litcuwst thie cesult T wore  detonl.  Twnstead , we will :m&ua o gtcm&e( esult  on g{md(od

gPMST{TCQHW\ thot  wsec  [inear o\lgzb(o\ to  Solue the Pmb\gm,

Minimum cuts n  neac lincag time (optional . ketch)

An oumoadtng QPFUmtton ofT K&(&{vls S?c\(sﬁ@:gfm‘u“ teswlt ¢ o near-Bneac fime al\gm?thm \Cur minimum  cuts.
et ¢ be *the wWin-cul volue s{ the '\nPut %rQP‘n G{ e, G,( s Q»Qd&g“cgﬂng(}(z&.

Ko\r&tzr davm% weed o Classical  tesult about S?Qﬂn‘\m& d5ee \)mckm&, bud Tutte o olss b‘?\ fagh-wnilioms .
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Thesram ™ G s c~a&&uwnnectzd\, then G hes ak least L% edgc—d\\g]mn% g?onn‘mi 1rees

Suppese wa  have edge~ Aisjoiil  Gpanning  trees T, T, s Ty,

Then. we know that thee exists some Tvee T; that efosces o Mminimum cut S ot mest 2 +imes

Karger obsecved  that kwm& cudn o Tree T Would  be veey  helpful in ‘Ftnd\n& that winimun cut &
because bne just nagde to Ceareh over all cuts {ormed bta Vﬁmovmi two zAgu feom Ty

He come wp with o ssphisticeted  dynarlc  progromming Otmy time algorithm  to fmd o winimom cut

EMW\Q(}\ \m& fkwmv‘m& at  motk  two QJJSD.S ~€(‘om ; Cthe case Q{ (ammv\n& one Q(A&Q S easier )

0\41\\;&, but how to {ﬁnd\ uch & tree 17 3

Theee 3¢ an O Lw®) time Olgecithe  to find ¢ mgt»olxz“\o‘mt Spanning  trees .

But this ¢ too 2lw —%c( Ou(  Purpose.

The dea  hece. o% course » ¢ to  do Ohra\ﬁ\ qurs\{tumon\

U%"m& kacgeds Qroph gpocsification  Cesult, we con QPOL(Q\\{“LA the Qraph o that s min-cut vaolue
is DUOS n)  while P(QSZT\RY\S the  volue ofy eoch  cut QFF{G\J\MM!(3~

Now. we can  Cowmpute T\,Tl,_,TD(Loim ™ the gvars\‘gxg() ond tne of  thete treed will crost a
Mmivirum Cut ot moest  two Timeg.

Co, okn‘mg d\\&r\mm\xc ?(US(D\MMM& on eoch of these Ouogn) trees would work, with +otal wm?\gm% 8(m\) !

“This ¢ lutst o skefch c{ the moin deas, with MD\Y\A detonls Yhissmi-

Dimension  Reduction

Given n Po‘m#s o othe  ®Euclidean Space . wWe Can a\wmns mPrmgmt the wvettors n N- dimencions .
Th gqv\m(M) We  Ceonnet  do better 16 no distertisn  is allowed \2.&‘ the  Ctomdord bo\sig).

gurpﬁs‘mg[\ﬁ, R% we  allow Just  a Litkle distortion . then the numbec of  olimensione  Coun be QTSV\‘\\CTQP\V\‘H\Q yeducad, .

T heorem ( Johnten- Lindenstcauss  Lemma ) Griven any ce o) omdl “ﬂ <t of Po‘\r\fs X:% SO SR )(,‘\6 N
lo
thare exists oo map AL x> [Rk Tor k= O(A_fc;—ﬁ such that

me e _Lasd - Auply <oive

(e f\(SU:

A\gor‘\t\nm: The con¢truction s vary Q\IM’PIL- 1t jusf F”S“h the Pa?r\)vs in & Yandom K-dimentivnal sulosPau.
Lex o be tThe dimension D'% the DNSH\D\\ Fb\m‘fs
et M bz a kKxd wmatrix . Cuch that 2ach er\va of M Tt drown from the novmol NLOA) Aistelbution

N v -Xs,
( Gausgon Condom variable wWith mean O and Vadiante L, with O{Qﬂg‘\f\é fuo= = 2 )
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Define  AG= g5 Mx. This Is effeiently Compukabla.

Since A Vs a linear ’tl’aws’fmmaﬁbn (Q\g. A(X)‘(—\(\@i AU*&A\) L, the theovrem cCoap be reduced to +he *Fo“ou‘mg,
- ‘ - - = g (5 b3 UEY)
L emmao L—% A IS Constructeck b% the aboue Q\garxt\«m with k= § ( o3 P3Lg _

then Pr Q Vee o< |l ALX)H: S\ g ) = \~§ —FO‘F D.V\g untt yeactoe Xeﬂl{}\ omnd D”‘Lé Q_e(o,‘l{)

TFirst L we e how  the lamma Tm?\?u the theorom.

Lugf\
We Seb ¢ = Jhi and  khus k= B ( BN )
Yor any Do € N\*\S, the gqsuq\ud\ \lngth 0{ Y- )(j 1T maintained 4o withia [T Witk Pru\crﬂa?wﬂa = 1'J_<.

E% the wnion bound, the distomcas m‘g all pairs  ove motntainzd  to Within 132 Lith Pru\gm‘o?ki%p& 2 L}

Hencatorth, we Fows on P(av‘mx the lewmmor.

‘oo Ydaa *  Consider the a\xmznﬁ(\é unit vector el:K\,o‘-.»,oﬁ,

Then, Me, is Just  the frest column of M, Wit independsnt and  identical Gouwsstan  values.

