CS 466/ 666 P\lsorithm Desiz&n and  Analysis . Spﬁna 2020
lectute 2.0 * Linear Prag(o.mmlr\g d.uol}t\g
We prove tha Strong duality theorem  for  (ineac progromaing -

Then we e Some awt‘\mﬁons in  Combinatorial oP1§m%SQti0n and Qome tkawj

Weak o(wo.li'l'% in__lineac F£°g(9m"'"”f

Considec  the \Ccuomg linear  prog ram.
mox LXK, T 3X,

Gy + Bxy € (2

2%, 4+ %y, £ 3

3%, + 2%, = O

Xy, Xy 20

This s a may',\m?iaﬁen Prob[am,
To g{ue o lower bound on the optimal value . we just need to %'{\/L o feasl&:la Solution .
Tn this exomyles sztt‘mg X,=%=)  Shows that the eptimal value & at [eost S
Could  we {l‘\r\o\ o bettec < olufion? ’\? not. how do we prove that the optimal value s at mest <.
LOokm& ot the ficst constroint . we knouw  that 22X, 44X, €6 . Since X,20. this implies that 2+ 32xs € 6.
This Shews that the optimal walue i of mest 6. Coan we oo better ?

Add the \Cwst 4wo  Consteoants  and  divide bké theee. we obtain that am& {%mble Colutlon  must Sqﬁgfé/ 2K+ 3K, £ 6

Now , consioer o EQ(\E(O\\ lineac  progcom
o e, x> max  <c,x>
Ax<b  where AeR™” beR™ cone R o Ca, x> b,
X290 <my:“x> < bn

We ean  generalize the S ome Q"tro\TegLé to g‘\\/u an  Upper bound en  the OP‘qu( value -
. > >
Take goma PDSlJ(t\/L Gaear Combination of the Conttvonts, itz (\j\ Qv+ YaQy > <€ (ﬁ‘b\ + %ij
where  Y,, Yy ‘oa\ﬂi positive s to @nture thet the Ine %Wm?& holds in  the cight difection
. > > N > . > > >
Now, Wy, &+ 0, “ dommatee L T, e VIR lﬂzaz 32 , then we kmw +thot <\§,3\‘Hj1%, x> 2 e, x>

as X2zo , ond  thus %‘b('\—\{\,b) s on  uppec bound on the D\Tt‘\ma\ value

How to Lind the best wppe(  bound usinj this  method 3 This s ‘xfsm({l a linear ?(ug(wvmrj Prob\me
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Associate o non- ne goctive number Y to each constraint  aboue The best [/ Smallest upper bound A8 ¢

min <b)ki> min <biy>

2 go y i

,\:\% d & %AZC_
Yy, =2 © = g zo

We call this  poir  of  linear programs a  primal-dual pair:

max < XD mn <b1\3>
Ax < b \Jé\ Zc
X =20 %7/0

TFrom ouc ditcuccion, the Pr\ma\ ub‘]ut‘\\lz value s upper bounded b{ﬁ tha dual oFt‘\mal valua

This 18 caled the wak ommj theorem in [near Progmmmmg.

Weak duali&% theotem /‘\r\\é feasible  primal Solution % and any Teasible dual Solution Y Sotisfy Le,x>< <b)3>,

Proof Choy> = y'hb 2 \fo Z ¢Tx = {on?, whete we we YZo5%20 in the inequalitiec. g

Co m?l(men‘to(\é Slacknest conditions

How -to prove that o primal fqas;bu Solutlon X i< on optimal Solution ™
One woy s to find o dual feasible Solution Y Quch thoat Qc,x>:<\o,\j> - ia which coge
we mdwﬁmg ?(oui host both X g Pr‘\muk optimel ondl “ois Aduml O?ﬁmal
When il Ty = \;\& K
Recoll from  the prost of the week duality theotem that b2y bn oz X
So, to hove <X = b - We musk howe  both inegqualities satisfy as equalities
TFoc 4he {irst Tnegquality o hold  as an 2quolity - we should  have Y20 only M Laux>b;
e we thould use the 3-th (ow only when Ehe i-th Constraint s tight
TFor  the Second \MZ%LLDL[(J\'& to hold at an Q%u\ﬂr\ftﬁ‘ we  ghould hove <a3)ﬂ>tcj where a:) denotes  the

S’ﬂ\ column Of A whanevec 5(3>O Lo ‘\—& X3 >0 then the Coelficient in the combineton  Should

N
Mmatch meﬂﬂ the coeffscient in the ob&uﬁuz Function Ctn other Wovds. the dual Congtraint g ﬂgh%)

Tn foct. thue ove necessary and  sufficient Conditiong fcr Koy too b optimal.

