CS 466/ 666 P\lsorithm Design and  Analysis . Spﬁna 2020
lectute 22| - Multiplicative weight  update method
Tt s oo useful wethod with vacious Qpp([mﬁon& 3 indudrnj on line OMTmTSaﬁor\,

We will Cee one Fn#zraer?ng aw[?mﬁon in So\\/?r\g [T near ?(DSFQMX,

Online decisions

Consider @ STM\:M getting of mmmj i Stock movkets  (or  gombling in football matehes ) .

There are n expedts SQS N the newspapers.

Each MD(h\mg‘ Jclwns will predict UP/vowd of the steck  markets Cor Win/iosE of a gaw.\).

Eoch e\!Qr\"w\i, we Wil See the outcome ~ Whe afe rTSH and who oare uror\i, and  the r?gM Rupects would 3a‘m one
dollar anpd  the \A)rong Q\c?qftg would  (ose  one dollar.

This Process will repeat for mony d\&gg - In the end , Some axparts moy o vary well, While ome oy Ao Foorln.

Suppose  we  know mrHCw:S obout  nvestmest . bul we Cow that gome axpert did Ra\li well, and wonder that i we
Followed  his [hor advices +han we could also earn a (ot of rmoney.

But o’% cowlse . we Or\\% know who 1s  the best Qx?art n )ﬂ}rxd@gﬁ.

I\C wae wowld like to make money . we need to  make Yonting ” decisions ew% zioué . wWhile in The bq&mn;nj
we have no ldeo who 8 joookv

Con wa <t hove to do as wall as the best axgect v h}nd&ig]ﬁ?

P{H\qp& Sq(\)ris‘mjtg, the MM(H?hadﬁvL MPAQTL method  provides o Simple Stwmm that 3\mro\ntam o do “almost”

0% wall as  the bect ZX?UTS m )’ﬁv\d\ﬁg}\f

tiplicati wo.tght up date method

EQJ%DCQ we Stote “he method, we —ﬁﬁ;t Ctate  the more KQY\Q(A[ sfcth\g to  which the method applies.

= We hove o St of N dedsiens.

There ore Y‘nmvué founds  t=1,2, ... T

)
- Mfter cach vound , we fearn the owtcome of cach dedision - which Ts represented as  a  vectoc M e RS

E)
The ossumption s thot  Qach eatry of m s in o the  ronge (-0+1] . mstead of  Juct binary value oboye .

9] €9}

We denste The i-th lnt{% of( ™m 0.$ m;

L and we thiak of Tt as the loss” of expact Ton found T

tt)
- TIn each vound, wa need to make a  dedsion b% and{ﬂ‘m& o V(obab:u&g Aistribution p over the
n deasions  Cuhich s mere flexible than W\mk‘ms a dedasion to follow one axpert . think of bmﬁma a

Convex Combinatlen o{ stock options - e.q. J{ della¢ (’:Vobilﬂ,} % doollac Microiuft}.
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rhis 18 the Qetu(?

After oll T tounds. the total coest

(o]
Tn eoch found., The ok of our dedsion is <m 5P

The multiplicative  weight U\Fdatz

(€]
We Kegp o waight Wi on gach expert 3

at time Tt
Tnitlally, we have no tdea on which expert s Qood. and <o we yust et equal weights e wy

Ngoriﬂxm

D\\gor'\t%m

Our %ml i< to m‘m?myc the total ecost

Comporing to the hest ix?erﬁ
T
R €5}
ow[ decision 1 Cor QQQ(’Q ) NS = m

tet ]
(€]

T W
>, and thus +thoe total cest s Yi <m
N3 GBuXJCQ notufal  and Intuwitive.
\”QPrzsanﬂng our trust on