We are interested Tn the \L»\gt% of  this column, which ¢ the Sum of Reghentas MC these  Fawssian<.

k L
Note that g[? M;—\ —} = ?ltEHi\S = k as  the Varlancae c’f 2ach M*‘l‘l s on2 , and So the .&L\(sznblo‘\
= . =

length  of  Ae, T ome a Ellbel] = & Elimenl] = 1.

B\d SQHM(? k%o bo ko«rjq_ szwgk, wae ,Q.\(K)QLb that  the ungfl\ s %TEHL(,} concentrated. orounck 1T¢ Qszd-aLﬁor\

\
Trom our Intwition of C}\lrr\a{_{_ bound . Tf we et k= OC Dgiy: Y . then the eycor Probq\oﬂﬁr\% TS

G_‘/U&i/j’ < L

S n

ot rasst b

roo The eactual P(oo‘% ic Smilar t the above ldes . There avre two Issues v handle .
® \We  cannetl  assume X=e , , oank we nked to deal wuith an% Y.

@ The  Standord ngrnuH—HozﬁCd‘mg bound., W Lo3 Cawnnet be miruf\\a o\PFkiad\, becoauwse +the

fandom variohles afe  unboundad  (although with a <medl +oxl ).

The First Tssuew  Can be taken care  of by the nice  propacties of  Gaussion Tondom Variables.

Consider 6n arbi%rara zn“tua Lé) of  the vecter Mx fo( an o\rbitmrxa untt  yector X

l

i s

Then Y3 LMJTXK vhera M s on  NCo,OY  vandoew  variable .

A
R Yy \s oo Sum b‘{‘ Gauwssion  varioble , and Tt s o well-known fmct +hat 45 1S on N(b/?:‘\(;l>

Condom vartable . Snee X 1€ a wnit  vector . Y3 Ay Jmit an NCoa) Yandem vaciable.

So,%ach of the ¥ ceordinates of M ts Just Indzpendent G aussyan.

B% the Same mrgwwmf as In  the \P{Do& Tdea o the JuPaLFUi Uuwsﬂx a% ﬁHX TS taa.

Tho cornndA  Recoo  vanidesc  Cnsn 4 ank o doviie a Ohorwadll  heund Lo <ounce oF (rousion  Yomdem  vac ables.
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T NN S Comemen - N e e - NP

The <etond tssue \”a%mru Some  work , To  derive o Qha(mﬁ bound \Cor Square Of Gowsion  Yondem variables.

%\a elzwmma colewlus, weoe ean Compute +the  moment 3@\1({1{1“3 %v\nuﬁm\ O]L the uwm cqﬁ S%mms O‘f

X \ N
‘\hok:z?.u\zkznf ﬁaugs‘ymr\s (i 2. EIQ } = d—m {“or < Ji {a(’ Yo~ J\]LOJO ) andd  wse It to

¥)<<f‘
plove that Yr ( H(\y\\; 3 1te ) € - /8, The details oce left o o Chocder) exercise.
g\\m“mr\% L, we cean  bound  the  lower  Tall ond et o Similer  veswlt.

So) ]()A Sett“\ng k= O (% Un (4\%\\ 5w Wave ?\’ ( \\\(\\K\\; - \\ = €\> < % _ Pfcv\w\g the [ 2mma - o

Romoarks *  The Sfome yesult s true euen when M s o yvandom £l matrix iAd\‘ytnvfM].
The Pfoo"F Ts wore  drfficult  but the a\goriﬂ\m Vs mwth easiec o implement.

Agﬁwkkhs, i we we a Candom Fl o owatcix , this 1 similac o what is used n data S’c(mn\‘mx lec(ft‘nms,

AEZMTCQT‘\N\&? Ona  Tmmediate  andh im‘?ortw\t’ &Pp\}coct‘\on is 1o do ai:proximo&t near hQTS;H;br cearch .
2
A Ungar Scoan  tokes On ) time. but oy\\gé O(Y\Logrﬂ time qjytar Aimensisn  reduction -

Note that 31 werks for Tucldean dhistances oM? Cavg. not jﬁc( sa% [ dis komees )

Anothe - D\\:P\Tmﬂbn 18 O\W\(ox‘x mat e matx vvm[ﬁ\:(\\caﬁon .
Given  tws  hen metcieas A and B_ 0 we oo dimensiow  reductions on  the fows o{ A ond tThoe Golumms
ij JS DLLogr\U Aimensions. S that the pmzkmd* Can b2 done in O(nltugh§ Time,

while each Q“)wg ¢ O\PP"UﬂMﬁU\d the 2ome as  the  Tnner products  Ora awro\dmzﬁm with ka \N‘aE.

More ruuﬁ((gj, dimension Yedaction g qcm%wmt(% uSek  in okzs?gn'mﬁ —Qqsf a\gadﬂr\m: for numerical problems

o5 el oc Combinoterial - Problems  Such as  qraph  Sparsification .

Refecences

. \cmgar 3 R own o SO\W\\D\““S 1n cwt —Q(G\,\) ond  hetwork, d\Q_GSh ?(o‘ullms . 19%¢%-.
© RonCzur and Karger, Ay\;mx\w&\‘“& ¢t mimmum Cuts in OWAY time , 1996

kar&u Minimum ks in neor Gweac  Bme , 2.000.

* Lockure notes  In AAiscrete 3@maﬂ3, d\qvfer 1< bp(\ Matousek - (HC?)HVG e ommend ed )
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