CS Y66/ 666 P\[gor‘ithm Deslgn and  Analysis . Spﬁna 2020
lecture 22 :+ Maximum flow and Laplacion Selvers
We complefe  our Swm% b% Sezing how  Laplacian olwre can  be wed fo desipn Toster algocithms Lor  moximum Llow.

Then  we discuss  fast Loplacian  Qolvers_ ond feview and preview what we have and hove not Coveced in this Cours

axi L in__undivected Qraphs
In thic problem, we ore given an  undiceded  Qraph (-=(U,E) , where  each eokga 2  has a cqpacl%(uj Ce.

o Souwrce vertex ¢ and o Sink vartex T

The oblzdwt s to {‘md\ o maximum  g-t  Llow s’ub}zcta&\ to Qo\\)ao% Congtiainte and  {low  Congervation consteaus.

More furmal[ﬂ, We  have two vatableg —gw ond \CW Lor  eoch M\gm wy .

The "&:oumwiwg i« the  [inear progomming reloxation  of the problem

m o ‘g ( %0“(03 - J§ CSMES)B

Sk, %(Q’M(u)} = WC (ﬁ;m(\/)\ Tor ol \/e\%i&,t?} / ”E(ow Ccongervation  Constraints
fo & @ for all 2¢E /- cagosity  Consteaints
i%o( all eckE ,
$e 2o

whete 4N omd ") are  the St of Incoming and nmgu‘mg dges 0‘% U, ond ?(F]:E&\ﬂ[(e) foc TeE

For gamy\:cmﬁ, We ossume (o= \Co{ all zdgag.
So- the optimal value of the lineacr progam is in Lom] whare m ¢ the numbec of 2dpes
We Can feduce  the optimiyation P(O\)\Em to O((agm) deciSion Pruhkamc, b‘j do‘lr\\f by‘nqrg Search  on  the

ob&edwl Valwe  and b% FQP(Q(?ﬂf the ob‘led\vt function bﬂ the  Constiaint ~F(§,”M((s)>~{(gjnuﬂjk‘

Multiplicative wojght update methed

A \n homewerk S, we  will aw\\(;\ the  multiplicative WLRSWV ueokqﬁa method to Solue +the Froblzm

We Wil think of the objective constromt ( &Z(SOMCS\)*{:(%M(&)) = \<> , the non-negative consteainks  (fezo . UzeE)’
and  the Flow Conservation constioiats ( J%(é"‘“m) = 'E(S‘m(\/ﬂ Y ve \/'xig,tg ) os  the \\zasn)’ Constramts
and wa Wil design  a  polyromial Time  orack Yo catisfy  them  with  small width

We  wil]l think o{‘ the co\PmiﬂA consiraints & Xo €| Y 1&\13 as hacd Constraints

and we will ute  the  multipiicative  weight  update methed ‘o ¥ Cowbine” them omd Satisfy them OPme\mmlj.

Whth  This Qz‘wF_ ‘o«é tha mm%s]s OR’ the mw\?uuﬁm wmgm u?dzﬁa method e have seen  last iwe . WL Can \Cfno{

R
an almest feasible solution  ( To €14e Yeek) i we could solve O(lg\—“} Subprobloms  of  <he qco([w‘mj form -

122 Page 1



® J;— Satisfies +the ob]uﬁ\m_ CLonstroint . +he nbr\—thpi'fUL Consteannts . ond  The ‘?(Dw ConServetion  ConSteonats .
@ ’G app(ov}ma“tatl safigfies the mu(f‘«p\(caﬂvz weight up dorte canst (aint iQ wL{Q € (4e) E\«)Lv
Yo(mmg Lal, we should catisfy % Wete € % We , but T s 2asy 4o check that it s okay to  YeSpend
With an approximate.  feasible Solution. o< we 0fe just designing  approximation  algarithms anyway-

@ {Q <P Yo ek  wnele poic the width of the oracle that Controls the Converpene (ate

\ch thece %M]OFWD‘OWMS Con always be Solved (—Eor different values of we ), Then we have an  eracke of small width
Then 1F follows frem the (ecult 1a L2l that the owefoRe solution of Thete guk?(ob[ﬂnﬂ would, bz an

almst  Teasible Solution . with o € 14% for all eek

“To obtain o fTeasible solukion with {3Q£ { Vae®, wr can gf)’n?lﬂ ¢cale down  the golution bﬂ a {qmr
. <
O& Y44, then 3t wil &'D&Ixﬁs all  Consteonts Q\mg‘c(j . while the oblecﬂ\m value becomes e ¥ kC-2).
Remacks -

2
[
® Tn  the  (osull stated in Lol, +the Convefgence  (ote 1S OQL;L)

That  analysis s foc the Qenzral  case  where the outComes are in I

- Lnn
I is not difficult to shew that ¥  the outemec are in To,il, then The Conuergence {ate s O< P = )

@ I’% We  wouwld, ke to hove an ‘wﬁqg(ml Solution, then we Can uw the Yondem Walk DJSMTHW\

in HWES  {o  found the ‘F(oucﬁ\(()na( Qolution Xo an ‘xnwgral Solution  1n  near- lingac time

Electrical  flow

Ta HOS, we use Qhortest X)o\t%s +o &as]g“ an  ocacle %D( the multiplicative \dught upom’fz mathod .
Xn‘ruzsﬁngkﬂ, We Can  desigh A bette¢  oracle uging electieal {(m‘,_
We would (ke to show thet +the electrical {low algoﬁthm con be used to Solue the subproblems  with +hao

%o\knw\ng ’gou( Yroperties when 3% is Qiven Wge on eoch zdgz et
@ Tt Ceturns § that satisfies  flow conSefvation Consteoints, ron- negotive constramts . and objective value condtroint
@ When  the moximum flow Pro‘obzm is feasible, the orade Con a[\,\)a\&g tetarn So{t\gﬁi-mg %\"J€£Q < ng)%wa,
@ When the moximum flow problem s feacible, the eracle can always  Cetuen T owieh £ <o (Im) for all eck.