Comgkzmevﬁcwé Slackness  Conditiong Let x be o P(‘wm(xl {EQO\S?ML Solution and Y be  a  dual fzas?b[z olution .
Then X and ) afe optimal ¥ ond an[% o H\eg Smt‘\_ﬁcv&'

Primal eonditions i T Xy»o , then <Q5,\3>:CJ . whete o) Tsothe Jth column of A

Dual  Conditiong : 1—? Yy 70 - then (o\~\,><>:b; ., where Ay s the T-th Cow D{ A
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The compumgnm% glackness  Conditiont Can gm:da us to  Qearch for  optimal p(%w\q( and  dual Solutions

using a Combinatorial  algerithm. o the Hun eacsan Ql\goﬁﬂ‘m Jor WUihtzi bipartite mrﬁchmx.

These aye  called prlma\»okua] mgomthmg , us)r\g the P\’hvml»du.al por wiThout u\:t:uﬂﬂ gn(vmg the |P.

ond they  lead to  Simple ond efficient  algecithms for  Combinatorial  problems

AN Ve
There  ace  also Opplowmate Cmm?lemu&m% slockness  Conditions {or the das:gn o{ approximation a{gm}thmg

Jome  well- Known Gamylec  Gfe for ’gacit‘ﬁr\i\ location and network okgstgn \J(Qbkzms- See the book b\d \}d\\\‘yamsmi%nog\g;

Convex anoalysis
N

We have  derived necessary and  Sufficient Condition J?oc a  pa Qf P(‘xmml and  dual Qolutions to be ogtimq!.

But we have not \ywm thot tm% mutt @ast . and this s the content of the gfvong d\ml'\f% theorem .

which SO»\S; that the dwal pmgsm Oﬂwa%& P{ov}des o tTghT “ppes bound of the P(Rm(ﬂ Yra&ram.

Thete ore d\\{&umt ey o prove  the Strong dqmtﬁﬂ thevrem .

One 1t bosed on the Limplex algosithm - which g fzummw% and Self- Contained . bat Ts gpecific Yo P and not s Hnsighﬁm?»

Tnstead , we Wil see a gznua\ aPPromh based on S‘rm\;lz convex ngmetm&) but o slight d\‘\SQd\IQnTQSQ s that

we meed to oSume Come  bocic  resw(ts in ana(ﬁm ond we Wil not e all the d\em\g o{- the P(oof

Sepacation theorem

To prove stwr\& d\mm& theorems.  we need the %ouowm& {md\amzﬂm\ result in convex am(%sus R Shouﬁn\g th ot

we  can on\ww\\s Jimd\ o} gapuo\t‘mi h%?l(‘)\qr\c to  Sepecate a {)o’mf not In o cloced Conuex St ’?(om the Convex  Sef .

Recall Thot W& it what wae needed in +he QU{\?;DW\ method oc  well

Defimtion A set $ ic closed 3£ eueny Lmit  poiot of £ o &

Defintion A <t S i Convex f X,ESC'S . then (X><+(\~b<)gc~£ for all op<wusl.

gqemﬁov\ theorewm Let R<R" b a non-empty closed convex et ond VvES.

Then  there wdsts welR" such thot (o> > <u,x>  for all xeS.

The psoof plon N s‘m\?ta and  ntuitive
Criven v . Lrad the unque '\Db\y\‘t e S that iy closest to v

Then. @fque that <\/a><*)><7><*>io \Qor all xel |, and thit Wl &‘1\/1 WS the hivzr?\m\r; with  dfedion \/»X*

The  proof 15 Summacized by The ’?ﬂ(km‘»‘f\j P cture @

Lamma  x® 3¢ uniquely  defined
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Lomma  x* 15 um%m& defwmed
P(ooi Lot X be o O\(\UW(D«A }Po\Y\JC n g
Consider Y= { weS | Wyl < Ix-ull f

Then Yoo bounded.  and  cloSed , and  thug Compact

A oint celdsect te U ic o minimizes o the continuous unction w) =\l V\J\\i‘ ovec Compact Set ¥
l§ 3 WY P

B% \,\Jmerst(mugg/ thostem, the minimum 18 attoined b% 2ome Po\nT *eS.

