CS 466/666 Algorithm Design  and Analysic . Speing 2026

lectuce 3 : Concentration T_ne%unhtiqr

We will C‘imdé bosic tenl ‘\Y\G%ualities Mckw}ung Mackoy - Chzbéshe\f and Chz(m{f \me%u\m\:t?zg.

Thewe are Tmpvrtant Fools in am(gsiwg \”m\dmiggd\ a\gbrftl«m, ond we will 2ee Two \n&zres&h\é exomples next tine

On o )nigh level » ol inq:bua(lt\u o concentation \\f\Q%p\a(‘pﬁ{gg %1\/@ uppec bounds on tho FVDL.)O»E\U‘ZZ%
wq %0

that the value ch o Yoandom Variable 1§ Jgo\( ’\C(ow\ its Jlm?:zﬁad\ value , and these  adloy
what  we QKP&f with ‘r\'\gb\ P(O\mb'\llhﬂ (almost  deterministic)

Show that \(av\d\omlseé\ D\\&b(it\/\mg behoave ag

Thete are ~memm\~m ‘ool n ay\ahés‘mg T’Qho{m\g@}\ o\ljor?\%m +hat  we Wil e fl«rowshw% the  Course

We will Co tlae bosict  and moest MSQ%M one < JEOOI\D\\C;}» Thae g‘w\ﬂ@gf on s the Mm\fo\/'S fﬂﬁ%uﬁ»(l{’é}_

Markou's  Tneguality Lk X be o V\on»ma,ﬁ\\/g discrete  vandom  variable .
S 3

\TL\QV\ P( &)(ZD\) < @EX“J/O\ -%)r om‘é o >0,

E’“i T = TT -Pe(d=) 2 \ER WPl 2 \ZA o Pe(d=1) = abr(vza). o

Quicksert © Tt s kvown  thot the Q%Pcz&a& Cuntime o% m“domigok %umﬁ%ort s 2nlhn .
Then  Mackov's ‘me%uo\('\%g tels uws that Ywitime ¢ at least 2enfan With ?robab\\ijcg < % foc ezl

Coin g‘x?g‘ng: It we QGP n ?a\r comns . the @xpected  numbec of heads S TS o and Mackoys Enq%m(if-j

Telle we that <le ?soba\qﬂlﬁﬁ thot fthece ave =2 ‘% headd 3¢ &t oS 3 -

we have ho informotion bat\/xo‘v\d\ “he Q)(Pgdgd\ Value

_Rowack : M ackou's me%mh‘% s owost WSeful  when

(w when  ueh 'mﬁormmﬁm\ 1S d\'ﬁﬁcmlt +o eHa‘\v\,g\&, +le  coandom vofiable  is QDMPUQMU\ to m‘“k"&@‘

In the above fZ\camP\u, we Can  prove much  gharpes (reults \AS?(\S Checnvff bounds  that we will See Soon

3FVQ on JZxamPla

Questions - @ T¢ Markoy's 1vxe%mﬁh3 %,‘FSAT ? Can You
@ Doee 1t hold ‘gor Senemt Candom  Variables  ( not ‘QMJV y\orx_v\z!imﬁvﬂ ?,

@ Can it be modifRed, ppec bound Pr (¥ga) (zg, Prl X = \E[X]/z)) !

_Mowments oand Varionce To qve  batter bounds.  we need  fo use wore Tnformation about the

YVondom Vafloble, and o va\mnnt% uSed %wnt«ta ¢ the Vvaciance o% the Candom VaCiable

diffecen of o fomdom vecioble to e ewpected value -

which  measuces  The T\&‘)Iul
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The  k-th momest  of o fondom vadiabe X 35 defined o (¥ L eg Sewnd  moment IS T

The varionce of X s defined as Vac[x]= E[(\('Eﬂﬂfj: ﬁ[\(lfi\éE[X]Jr E[ﬂl} = E[xl]~ ﬁ[\@l,

The _Stondard  devivation o{ X s debaed ac GCﬂ:jerﬂ.