Q\(\)&(t 1

[

The precice akgo(ithm s

(eXS —Qo(tous.
(O]
Tix a ?Q(z}\mafqr /foji Set Wi =1 {br LSisn.
Tor let T de
) 2w
D et &= Zﬂw; Qi F%&): W;Lf)/§%t>.
1) . Observe w\&).
Qo
%3. UPo\aﬁL \AJ]uH) = ",Lﬂ ( (e ’VUV\] )
The (matjgvs is  also  notural I% we didnt do  wall in o vound. then & Wil decraase
Then. i+ thece it o Qood decision. its

weght  will stand owk - Gnd We
Tn‘%mrmo\l\u&_ the —‘%ok\ow%r\g ~“theovem Says That

much .

witl

Follow thot dedision botore 101\3.
ALG = Clee) 0PT + —
- S \
Theotem  ASSume miefﬂ\ﬁﬂ ond ms-—5 . Afrer T Younds, 1t holds that
s O ) J ) J > lnn
Y dm > ¢ Y w4+ 2 Imi oy for all  Isi<n
=1 i t= /)/Lt:\ n
% < G X ) N . A
oot Us\y\% d =3 W5 as  « Po‘tqrﬁ(\m\ WCML\HU)« we  have
=0
chx n (o) n G “) €D n (CONT
A W Zowy llegmy) = &0 - T W om
t)
_ € D W . & we
= - 1% %\P\ ™My 7 using Py = /§Lt)
Q) () (€]
= 3 ( L= <wm p >>
%
¢ FW® L_nw“’/wb / wsng 1% €@
T
(T W T L e oy - 5 < ?L’c)>
BLA induction D ) ’ST\ Q n v = ne =\
Qo, W we donl do well, The ?mntm\ J\3w\dc\or\ decreases
LT{-\) n (D (T
On the othec hoand , & Tél W 2 Wy =
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TTT “ R }am_kﬂ e
&:((\*’Vl“/\"‘ \> = (1””1)

-3 e
SET D

SmTlp

X
oy

32 =1 93
Then, we observe the oulcome and update the waty%t mu[ﬂ?\]u\ﬂuﬂé b\A +hair \nr\cofmo\nce, ond we  put  higher
\F(ombmt\é on  exparte with \wgq( waights



X
whare  the (ast lng%uattg Lolows from  Lhe {Qcts that (\’{QX>>/ (\“717 {sr x€lo,1l omd

—X
L ] - fVL‘Y) > (\"‘r’)’kw 'ED( XG(*\)D] | while These {D\cts ‘Gb[kﬂw f(um the Qchvzx(‘% 0% the

Qx?ohwﬁr\a\ 'FW\LHOA, ond So  the line cwwed\‘(\i ‘the two Qﬂd\?o\ﬂts 3¢ abopye the <Qufye

e S et W 5 W0 o5 L)
Com‘o‘mn&, we et ne e e 2 (l*”/k)z" ‘ (l+”rt> o
3 y @ e )
Taking legs. we have  Qnn - ’V\é\<y\,\\t’ PS> 2 Zm L) T 2wy Ln G
N ) 2 €}
> G 2 o () I
T
AT T e
”Lt:\ A /VL, =l ! )

L T
whefe  the Cecond Inequality uses the ngtg That ly\(\*fq) z-m-m  and Qn(\*r”r@ > N-7 .

Y 2 &
while  beth Tocts com be derived from  the TD\&KSF 2Xpansion In Craex) = x~%+ LS.

3 o
ond the  OSsumption ”f% 1S to control the error Taem I the {ocmer

T w S )
Th@(l‘gb(@_) oY X\ |« Inn
n D

gng femacksS Qe In ecdec :

- The acsumption m el-+1] =s mpf&ant ( whete dik we use it in the Prubf é}; Iy\-&\,‘\ﬁ\/mﬂd thi  bounde

the  mistoke we could make m each found . T 1L s unbounded , Wz will need many tounds To (ecover

. . L (€3 (&9
?rbm o mistoke we made n the hﬂgmnmg‘ w omy e Fw,wl s we could reducte +o  <he cage m;

e(-1,1)

\93 Scal?r\j down \axa o %Qdo( o{— W . buwt then the odditve tarm  would become MWonn

n

Thig ?m”owwf(%r W Vs called.  the  oivdth | O\hd\ O\Y\Om\(\)xs'\s e—% MU.H"\?UCq’f(ve u{:oloﬁra

isoctu@al o the

method , andk we would ke 3+ 4o bz as Small as PDSSLMQ.