To Cee that xX 3s Umiqﬁmﬂkd cdefwed , Suppote oy controdichion that X% and  both ace mintmizefs.

Congsidec i:%u‘wg . ‘83 Comvaxity xeS .

Lot p= 1\y\~u“; = || Xy\)l\i be the mnimum volue.

Chack dvat 1 X-ull) = 5160+ 5 06l - S 1G%0E = =l o controdiction - o

| 2mmo X ¢ the mini mi3ec it and sr\hi\ I'f <\<ﬂ>(*) V-S> <o {'o( ol %xe§.

Peonf Let xe 8 Congder Y= Cox +ay . B% Convedity - Ye s

Note that liy-uly = I CF-u) msO-0ls = WxF-ulll <ae O $FaxD 4 @ Iyt oxll

Then X* 1 the m‘mim\gif &> ~1a<>ﬁ‘»v,x*-x> + cf{\xﬂx\\; <0 \Jx  Ye>o
& CXFEou, xS 2 = Wl Yx . Yaero
& CFv. xXF-x> <o AT

Proof o Sepecofion theorem

Let w= yu-x*.

Then Wo~x*l 50 = vy > = <y D S {ywd > < w>.

For oy xeS*, the provieus lemmo  <ays Cx=xX,NF >SS0 D dx,ud > <> 2 Cwd K>

Thecefore, Cw> > dxow>  foc all %eS

Tockas lemma ond  strong LP duality
~ a
We ace &u?ng to  use the g’g_w(m;ur\ Theorem o P(O\JL Tarkas lemma  and  then te deciue gT(Ung LP dmkl%j

T ockas lemma Tell¢ we QXQCH&& when o et w{ linga ¢ IY\@%WXHE\‘ZQ hos no %&aslb(z Qo lutions.

Thesrem  (Fockas (emma)  The Quctem  Ax=b . %20 has ne Rolutienr 1§ ond only if

gﬂ Cuch that LATQ;7/O ond \5b<0‘

Proo €) 1L cuh o ovists . then the
%

gﬂstam must  have no Solutiond, as  othecwice

O>\Q\> :&TAX Zo , a contradictien.

=) Lot S:§ Axlxzol . Then £ ic a closed Convex et ( See chapte b of Moatouset - Gacdner).
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Note £hat +the System Ax=%, %20 hos no lubions 1is 2quivalent o Caylnp that bé& <

E\i the Qepacation theorem. Thee axiste Y Cuch that <%,\;> < <\3/z> by2eS ,

which can  be fewcittea ot <yb> < <y AxY Yx=zo.

Smee  0eS . we hawe Ly b> <O

Also. W2 must have \u;/\ 20 , as otheruwie thee 2usts %20  Such that <\3,i\><>f<(§(¥,x>:~ao,

thmd?cﬁai that <Lf\’b> < (\ﬂ,(\x> Yx2Z0o.

Tockos lemma s eften called o theorem of olternatives s Tithee the System hat a selution or not

ond  in either case  theee is an QO\SFI% vecifsable  tondition o it

Tn pPacticwlor,  the von-adstence of % W gguwivaleat  to the 2wistence o ¥ \j\

We  ofe WLad\LA to Plove “the @t(ung LP d\u\atﬁﬁ Theotem.

Theorzm (Strm\g LP- o&wl‘\{-kﬁ\) T4 beth the PHW\M ond  dual afe /EZaSib\Q,

then ﬂneﬂ have the Samz o‘GSzLHUQ valug .

P(ogﬁ Congidee  the pdma\ Wngac P(og(mm n the Q%L\mﬁﬁg -Form~

maw ¥ min \JT%
Cpeimol) Ax=b (dual) \5(\ z !
X 20

We weuld (ke 1o <how that if  the prmal  objective volue  i¢ lece thoan @ volue I then  thefe 7S
o dual feasible olution Y with objective  value 1238 than s and this wWould ‘\mpha Stronﬁ &mUhﬁ_

The  primal  Skjective value it fest tham o B equwvalent o the %o(lommg System s infeasible .
X =-8= [ (A O\KX} Qb\
. <
A% =b & e < P