The Covandonce r\- tus Toandom Vagiables Y,Y ¢ oUL{‘mzd\ as CWW,\(B: EK“"?LQ}(Y'E@@)}

We SM(B PO TS MW_UVAMA RS Covlx,Y)>0 V\Qiq]a‘t\\\/ﬂﬁ Correlated TWC Cov Y,¥) <O

The ’?o(kewing ate two  Sumple jcmts Whece Pwofs 0.ce. \Q{T as  Axarcises .
- Var0x.Y) = Varlx) + VarlYl + 2 cou (YD)

- TE X and Y ace inde pendent. +hen \/Wi%*ﬂ = Var [7@%\/‘”1\@'

We  wowld  like o (y\‘\s—ﬁhgmw et bwions  €hal  Ore  concenlrated  avound  1%C ,QKPQLTQA value and thote

thal are wot . Dne possible  fest ¢ to  Compute E0OC) and see how —fm wtois feom EW]L_
Q,m\ob(\gmu‘s 7(\Q%mht«6 Promoku such o bound
Chebcjshau's Xnegvu.a(‘t{‘g Tor any oa>o. P‘(( \Y‘E[X] \20\\5 S \/w[)@ /al,

Srwi; Pe ( L -50) \2&3 = Pr ((X/Ebﬂfz O\Z> < EKX*E@QY}/QL = \Jmi\(]/ml/ whete

2
the I(\a%\mkif% —Fok\ws -—gwm Mackov's \Lr\a%mﬂita (88 (\/\*Eiﬂ) At v\ov\”hngh‘ﬁ\/t. a

Coin £ ippin Lot X b Ha numbec ﬁi heads n N '\m}\gvmd&v\% ]Ccfyr Coin f[l?s\
A&o&n we )Cnéi 4o bound Pe (\Ka%v\/q\ . but this Time we We Cu\ot&skw’g \me%mkt% .
Tor thic, we need o um?\ﬁe Var (X))

" I3 btk coin flip ic head
By ndeqondance, Voctd * T Va1 where % = 4

o otherwise

90/ \/[)\( i}(‘\] = %, Q \/%—\L* % (D*Llﬁl: J@ . (In %0_1\2(0\\, \\( head. wﬁk '?'(b&; P- then \/n‘({'\(.\]:?m’?) >

Hovea . by Chabyshew, Pr (X2 3n/a) < Pr( IX-E0|> &) < a0y =

_Rowack: qu\;ngl\u's “mqggua.tit\a i most usebul  wlew wa OMU& hove the <etond  thowmert or when the

Qecondk  moment (< JLng to LOMFWZ and s ‘2“0“&1\ . 2x ceond moment Ynethod , data SJYULQm‘,nX, ete-

|
Sum of Tudependent Vaclobles o )
' lower | U wppee
v R WY
7. R

The %m\em\ %uegﬁnn i< o bound P (x> (HQED@) kmp\)u ) andk Pe (X< U—i\¥b(1) ( lower la3l]).

We tmader the itwation when X ¢ tHae sum Sf w\qmé 7V\d\mfewt andom vadables , which 1s Cmmowkg

Seen  in  the (M\ahﬁg‘\s e{ fcmdmm?ged\ M&gﬂﬂ\ms.

The low of (afle humber ogserts  that the sum of n Twdependedt  TdenBually distibuted  variables s approdmately p
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The low of latfe numbec ogserte  that the sum of n Tndepondent Id\em\\mu\a dictibuted  vaciables ¢ awm‘\mm\g N
where i< +the mean of o candem vorioble

The central Limit theorem says +hat u}t_% N - tle  deviation "Eram N ole Tﬂp?uu\a 0\5 the ocer $ng
ng

v

whete & 35 the tomdacd  decivotion of o rondom  variable.