(69}
We dld  nol assume am&%wn& about  +he outcome excapt that  m; eﬂlﬁﬂ.

The outcome Could  be

Cortrolled b\é noture.  (as in

the Qtock mrarket Qxam?m), 6C even Controlled b% on ao\varso.rn . Wwhe Q\wmﬁs
chostes the worst outcome ~For w atter seeing  our \}\’O\DQEHH‘B Avsteibution Tn this Casw .

we will PQ\’Taorm vary ?mrlj‘ but what we con Qa& is  that Qvary oxpact Wil alse ?zr\%rm poocly .
Ac‘mm\\n, thic 1s the Qwrnuc}\ we would take in a\;?@ng mu(ﬁyt(cmﬁuq \,\Fd\oth 0 Snku‘mj LP.

- This  muitiplicotive update  mathed  has

o

QW\T@MMS N UafiouS  areag 2.q. Iea(n'mj and boogfx\r\(j;l

gome ﬂ\wr% . onling o?t“wm‘\pﬂw\ , etc. Tod\Qg _ Wwe °"12 We 1t To  Slue  Lingar P(og(gmﬁ,

and Uow ace referced  to the guﬁlié fnr ofther QPPL\\Cqﬁm\;_

Solving  linear broprams
[= \ S

A lGneac progrom s of  the Lotm win <X st Ax 2 b wheee Aeﬂiwn, C,XéfP\h, bep™
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Thic is an impovtont ?MHEM that Qthwu many l\n'med‘\‘r\S P(bh(zms , and 3t can  be wolved 30 Pn\bnum‘m( time,

\AS‘xf\i the QILTPSo\d\ methodk of The Tnterior Po‘mf method .

We Show how +o wuse the mﬂﬂylicdfwﬂ_ \,Jrz,‘nfk{- u?dkﬁz method to Selve linesr programs .
Thic mathek s  not os QmFm‘m\m os the othec ymetheds In jm«aﬁo\(‘ but it offers  Come ad{vmﬁa\f&;

Kor Some  Combinatorial ?roblzms, and  we will Sea one  2Xample next time.

To apply the mubtiplicative  wpdate method . we assume  that the lingar program s gwen In the
{zas‘\b\ﬁ\é vecsion, Ax ZL; ond.  %X2o .
Note that -the OFﬁm‘wSaﬁor\ version Can  be veduced to the {6@31\;[1?1% Version 195 b\ma(% cearch.

We  think of the constlomits X220 as cosy  Constralints , ond the constraints  Ax2b  as 4he hard Constraints.

Reduction

Thece s om }nﬁmsﬁng veduction  Rrom  this Problem to  the online expert \)KoHQm.

D). Think of each constraint  Aix 3 by as an expet . where Ay denstes the i<th fow of A
Toch  constrawit  would  Like Itself to be the hardest constcant to be  Satisfred -

Co. ﬂ\ua ove }\qu‘zer Tt thair Constlomt 35 violated bka the P(UPoged\ ¢olution Xm.

- t
Q[:aal\czml(a, it the proposed solutton  (the outcome in tha £-th ctep) s ¥ then we define

the cost o{ the 1-th  Constraiat 13 Aj XLH«\D So, +the Cost is Smoaller ot is violated  wmure .