Q% Torkas lemmo, +this s “H\’&EQSHQLZ ?{'{ Q\SGIR““ ( where A(‘:W\W“B

CKT 2) [ A O\ zo but U@ 25(\3 <0
<=L )J\\

and  2eBR  Such that

Moce (,Dmpacﬂxj, LJ!\ + ZC:T 2 b, —~220 , Ond_ \:\TB TzZp < O

We Consider Two cases-

Qup\aoge 2=, then <this ]m\;l\‘ag that %T(\ 20 ond \&rh <o which  meant that “the P(‘xma(

ineg ax P(OS\/am ha¢ ne {igo\s‘lbu Colution  at  all, contmd\(f‘\ﬂ&; TO  ouf {:msx.\;}m\g &S$MM\>ﬁbn~

.
ngsz 2%0 . Then 2<0 . and we have &%) A > ond. &g>\><}k
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—yt
T}\Q(V»‘%b(l, i s o dwal {@s;m Qolution  with b\a‘jedi\m Value (e¢s  then /u o

=z

(Greometcic  intec peetation

a1 < c Iﬁ X ig ow oPﬁmal Solution In  the difection ¢ .

- then the o‘o‘)uﬁ\/a, qnumdhm chould be n the (one of
=

= b

ajir; 21

the Tight constraints  1a AY 20 st YR

Othetwnte , WL Couldh  fimd. aw im?(owd\ ¢olution in  the

Y aniri =hy divection ¢, ond thue ¥ g noet optimal
=1

Min- max _ thescems in  Combinaterial Dgt]mjsgﬁgn

Min~max  theorem¢ ove %um&amﬂnfo\{ tesults in  Combmatorial optimiation . as Jchmé 31\@ N Qha(o\cfuiga\ﬁbn;

0{ The oPt\mal value tr% +he p(ubk)@m, Yome  welkknown UGM\J\E; Taclude :

MQ\(/b}er’c\te—Waﬁw‘mg' Tor oa\xa b‘upmﬁfz g(ap\'\‘ the maximum S\‘gq n’% o rhnﬁtch‘mg s Q%m( “+o

the minimum e of @ wvortox (over. Note that Halls thesyem is ‘mehqd\ bﬂ it
M‘ Tor &n\A Airected !irxx\;\q Aanck omy two vertices 8 ond T . the madimum volua o{ an ¢t ’?(ow

s Q%WA[ +o the minimum Value of an ot cut.

We now See that These theecems Con be ploved Sgstmﬂrmug uS\n& LP d\wzﬁ'fj

B\Ea(ﬂtl W\oﬂtch‘mg

Q\?(\mm() max SSL Xa C duml) Min iv‘ Y
x(%(w} <\ Yueld YutYv 2 | Y wek
Ko 20 Yok Yu =0 vvel.

Note that oy "m*w_gra\ Solution  of the olual Progrom  Corfegponde te @ vertex Cover -
T€ can be Shown that +the dwal LP hos '\rx%tg(o«l optimal solutiong (hcmewu(k2~>,

. the min-mox thesrem  Lollows  fom  the Strong  cluolity Theorem.

Maximum low
Cpimal) o fo, C dual) min L de
fCem W) ~£Q%"W‘Lvﬂ <o WYuyel duv + Uy -Ya 20 G uueE
o <l Ve Yo up 7|
fe 20 Y etk Yoz o YueV

1.20 Page 6



e 20 Y ecE Yo 2o Yuel
de=z0 Voek
To undecstond  the dual progrom . \Cirst obsecve  that okuwtki\w%\/ Y wueE in any optimal  golution .
Allo, we can asume that Y= and Ye=o ond 124,720 for all veV.
Sup?v&t \idey\o, 13 Yy, Then it Corresponds o the bt whare all  vetices with \&u:\ are on the oure Qide
while  all  vectices  wath Yu=0 are en the Qnk Gide | and the ob}a_cﬁ\/q —&"\M\cﬁm\ Counte +the numbec
o{ z&gu in tmie o ocut -
Agoﬁ\n) Tt can be proved that both the primal and  the duwal are mw%m\ C axercrsec 1) . ond thus

the moax-flow win-tuk  thesrew  Follows from the strm\g duality Theoren,

Minimax thesfem  in  Qame theory
Thece ace also  yaiows  wees 0{ the gt(ong oma[ﬁu(\ theorem  in qame tmmﬁ.