C}\umﬁ boundg give  ne %{Amvﬁl‘mt?va ectimates  of the Proba\si\iﬁfzs that X ¢ far f(m Elx] {77« any

K(D\(&Q_ JZV\U\,\&M> \Im\\uz_ a/% n

Consider o S?m?\a Sa‘ﬁ?‘n& whace  there afe n coin {U?S, 2och VS head bl ?\'Dbfh\ﬂ: \H\a F

The expectad  numbe( of heads 1S np.

1 =
To bound tle LAF?Q(‘ ‘ol L in P(‘\Y\QP\LL we 3@3& need ta (‘_D\'V\PLL\"Q Pe QXZ K\) = EK (?)P (\‘P> , ond
chow that Wt 1 \JE{% Srall wken K T8 much [mger chan np Lgm\a k> (HCJV\?B Lo bub this sum Tg

not U}S\a ™ work with oand  tWie method 1S not 2nsy tp be %Jmermlrsuk.

Tystead, we =xtend <he appcooch of \As‘m& Mo ckou's ?v\q%ua\\fg, The Mackou's Mz%mh‘h} s oﬁaﬂ top Wweak . but

veeall in the Pmof EY‘( Cka\?&sb\wyﬁ Tne%ualit% we <ol Si\ru\gﬂ\aw i "[-F we  know  the Sacond mowment a—{ X .

To @xtend this  ome can WS the {ourt\,‘ wovnewt o oy 2k ~th  mowment  to Qet (WL\Z} 2uen ‘,3

Pel lx-El> ) = e (B0 > o2) < EX (%&m)lj/&k

Tl 1dea in P(D\An& te Q‘\‘““Sff bourds s to congider

Prixzo) = Pel2e™) = BELQ™] /0™ 4o

Qh\g 't>0.

Thee ace ot leask fwo (esone that we congider 2
S © 5
- Lt My = BLeI = BTS2 3 S Rl)

s I{ we have  Mytt), to (/DW}FVCCL EY_X‘], we
0
Con Jwst Compute My (0) , whece Mi\qLo) t¢ the k-th dernvative v—} My () avelusted ot t=o -

Lo, Myt) contome all the moments Yr\f»u(mmﬁbr\, and 15 Gled +the womeat gav\umﬁr\é fur\ch‘on

1t %‘vvu a g‘how& bound  whea O\W\K\ng Maxkou' s Tna%mhta, oe the dlenominatee i 1><meﬁmu<j [o\(&Q‘

1% X=X % Xl and Xy, KXy afe ‘mdeFzﬂdQﬂT, then Eithl < EE th‘{tYll B E[{t)ﬁl EIQJ{XLJ

So |, s Qumﬁon NY easy to Compute when X ie the Sum c% in&@?ar\d\mﬁ toandom var ables .

Checnoff Bounds £or Bounded Variables

QO\ASN\a SFL{AFIV\S, CL\L(V\@’H/J{\A?Q bmu\ols afe —CLJ— bound g olﬁyﬁ'\hﬂjx bé p( LXZ 0\) < Eiitxl /Qto\

bt uws comsider o wseful cace whan X ie the Sum of th\mwnokavdc heterogensus  Com £ lips.
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Hetaro genous  coin flipg

e X, o, ¥n be Tr\oke?zv\dwt' Condom vadables with X2l with F(ubm\a\kﬁ\g Pi and Yi=o otherwice.
et %= 206G Lt e B0 I EMT= 2000 by ke expactad, Valut.

Then T E Qtyl = I Eﬁt){\ QH() - L%Xh} = \L:\\ EE th}x \"‘6 iY\d\ILPQY\()\QML

\

)
n t1 0 o Pile-n) S ) Wy
:T_}\(P;L + (-p) e ) = :Q‘k\*\;3pzt,\)3$§\g :Q\:‘P :Q}‘ »
T M
Wa Pwt in Some CPQL]«E:(_ Pm‘o\mgtug *o %L‘t Some \ASL{'\L\ bounds . \,\m\g ty S 2

