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| eckure XL ¢ 1&0[0’('11\% Cuts

We Stuoug & hew method %o vedwe the globa( minmum  Cut \)(o\a\lz,m to  the winimum St cut PFD‘O\Qm_

This s based on  on algocithm foe the iSolmﬁnS Cuts problem . which has Lound ony apylieations f’LCQnJc\\S_

L sgSgt‘mg Cuts

The  minimum R:o\at\ng Cuts P(ob(szm was  introdwed Tn [L\’?-O] to Solwe +the determinittic  min-cut \P(O\D\Ql’n;

Lnpufs A weighted undirected  geaph G=OWE W Whee codh edge €R has  weight W)
ond o Subsetl of terminal  vectices RSV,

Outount: TFor each  terminal  vectex veR . Lind oot SyeV  with ve Sy and R-v € \-Sy
Queh  thet wQS(S\;\B = ‘1%8@0 We s minimaed

CTn words. for esch v. Lind o wicimum cut  that isolates v from  the wertices in R >

One  nice  propecty  of  the (m\at’ms cuts 75 that  the cut ILS\,RW,R Can  be assumed to be vertex disjont
This (8 o Consz%uenm of the P(oo{ ., but Con olse be Seen o(\red—ks wsing the gquodwb«rifﬁ D{ cuts

in - undiredted K(O\FM ( which  will also be used in the Prob{‘).

Submodular ‘funcﬁon A function {'IV%[R o Submodulac Uf {0( Quary  pair A.B of Cubtets of U

it holds that £ +£@) 2 £(auB) + FCA0E.

This s on Ymportant  Concept ™ Combinatorial Optimization onmd TS useful  Th different oweas.

One well-known example s the Cut function  of  undirected graphc .

Qmm Let §=(UE,w) be oan edge - weighted  wndirected gra(;}\, Lot @) =w($)) -
Then g (A t d, (RY > dy(AaBd + du(AURY  for all K, BCV.

Praot U’JLA picture)

Check  thoat eoch nge conteibutes to the LHS

0 much oS to the RHS . o

For andirected Qeaphs. the  cut function oy 18 symmetdic . too du (S)=dy W-%) .

(%p?\u\\mg the obove |2mma to *the Complements  give<  the &o(komng.

2Qmm Let §=(ULE,w) be on 2dge- weighted  wndirected gm(:k. Lot @) =w($E)) -
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Then Ay (A) + dy, (B > dy (A-BY + dw(B-A)  for all B, REV.

Ona  can alse cheks fhis d\(ukkb bj o pictuce.

Clom The mmimum i&u\atin& cuts SLSV?]%K Can  be ossumed to  be vaertex d;\sjomtA
Pront Let Su ond Sy be  wninimum i&o\q’m\g cwts for w and v, with %un&,:c?.

Note that Cu-Sy and Syv-Su  afe alse isukoﬁcmg cuts foc o oand v (QS?QK_’t?vdﬂ.

Theredore . bﬂ the Sewond (2mma  obove. A CSWO+ dy S = A (Su-Sy) + d\w(g\,'g“\ 7 G+ dy(Sy).
s, egualities  must  hold throughoat , and  thus

Su-Sy and Su-Su oare olse  Mintmam \'Sb\ﬂJﬂnX

cuts Sor w and V. ond Jchen& O Vet olisjoint -

Apy\ging g O uv\croSS?ng// C\(&\Amer& rQ?m&m&a will 31\/1 poivwise VQ(WX—d\is'\oRM— Miny mum 15akm.\& Q\A’cs.a

This Showe that the total o\zsu‘\\ft\on siye o-} the  minimum T&O(O\‘Hv\g cuts ¢ WL anad %\‘vz&

hope  that -there is a fost algorithm  to  Compute  the minimum im\oﬁc\f\& Qufs .

The moin Yesult in  this ledkue s that we Can Qem?u&m mMinT mum i&o\o&ir\j oty in Lo&l\/[ moxx:QKow tolls.