The west “?w\(ie\mz,ﬁml one 115 the \Co\mw%ng minimax  theortem in ‘we plmiug 20~ Sum go\més.

A twe playess 2ec0-sum gome  Con be  desceibaed b\:& o mateix, where gach (0w  Corresponde thoa S’((mﬁgg of
the (ow player. and each column  Covcesponds to @ gt(ﬂqﬁ of  the column p(m&ar.

I{ the cow plyer chossec Cteateqy | Ak the column player Cheotec  Steatagy Y. Then the  payeff  for
the  playecs is the  (L-th entry of  the wmotrix.

The Yvow P\mﬂw'x &ou[ e to madimize the ?O\u\\cﬁ while the column P&o\u\\u'& gom( s to mxmmxsq the ymﬁoﬁ,

|

2 Ak s the ?m\,jnﬂ’ metx  of-  the ptx?u»sassb(—(otk &Gmi

=
I

A Nash Q%m‘\hbv%\m\ s o paic of Strofegies of the Selmie(& , Such  that euven T o plager knows The
gtmteg\& ot the other player - helshe connst go\"r\ by chang‘mg hs [hee  own ST(‘OLTQKIS~
Tt <howldh be clear that thete s neo pule stmtzm ¢olution  in  the \>a\>u»§dinv~(oc\a gtxmi, but  The

R
mived QT(M?Q&:\ &J?: 2, %\) N on E%mﬂ«"‘a(imm Solution {0( both \ﬂo\\i\z(g,

We now  Show that any twc,?\a\:&m 2&¢0-um  ame hat a0 mixed gf(o\teg% e%mtmaw Co lution

bet  Ae R™" e the payoff wmatrix.

et X= (X, ..%Xn)  be tha P\’o‘nm\:i&?%n ist ibukion of the fow Strategles | si. =l Wizo 9
We danote it ‘0\8 xe A" g\m'\(whﬁ, the column mixed Sf(m‘(a&tﬂ tg  deneted bj 3g(> .

1{ the Yow ledw \)\m\&s X ond the column ?lmiz( p(qu\\g Y . Fhea The Pw\\:ﬂf [ S‘xm;:lvk\ XTAj_
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The  minimox  theorem cays  thet i{ botn playecs ploy uPtquU%‘ then it doecnT matter who announce

thety  mixed gt(p\tegm £~(ST4 and.  thug Jc\qeﬂ ’Eo(m o Q%u([\“ormm olution .

Theorem Cmnimox theocem ) Woax min ﬂé\& =  min  max f‘?\kﬁ.
e \\}Xed‘ 3&& Xe &0

On LML, the (ow plager  announces et 5 while on BRI, the  column player  announcec fivst.

Ewo& Tiret. obsecve  that one the  fow player fixes o gtmugud X, then the column playec  con

Compute A= (2.2, 2D  where 2, T the expected ?o\tﬁﬁﬁ W the column player  plaus SVMQKZ\ Y.

Note  that Pm%m& the pure St(owegg $ With minimum 23 IS O bect (esponse

o, we Can STmP\:{\a mox min XTR\:)

oS Mox  min (XT(\3~{  whWich Can b weitten as an LP-
xe v kieaﬁ

Xean™ A

max T

?f;\ Xiasy 2 g b oreyen
m
P
1=

?‘\m}(w[&, ma  max XTR% Can M SMFL\{TQ& og ™ HESS (A\@j

which can be wiitten as an [P«
ves”  weal

\iéé )

min el

n

iax:\‘\gs < ¥ ilsig<m
)=

Sﬂ; R =\

= 8

HJ =20 Y \é&ﬁr\

Now, check  that thece LD ave a  phmal-dual PoiC. So the minimax theorem wcmm STCong  LP okuahbs.

Yoo’s minimax  peinciple
; :

Yoo obsefued that the mwmimox principle  Con  be wed to prove lower bound < %7{ {awdom}?)zok algn(‘vthms.

The wotst  cose {unhing Time Df o rano{om‘\)hw\ q\go(tthm s 1te Yunmh& time on  The worst InFut»

guPPnSl we Womt  to  ploue o lowee bound  on  the fw\ﬂ‘mg time of any (W\dcm‘\sz:)\ m\gudthm To e a P(D\ﬂlvm

Note that o Yondemijed mgmtw is ‘ﬁmst oo istribution pf  detaoministic qb{br\t\mmg , le. when the

Vandom bite  afe  fixed , the alpocithm be haves otzferm;mgﬂmuj,

Think of L as @ &w(rp[q\ﬁer 3ec0-Sum g(lml wher tHwce s on Qo\uwsa{\g who kee to PLD“& the

worst st bution -D% ‘mwts +to maximiye the (unn‘mi Time while the fw\dvm\izr}\ a\gwithm ?\qt\zr

wants  to kg(a& the  best  disteibution eqﬁ algorthme to  minimige  the Tanning time.