Thevcem In the Retefogenouws  €oin —?\‘\ng S&ttTn% . we hows G

S
O Lo $50, Pr(XZ(HD/A} < (R_jﬂ
QHQHQ

Y
) £ o<tcn, Pr(XZ(HQ/«) <o M

-®

@ for  Rzbpm . Pr (X2R) <3

“ (et .
TSN Pe( X2 k\)réﬁ/@ < ©l Qt)(}/QU Br< Q}A ‘ Q/L““)/‘“
gﬂ 'U”/W‘“*RW(\ wlenlns . we -{Md\ owt  tlat  thic teem g Minim 2ed wlen = Lnl1+8). and
Q44)
+his Tmplies  Xhot Pe(x 2 (HH/A) < 2 #%/ (49 1) / pwv‘m& @

R S -4
D Whan 0<5 <1, i holde that 2 /A9 < &7

This con b vedfied by taking Lo of both sides  and \Lth\r\é N E &*((+£§({v\mé)+é§,
and show thel )0 an tle nterval [0, L andl thas {(8) S0 ih this  intecval

Since f(0) =0 . Ak this imphies the clam.  (see MU Thesam 44 for details )

® Let R=CO - When RZbpm. we hae $2 3.
\ (4 8) R §
Hone ,  Pel X2(144)p) < (25w ey < Ca/aet)) 7 < (2/e) < 58 4

Qimlar bounds  hold for the lowee tail o very Semlar pwof U’\ZX mﬁh& £<0 ). (s MU Thm 9&)
CTheetem T 4l M&aro&wws con fk"\p?}n& Mﬁ‘\nﬁ , wa have ‘67{ 0<{ <)

© Pr( X <enp) < (% ey )"

@ Pelx<trop < o P
e
Qofo\\mge T the hotero &QV\OLL& in —gliy\fm& ;’at*\ﬁn& ) PrL\Xf}/\\ > S)/Q S 2 Q ;82 fm o<l

M’&l%_z_y’mw The gome bounds holdh  when 2ach X7 i< o randow Variable Jtmkmj volurs in

Co,) with mean P This s brcawe the {umﬁm th IS Conwvax , and thus it alwm&s [ies below
the g‘tm“\gkt Rne "Jn'm]v\& the an}\Pu‘\n‘cg (0,0 omd (1,£") . This e hae the Qaﬁmatlon \&:(XXJ(@ Lor

®=0%-1 and Brl Therfoe, ELLT € BLG4pl = prlotepd+ (rpidp = 14 (-1 and than

the Some calculations as  obove Lollow.
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_Remacks

— The Sowe method  holde {o( other Condom voriables NS

- C\r\z(r\vﬁ& bounds also hold %or negati\/d& correloked  voriables )

ond then the gome Pmo{ wovks

. ond thic observation s \/de \m@L n

Poisson vandow variobles | Gousslon  random variables, ete.

RS afnn an  easier o o Cm?vﬁm tla  momen® ba QWP\AR% Ao moment gm\um\w\& fmnd{mg.

became  ELeON ¢ Tl w1

dome Q?P[Tmﬁong.

TFor exmvxp\L i known that two eokgqs oppLal in & v ondom gpanning teee Q2 nzgaﬂ\/da correlated |

ond  thug QMMUH bounds “PPL‘Q ‘o onalyze Candom gpanhm& trees even thw&h the vatiables afe (’)du?endévﬁ»

Basic Exomples

Consider n Tv\dvm\)uoumt

@ C/D\V\ ?L{ES .

Pe (| # heads A/ul 7o) e 2

2 = 6'3
gc, ‘(J\A Settm& S 3 - ,

Therefore, we conclude that

o, with \r\?&k ?\’ubﬂ\)\x\?‘tgl the nuwmber ef headS  Ts  within

{D\\r Con *?(\?s.

Q—}Aé/g

so the owpacted % of heads is }A:l\.