Theorem L'lgo\odc‘m& tute)  For o Subset RSV . thue s on &lgo(Ithm that Computes  that CDMPULTQS

the minimum isoloding  tuts for R using ]_\DgllRﬂJrl calls fo  wmin St cut on  weighted

grophs with  OUVUD) yertices and OCIED edges , plus CN)K\E\\) detecministic  time outside of the Calls

The first Step of  the O\\&ocitkm s to  Compute  Vectex-olis|owmt  Sets 5\\)\,{3 ver That  Contain Y\S\ﬂ]vek

* Ocder +he vevtices in R from O to IR)-|, and label eoch vertex TeR bﬂ the \olr\&(\j Steing of

= Tor 0 <t < K(ogll\ﬂ -4,
Lot RLSR be the Vectltes with the +-th bit baing O, omd R SR be thoe with t-th bt baing 4.
Compute o rinimem  Ag-Bt¢ cut G CGie with ApeCp, BeeV-Ce Lond w ($CC) m:nm?s«d)
- TFor veR, et Uy be the Component C,uthO\‘m‘mg v in G-Q%(C@ the grcx\ak obtoined bg

Cemouing  all the odees Tn the union of S - //__- h\\

/-_ h .’;. i o, \
[ i

T och Cy Com be Qom\mftuk LAS'mg one.  min S-t cut  call. { '

ObServe  that X’U\Avek are (30\0&\”\& Cats . \__,.. o ELy

?rc‘mw 'e(am ELPI%’X
Q_&O\\m U\/(\R = XUZX HU&R.

Dot Considec owother Vertex  weR . Since uav . thar b\n&flﬁ skengs ave diffeved Tn ot least  one \;'.i—,mbtv
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Se, aftec rmovih& the  adges in L) . w onk v owe in diffecent Components  in  The eraining gmpl‘v

Thic  opplies to Quera weR , ondk thus v iS not ™ the Some Component with Gny  other weR . g
*
The kz\s Claim is that fthere t till an is:;\o&?w\& wt Sy Contovnedk  n Uy > bk:s an w\uo’iging arjument .

Claim. Let ¢ be on Inclsion-wice  winimal  inimum Tgolqﬂn& it of v Then gfc_\)\,\
< € . <
E(ho&- Tn Qoach Ttecotion ‘E, et Q\/: Qt \(~§~ \/EC{) ound CV:\/—Ct i—? U%C&; 1.Q. Qv (& the Side D‘& Ct Cbr\foi\\\Tr\S V.
* +
We will argue that Sy < c, ‘be all £t ., and this ‘\m?\ies +thot Q* c Qct .

\

Note +that Si s Cownected . and So it IS contTained Uy,

<

*
gw(\:o&q, bj contradicton . thot S:,k & Cz Sy CV

Note thot gf(\ Cf s oalse oan igoLuting cut .

Since Qf ic on Tacluslon~wise  minimal  minimum Iwko&m% eut of v, d\ﬂ(gf(\cf) > dwtgf)
By swbmedelactty, AL SO+ ALCS) 2 dfSTnC) + g fSTuel) > dfed rdgSToer),
Thas "\m?\{Q& Fhot O(w(%f §) C;C) < o\wQQ\J,‘) .

Note +that gfucdvt i also a At—g’t cut  as Q\f do2s noT contorina Omj pthec verkex Yn R/

but this  Contradicts  thot C§ IS o minimum  &e-Be cut - g

Once we know that thoew s St o minimum TSolQ‘tin& cut gf contained. in Uy, we Can Iﬁnd gf
n O Smaller groph  whee we Contract ol vectices 1n VU-Uy, to o Single  vectex.

The Riond Step 0{- the mgo(\thm is as {tolbws.

* Toc tach VeR,  ConStuck  the Quaph &, by Contcocting ol verties in V-Uy dnte o Single vertex W

o Retumm a4 minimem V- ot i Gy 08 00 minivum iso\lﬁ'm& cwt of v in G.

Tor the Coveedness . m\tﬁ [NEVERUIVE, SR ' C-“_, S on YSo\odi:\K cut o& YV in Cq

%}3 the Second cloam aGbove . o mmum  v-w cut o Gy IS o0 miaimum rgu\o&‘mg cut of v ina G(

For the time Com?(ex\i—tﬁ_ note thot ?&RlE&(O\S 2|e@) , 08 eadch sz,o\ga aRaace In ok Mottt two Small R¥aphs

Therefore . the total time Spent o Compute o minimum  usu o cuwt in Gy for all veR i ot met the
Time Comploty  to  Compate Ong win St cuk in the ocigiaal  Qroph G -

Altematiely o we Can olse Compdte Q. eidimum VoW Wt e Gy for ol wer by Setting  wp  one
moxe-Llow Gmputation  In o \\btgﬂ Qaph with  OUVD) vecties  ondk O(\E)) 2dges ( Exercise )

This completes the Pproof of the theorem-

-~ ~
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We show a Simple  and imz(uﬁng opplication ©f  the  minimuwm (Som*t?h& cut O\Lgo(tthm +o

the mintmum  Skeiner  cut  problem.