1)- We - the LP <olvec would [ke +o propxe  a celition  to go\t‘\sf% all the constraints to make them umm)_
Tt s affreult to  deal  with oll the constraints SImemnaou&(a~

Tt woeuld be much goster +o  daal  with tmh(\ one Cconstsoant (st Mc&zsm(‘\\% an or?g‘ma\ Constronnt a—f the LT’)\

2). The mm[&ip\icaﬁvg ngvﬁ update  method Pruvlckas o way to Combine the cmmstrants wts sne  Constralint.
Recall that +the multplicatve  method will Tind o Pfobtﬂ:ﬂﬁ"& Aistebution  over the expects Cin this case
The constreants ) Ta each Cound _ So that n the vax& run  the mutﬁph&%iv@ method  would oo

almost as well os +the be¢t Qx?eft

Tn ouc setf‘mS s the  mulBiplicotive  method will  have «a ?rubo\b?uh{;\ oAvstyibution PLﬂ over  the (onstraiats,

K>

(€} G R
b . whave P s Qa  Yow Vectser

ond 1T combines them ate  oSne  Constrant \> AX =z 'P
We know That. ouver the Long cun. tho totol violekion ng these constraintc  wWill be chse To the

Total  Violation of the happiest constraint Cas it Wil put hipher probability on a happiec Congtraint ).

L’r> N {”or WS \% we  Can oﬂwwss %m}\ a  elution X(ﬂ SO\TIS{%MS 4the  conStraint PCOH\(Z?LﬂE)
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then wae  moke This Censteamnt VH'\‘(\QP?LA and thus auua Conrstroint  not VU% ‘naw%, and  thig

X(_t )

—~

-

moans  thot all the Constraints  are  almest J{aas'\blz '~ the L‘”‘{{ Tun by the golution JT—

and  we ace hapgg

N ~

2 \

This ¢ the ldea of the reduction . If You find it nol natural. we can alse  understond it oliCactly .

> C
Thn -the b@%lnh?ng/ wa juﬁt et ‘PU): 1/n. and we find a Solution +that Qatigfies the constraint ?DA‘/\ZPMB,

The Colution m(xg svﬁc\sjys Come  ConsSt(aints. but may violate <ome Constiaints.

Now._ we  dkeo mu&‘\?l\tcm‘f\w& mzlg\ﬁ up dote \o% Puﬂ\“t‘u\j mote \/uzf\ghf on he Constrainte With lomge,r violation

(€5}
This let ue focus more on thz Vidlated Consteownts. ond then we iad o Solution X7 that ga’t‘\SfLes

?LI)AYZ ,?(J—BB ooand this  process s repeated T %Jte{;sv

| (6]
Thn the end. we Wl hneow +that the average solwtion T £ X Wil almest gaﬁs{\g oll  constrants

M~

T—'ms'\b‘-lttg
b))
One  question remains > How to {ind o solution  Soti s{j‘mg PL fix 2 Fmb 3
This 1 eas b Just o Qust W ] LR &ﬂﬁ > Gb); 4 >
i TS very Y. becouse We ace jwt Co ving - Q ystem wit] +wo tnegualities ? % /? an X 20
. N NN N N ) (G . . N
Tndoed » this is net  atisfiable 3 and on(% ot PTA<o  omd P b>0 - ond m this Case the Dnsmal
Nneac Program i< not  golvable  ( and ?Lt) s o Cwal  SQolution CQ(ﬁ'{j‘mS that tha SgS‘f‘sz is inf&&s\b\z)
Qs T\C The Dﬁ&inq\ glsshzm 18 {za\gibu then Such a olution must  exist (as a %zog“bm Colution

-

woill atwaﬂs S’oﬁctsfj This cwﬁrmv\t).

Ocroacle and width

Griven o conStrodnt ?LHAXZ ?Lﬁh L Wo  oSsume  that there 15 on “ovocle”  that o U Ceturn &

golation  x& cuch that ?&)eﬂ(“) > th and xPz o
An Tmportant  quantity  of  the ofacle is the _wioth .
. . . (G .
We Smé on oracle g8 of-  width W i+ the retumed  Solution Y O\Kwaﬂs Satisfies
s xPob) < Lor ol €15 m whare  fA7 is the  T-th Yow of A

The Yuntime of  the methed s kaav\l% dependedt  on the wikth L as it Correspon ds +o the
(Co)
lost  bound Wy el-w.xw] n the onlne Qz?ut P(ob\Qm