@ The oface Can be implemented  1n 5((1\) +time

OQLQ“W

AQSmmw\g this can be done ., we Can %mx a (\-9)- approximate Qolution In = Tterati ons -
DYy

ond  the totol rvmn‘mg time  would  ba ’\6< 21 ) thanks o @

Orfacle We Wil wse on eledyical £low o\lgoﬁthm for the oracle
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Ofacle We Wl uwse on eledvical  flow m\godthm for the oracl

AW
Criven  Wa on 2och edge . we St the  fesistanc of Qd\ga 2 to be Te = Wet 7, whae W= %wg.

Then . we Compute  €the electrical Lo \C That Qends Kk unite sf @ummrﬂ Lrom & to t.

with (edistonce Yo on <och 2dge 2. Thic 3¢ the octacle. to Cetuen  this flow €

| gocithm Co, tha whole alporithm i prettuy mple  ond Intecestng .
¢ pretty Siep §

Tv\‘\ﬁo\(tj‘ evary edge has the Same f{edctonce . ond we Compute  the keunit -t electrical F(mw.
R . -+ 3 €
T @ach Ttecotion.  we wpdate <he W Qi gt bkg Szt‘ﬁng W, = uf ( (+—P‘ e ) ond \A?o(atg Co MLO(Wr\g\UA,
ond then CDW\F\ATL onethe C k-unit ot electical {[ow with  the updated  Cesictoncas.
So, Hﬁ the flow obn an ac)\gc is ouer its cu?qd*rj, we will Incfente  jrs  yesistonce  boased  on Tt

Vielatton +o odecczase the Futuce Flow on  this ngg

[
Aftec O(-?,‘Ti) Jterokions, we take the O\VZ(QKQ of the Flhus n these ttetations and it is o gsoo{ Solution

_Analysis.

We check  the  four propecties one be one

@ Tt Chowld be cleac };g Construction that +he ‘F[Dw consteaints | the ﬂon»n&gqﬁ\/( ConSteoints , anet  the
objective Volwe Constraint  oafe  oll  Satisfied gmcﬂf&‘

@ Here we  use an enecqy  argumant

T% the £ lou wvblem i< #eusib(u then thece s a flow -§ crf K units 'F(Ovv\ s to

witheut v‘\o(aﬁr\g the  capadty Consteamts.  So that  fo € for all €k,

s AV
The totol ene(ﬁ o—& this Jf(ow g at wmost %{:Q o % % e = ZQ <\AJ¢+ \ ‘:K(+£>W

m

Recall ffom LIS that the eleccrical "Etow minimiyes the Q"“ﬁj’ o Wwe must houe %?;\’EC C\+i>U\5,
or otherwis® we can Conclude that the flow problem s infensible

We  wouwld like to bound XQWQ%QJ andh  we  would we Comd\a' Schwarz  So that

( E \dg-§€4>l < (%WQ%Z> Ki@u\)Q\ < (EV@—?{")QENQ‘X < (H-?.B\;JL'
This implies that E\ulfg_ < (\”'BE\”Q‘ as PFom‘\saoL

@ C\eml\u&, The QM(SZ& on  one zd\\% Connet ba  more  thon the Total U\”j%'

$eud > e .
Se lm S fere = (W L ana thuw \O&ix m =0o(Jwm), as rq%u\ftm.

<
@ Tt s oo Seminal Yesult b% g?‘\z(man ond Tevlg that LD\P[D\(TO\Y\ E%up\ﬁor\s con be Solved in 6(m) time

ond Ehis ~1mpltu o Neac- linear  time a\gor”\‘chm %nr Comecir\& electrical 70(0\,.1& as Shown in LIS

We il diseass  more abowt Laplacian  solvers  [ater
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Thic  Completes the 6(m”> e A(S@rlt\xm to Qe o (1fﬁ‘)r&ﬂ>(oy'\m#ion oxlfndthm ]Co( ComPthinj? mosimum {low

o undsrectad gm]ﬁ\s o tonstant €, W\Mcmng the best known Combinaterinl a\iorlthms in this re§ ime.

e B7 2 R R
Thig opprooch Can be  mproved to O(m /é/i ) time btj Sllghtl\é Yhmitﬁj]r\j) the anﬁthm Gadk. lmp(ovinj) +he
(N\m\ﬁg}g mg?nj moee co\(qu\ a(gmmanﬂ about electrical {Howxz

Now we know SQW‘/QLE time Q\ggr?‘tkm <Fz>(‘ und teected ey J‘l(bw4 not™ \o’% va(ﬁ\)\?(aﬁx/t m?n‘\aﬂ

bul some othe¢ Comtinuouc o?ﬁnﬁsuﬁ{ov\ method , and W\L\V\a more el algod‘thms q(or\g +hic line.

\A)fmggir\g up

In the (ectuce and slides, T will Aiscuse  Two Simple ond e[zgam Nfor?ﬂ\mj \Cor Laplactan solverc.

Ore based on o <mple cycle fiwing  proceduce for Computing elackeical fbw . ank awothee based on

Gaussion elimnation with Sparsification.  See the references below.

Then, T wil (eview and \«\\g»\hgﬁ what  we have Coveced in this cCoucse, omd  Mention Sbmlﬂmihj ‘\V\Wr&ﬁr\g

thot we have net covered .

Thanks  For Toking the course.  Mope you eajoy it ond will find some of It uweful in the FTature.
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