Lnput’ A weighted  undirected gcaph G=UE, W) where  2ockh ed§e ee® has weght  wle)
ond o Subset of terminal  vVectices REV.
Output: A ck SSU with SORXG onmd (U-S)AR%®G  Such that wlSE)) s mintmized -

T wrde, o minimum Cuk  that Qeporotes Some  Termimal  Verttees.
Note that the Jlobal  minimam cut problam is the Specal case hen R=V.

1\: & minimum  Steinee cwt 35 an Eleaf\n% et - then the iSb\atim& Cuk algor‘\thm will find
tThe  winimum Steiner Cuks  Could contonn many teminal  \ecties.

The tdea 1 +o do  tondom Sqm\ﬂ'm& 9{ the tecminalds.

QD\MP\]:\
'\_/> &
Suppost o munimum  Steinec  Cut S Contains Kk verfices in R

et R” be o rondom Subet of R where 2ach weckex In R is in RT with \)ro\m\a(kita “|LR

Then, wa Clawm that  the \)fo\oo\‘b} \\tla that S Contams JZXD»CH\A 1 weekexy in RO 18 o ConsXont -

. - < L A . _\ R )
Tnoeed, this P(o‘oa\).\ma is (R v Z , ond it can be boosted Yo - polynd \95 (QPM\AK OUoj n)  times.
T this hoppens,  then We Can fnd this minimum  Qteinec cut b‘j Sinding  Minimum (go\q{'h\& cuts of R

We do not Kmw k  0duene, byt we can t(}ﬂ ewery K that 18 a powe of .

To Summace ., the ‘{olkou\r\& i the  randomized c\l&u‘\%\r\m for the wmimmum  Stehee  cut problem .

© For 1z 1 4o Llo%zng
Let % =12
Lot R be o coandom Subset of R whew fach wverte n R i in R with ?Yob(ﬂ?t\lhﬂ AE.
Use ~+he TSo\o\f\ng cut o\lgomthm to foad the  minimam ISoLv\ﬂr\& cuts o{ R in G-

Return  the  minimum  cut  that  we have {ound So %ar

Bkj Slightly  modifyinp the colcalation  obour  the probobility - e See that  the Success grobabiity of one  evecution

of this alforthm is at least o Constont.

I —
%\3 mnn‘.v\& D(lb&h) mdmwnmnt executionS. the ducess F(obo\\oikﬂ'% ¢ ot leask |- ?bhi\@'

_Theoacem There  i¢ Qa (O\ndnm‘nsﬂd\ a(ga(‘\tlm.,\ that Find¢ @  winlmum Stemer cut  with W«XL\ \)ro\aab.‘(i\’ﬂ,

L02 Page 4



N 3 . < - .
using OUofn)  max-flow Computations plus  Olm)  processing time .

This Simple ngbf\(thm s O %Igr\‘tf‘\mrﬁc im\)rowmenf ovee p(w‘\ms wock on  the wminimum  Stewmec cut P(’Db\fzm.

This can  be O\L(o\ndﬁm‘lsdx o  obtoin a detecministic Mxvoc?fhm with  imular (unn}r\& ime TLp2aol.

\/e(\é fecently - thete s an  almest ineac - time O\lgo(lﬂnm {35< um?\,&m& minimum St et IQK\_PPSZﬂ/

and  this Tmplies o almost  loea( - time o\kgont\nm foc the wminimum  Steiner  cat prodlem as wel\,

Concluding emarks

Karecs  vear linaac-time olgorithm i veey nie , but it T more ad-hoc and  dors nof Seem to Qeneralize.

TThis new opproach  using  isolating Cufs  works  dicectly for  the weighted Setting and (etent  works  Chowed
that & o  be odapted to  Compute all-pacs  min-tats.  vertes Connectivity - hlﬁugm\m, Symmet(ic
Lubmodwlac  function  minimiyetion . ond So on.

And deter mimstic a\goc‘\k\rms as  well.

An 'm’(q(m‘c?ng open C%uﬂ.sﬁon v to d\m&r\ a  fost Ox\&odthm ’g‘l)(‘ g\obm\ mint muam -t In dicected g(or\;hs.

= Lip2ao) Li and Pomgrahi,  Determwnishic  min-cat  in polu- (ogacithmic nax—§ lows
- [ceepps 12)  Chen. k‘S"& > Liw, Peng, Probst Gutenboq Sachdaeva ,
Mocimum  fFlow  onk midimum-cost fhw  n almost ~ lineac  time.

- Qee also o TCSH talk ‘O\A Thﬁd\m?ho\ Saranucak  obout  oll-pairs  Minimum-cuts o tufoclal.
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