T the %u(kow‘ms/ We oSsume  thot  there TS Gn orade e'% width W to Solve ?&){*XZFG)B

ﬁ'go(‘ithm

Tritially Pm =71 /n.
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to | do
L&)\) %=6

For T=1
o) . &S]
VD) Use the ofade o J}‘.m;\ a Solution X “that sm‘xsfru F ﬁxz? R _
| | e .
gﬂd\ %u(ﬂ{\@(mm’t \{S\TX “b‘\ S W {Df QN {
69 ¢t
1> Qet  the oultComa m: ';’A_-L)AQ;‘ for ol
W
et
Cbm?mt% .

wp date method to

D N
%> Use m to QP?\A the m\ALﬂPhcqﬁuxL
- \ T @ . ‘
Reftuen YW= 2= X Qs our opproximate  Solutlon To  the 1P
T =
Theotemn ot s>o be o qivan ercor  poroametec gu\apum that  theve s an  ofocle With Width W.
Then, there T an &L_gufﬁ?l’\m which  etthec ’F?ﬂdi [oN golution X Quch that A“‘Q?\o:f% %r ol ‘\)
o Concludes that Tha System s infeasible K\u% gi«ow“\né o dual  solution).
The o\lgaﬁt\«w\ Colls  the oracle at wost o( \J(og&w\) /£l> times. with additional P(DCQSQW\E
+ ime O(Y‘r\’fﬁ’\) e Cofl
(oo As e arQued befora. 1€ the orade Lols ot round T . then ?Lt) ¢ o dual  Solution
Ce(t\\{n\{m& that <he Q%sﬂm i< nfeasible. go/ we J%ouxs on the Case when <the oracle nguer ?o\}{s
Btg the theorem of the  mulkiplicative twaight update methed - we howe
R T o T
by <w\m,?m> < 2 m\w%ry\i\mw\ﬁtm Lo all i
1= ‘i:{ ! =1 /}‘L/
®) CY)
Recall that e <et my = <A\X “ES/\U‘
Q9] (G ) 3
Since *he  ofacle Qlwo\&s Linds % Such that P AX 7/?& b. we have
) © W e I ®) LW
N &)
<Pktjm >:i\ P§<Aix“bV): 3? A)( *\7 \920, and thus 'E1<M /F >>/O
(Thqt s, the r‘f\uLﬂPticatWL u?okmtq constrannt is nLuer haWL&>
N N N *)
This implies thet {M N ”LT N Onw 5
€=\ W
&)
e ~ - lr\
5 T A ¥ = b 2 - — winm
=1 T n1
®
g > T Avx -5
Sot nN= 3w Qo that '”Lwt"%, and  then set T= L&:W\ . W gz‘t E\‘—‘\’T—" z -t
e -
T Ykﬂ _
Now. b cotting XF 24— , we have L\]X“E\\ Z-% . This hdde for all 1. and wece done .
- '§ £ T 8]
is  crucial

Agmn, o‘\@:'\gn‘mg an o oacle u{ Small  width
and,

Cthat +hwe oracle needs to goﬁ‘«sf\&3

Tt also depends  on oul choice  of casy Const caints
C that +he multiplicative uphate moethod  Combines ) .

hard  constrointe
bsund. that o= 6Cn).

Tor LP Qam‘mg qtvom Cowmbinaterial \:fnb\gms , We LLSLLOLLL\S have o §t(q?gh‘t¥o(wmd
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ond thut Yt s o \aohjr\m‘yu\ time  method P{ovidzi that 2 i< not teo  <mall
Nofe +hat € S the odditive ¢ffor on the oEgectNa, volue ond U\SLLQH\S we just set (t te be o

emall  constant dor  Combivatoriol \>(o‘okams.

RQ:&U'U\CQS The wmotecial s {’Vorv\ the Zu(uug Y The multlplicadive \mz?g]:\t uPd\od(L mehod i o yneta

mgo(‘\thm and qwlzwﬁons”, b% Acoco, Hozan . and kKale | Qee it Jgur mare  applications
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