-né
= 2 /é,

—~\o

at  wost e

Pr( kﬁi‘(\&&d\s -—%\ Z m} 4\1%-10,

this Yrohab‘\tﬁ\a T

O(EB o—{ tha vaenbeo\ JValue,

ond  thig \V\ R TENERES Swv\ﬁ\n?r\g to femember, as W comes up M U{I{fmnﬁ ?\mas‘

And 4t Yo the ‘(\\glnt bound  ag Here ¢ o Conctant ?roL;a\a\V\i‘g tat & L\QM\PD{\ 2 In

Recall that Ho\rkou]s ?Y\e%uml‘\fa x‘m?krzg

Pe % hads 2 22)< 2

z S . ond CHLbﬂgm\fg ?oq%um\I#g
N 2
implies tat  Po( 4 heads 2 Sg) € F
~2)(3)/3 -n/ab
Chetnof{s bound Twmplies thoX  Pr (¥ heds 2 %‘3 S Q N

i | Fo4n
@ ?rn\vab‘\k\'mel Oumpli & cation

\;ul'\\x(l% IS Q\ci?on?.w\ﬁqué Sma\\

Recall that  the swecass ?\'uloz‘b:'lf’r\a oJi o \f:ma‘mlsm a'\guq‘.’cl\m with  oea-sided 2rrevr can ba ahupl?{ieo\

E‘l&{:'.-a 50-\3 the Cl‘l(gt-tlﬂm ie a.ln.-;m:-l_s (‘,crl"?_[,':f whan 31 Smn\s Nt avd  To ocorrect  with PTO'D lll) whan
w o 4
ISt Says NES . o decrease tha ch\ﬁL“fL Ipwbn'c'.l,‘.ha o owa Just fepeat tho &],Ehf-lﬂnw\ K Hmos
. . . ) Lk \ N
[V TR 'sw&& Ne |, then  the Toluie ?rc'nab‘-\lt‘\a ic ot mest Ll--Pj whon T ?a:ﬁ& TEs

K fmey ";‘DF a No nstone .

1 1Lag= ( ‘ \\
?(ﬂbao\'u\'\a o O A
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guPPnse_ tle randmi&ei alSUr§‘t'hm Te wo-sided Bofor Son T ohas &0 o-ﬁ giv?nﬁ the cotred Gnswer
bl Tt Cowld  make waetaker  when 1T Smlﬁs NS or No. To datcease tho ‘Fm\lw»z Pfo'oa'b'. lik‘a,

we Cun the alpdthe for k Rmes and oubput tha meority Qnswer Sm& tha Instane

it o TRES Tnstmw . The ma'j‘o;?f\é omnswe{ 1S \.\Jt’on& when  the rondowized &]St}r?t'v\m owkputy

(N ‘F\u( mere  thon lﬁ/'}. RELT A RBut tha .?_xPﬁcb?J\ numbe U'ﬁ“ Dmiw«‘z.r’_\hé MNo o g Q%uul to

obre 'ba oul msaumPﬁon- Co ba Chefnoff bound | the moﬁur?t\a Answer T4 Wy ong ic

—,.t«{z/; - ok [ '/‘-\r‘;;"% - ¥fre
= £

Pe( w0 > (4%) Elne) ) € 2 2 -

_'ﬁ\aw:%om) \o\a (QPudﬁna K-_OL'\OSI\) Fomas, tha fo.“\LmL E)fvb&'b:u"-a ‘e ol mect O(l/n')\

This s Dr‘ t+he 2ome order os  in the caw of ovne- Sided el (or,

Thie O(\ax w) {Lem 1S omethec %\mv\t\“ta to Yemembed  and T wall also come wp i otﬁum ?la\us

@ Bolls and  bing : |We throw n balls

into n o bInG. where  @ach wall Qe t un\—fwm(\% random bin '\r\(iQPQnerdl\é.

Execcise ¢ Give an upper bound  on the maxmum  (ead of o bin  that holde with high P(a\)qb]l‘l’ﬂ%.

Refecences i Chagtee 2 and & of  Mitzeamacher ond  Upfal
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