Cuppose the  mumber of  nputs s finite  and  the number of  detorministic u\gecithmg is {imte
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Lot AeR™" e the payeff matriw . where 2ach cou coffesponds toon dnput . and each Column Corresponds fo
o Aetermmistic g\gent%m > ond the  CLy-th  nput is
N

the (\mm‘mg tTime uf
Lot Ted&

Q\go(iﬁwm S on 'mpuf h
be o p(obmmn& distiibution of the {aputs. ond Ted” be a Pfebc\bil‘d’té dietvibution of the ngoc\thms_

)
min - mox | AL, the Cunni HWme he  bet Yondom: ek fithme
S 30 A mi Sm g% % t omi 3 olzn )
. 7D
Bu the wminimox theorem t3s Q%L\o\l ‘Yo wmax Mo 3 /<
p ’ e Reph

The Qw\am‘\%ud wae afe  Taterected in or\a\\@‘\v\g RS

%o, +to Prove lower  bound  on  the cum?\zx‘m& of  the

bect (Qr\d\om‘\'ﬁtdx o\{nritkms BT RS me&h to  Come up
With o disteibution of the inpuls  and  Pprove that oy deterministic q\goﬁt%m woul ok take  a Lonj Time.
Tt 1< UvgquL\,& eogied to  Temson about detecministic algo(\thm, ond  this approach is widely  used.
Note thot any Avstiibutson  of  the Tnput s wWoldd %\L\J(L o lower bound  ( the wuak Muuﬁi theocem )
but the wminimoav  theocem Sous thet oo Could pfove the optimal  lower bound.  this woy .

Qee chapte e 2 of © (D\ﬂd»Dm\ga,d, o&goﬁthms)/ -@n( an &xample

OJY Pfov\‘r\g lowes  bound this waztf)_

Tolls  £o¢ Mulﬁcommodﬂ'\i\. £ low

Wa wmention one  moce QPFI{CatiDr\ with  a (&O\nw_ t)\ao(\ﬂ %Lo\unf

gup\;o&a Thee T8 & trodfic network o oo Commumication Network

Thece are N wgers  in the nNetwork . Lwhere each wsec T wowts to  fend A7 wnits of :“{g(maﬁon Wﬁrm Q. to t;
TL we et each wsec to  Chooe their own paths to  Send. the information. th% may  all Send o\mﬁ the  Chortest paﬂ\g
ond. thic may Cowsle

%\g}\ Qoniut‘\ons on Somg ngu , ond thus o bad utiugqﬂon a»% the nNetwork.

Tnetead of (Mrut\ud C,on’tfou\\f\f theie behaviowrs , what we tould do g

Yo S\‘\’L prices  on adgas 5, ondk d\o\rgc
the wgess

on  the ldgas ’tmhg wied , owmd the \r\{r‘m i< Yo aquotd.  ouel Lcngutiw\ andh to a better S¢ocal wa({mvg.

This ?(DH&W\ can  be '&:D(W\D\HSL!;\ os  Lollows

Let Py be the St of all pusg\bka 3 -ty paths For 2ach path pe\); . we have o vaniable f?
Let Co be the Congestivn of

edge e thal  we would ke to enforee

Let QP be  the \qtanu& of the path p., QTuen the Current Conpestion  posttecn.

Oue Ob&uﬂum 1w to minimize the total Iortznc% while er\%'brc‘mf +the Cm\gasﬁon:
T ool e
\?&P3 9\? )gP

min

XE

gf;p‘ Q?F ‘?F\ < Ce \Jo anngo.st{nn c@nﬁ(a;nt)
%\’1 PYP‘ = ds 91 Cinformation  constoonat)
%Fl Z 0 Yp Vi

The duol plegrom g
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bi Ypeb,
T > 0 Ye

Now. if Uz <t the pdce on @ach 2dpe & To be te . and @ ueC needs Yo Pay E? T, dolars {or
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