CS 466/ 666 P\lsorithm Design and  Analysis . Spf:na 2020

lecture |9 - Sponninx Eree polytopes

We show that the Spanning tree polytope s desuibed by the  subtour elimination P

The \)(onf uces the wnecossing -tmm\%m that  wundeclies mang results in combinaterial optimization

Then we see on opplicetion  n desionin an  additive  approximation  alporithm or bounded deprer. Spanning  trees .
PP gring PP ¢ { panning

The Subtour  elimination LP

The  min) mum Spanning  tree Problem can  be ‘%brmm(b\faa\ ba the fo((ow‘m& lineac program.

min % Ce X

x(i—ﬁiﬂ < sl- vV Sy {Su\\ajﬂnur 2limination Cowst(&ﬁn'@)
< (E(W) = vl
Xe 20

Reeall  +hot TE(S) denofes the <get of ao(g:zg with both endpoints ia Q. and x(EW) denotes S:eELg) Xe.
We  ehowed n LIS that there s o \)D\\\)\/\'DW\TD\I £3 me QQPQ(OCHW\ orade to determine 1 a Porat A

Satisfes all  the Congtiaints or not ., and 1f not output o \/iolaﬁng eonsttonnt

This Tmplies  that the QYPﬁnzn‘ﬁa(«gf.SUk subtour LP con be Colued in Poljnum‘mt time b\é the  ellipsordl  method .

Irtegrolity .

Wae would \lke fo chow that the LP s ‘\Ma&ml) again using  the vonk arqument ,  but this LP  has
Eypom»ﬁimk\j mo\né Const(aints ond @ STMPla. argumud’ ke last Time twont work.

Comewhet Quan‘s‘m&\\d, one  Caw Qhow that the yank OWE the  Sublour eliminofion  constroints i< Small.
Theorem  The numbes o wahé ‘moka?endent Subtour  elimmadion  Constconats s at most [yl-|

With this theorem. then we can w:\% acgue that the LP is integral a¢ follows.
let % boe a basic DP‘HMPJ golution . Furst, wo remove all edges with Xe=0
Then. b\é the +heorem , there could he at most ul-| Fineacty independent Tight Constraiats. ond <o
Thare couwdh be ot mest  Il-1| non-3eco  edges  left
Note that Qvecy edpe  uv  has Xy <l . agg it s implied bi the constlount X(EQS\u,ﬂjﬂ < JLuvil-1 =
Therefore. o gaﬁsﬁn the  Const{onmt X(ECV}\:\\/\”\, we must hove exoctly - edges  with value one

and hence o bosic  Solution  Corresponds anc‘Hxa o a &Far\mng tTree

Basis of tieht Consteaats
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To prove the theorem . we need. to understond  more about the tht ConsStfaints .

We oy SV is e tight sk f x(EG) < Isi- L

=l
Ghven FCE, we define Xp 08 the Chofmctenstic vector in R with one for each edge in T oand 2ero otherwice.

Note that  Xgey is the (ow vedor in the consteoint moateix {or the Constraint « CEGSY) = [s\-1.

andk we need to  (eastn  about thew  linear d&?mdan%,

Laminac  basis

To plove that the rank i< Small,

WwWe oo gming to  Show that thece adsts @&  basic (e oo mMoximum

2wt of lincacly Tndependent consteoints) with o Specral stuctuce - Tor which we can uppec bound its cwdma[\tj

For this opeaal Structure . we need more  definitions

We Soy two sets S,TEV ave mwh% O STU TS, ek S0T ace all non-em pty . @

A {mm\lt% = of ety Vs o _laminar  Toml \% tThere

ore N0 TtTwo \\ﬁuguﬁng subgete

TIn other \Wweords £ ¢ o laminar jﬁo\m‘d% [ESEERN) e implies that  either SeT ,or 1eS
or S f\T: (i)

A Simple  Induction Con prove the %oum‘w\g ototement .

n elements .

Toct Lot £ be a laminac %fxm\,\vd on  Ov Qround et of

I,% L does nst have S\mgtabm (e gats of one element) . than L1

Lam'\ha(\“[b ic tha igu‘m{ structure that we ofe [aok‘mg \Cb(»

Note that Tn ouc LP  there ove no tignt sete of si3e one Csince those Constramts afe vactwous ).

With the above fact. the above theorem would  follow Feom the %o(kvw:n& theorem .

“Theorem et E :§ S\ (BN = [sl-18  bo the set of all tight gets.

et Spm(*) = i YEK) k SQLY:Y) be the [inaar Qutha& in R spanned bﬂ the, choractedistic  Vectvrs in e

There  eviste o loaminar {mmilj £¢F  such thot SPW\(O{]: Spw\(lﬁ).

Thoat s, thee 1< o laminac J%m»ﬁ\:l ;ﬁé(\}: swch that  eueqy chafacteristic  vector  Ygcg for Se F

Can be wiitten as o  |inear Combination of the characteristic

vectore NE(T) tor Tedk.

Or rmove gm;;\b}, E\JQ(L}& fow  Corcesponds te @& {igV\T AV F can be wttten  as G  linear combination
of the Afows Cox’(eipov\dm&) to tight <eks n L
So, this laminac fmm‘v[& £ s a bosis of the ‘ﬁght ConctCoints .

Cince Queh o laminag qcam{((é C without i?ngtztans) con  have ot rmost Vi~ gets. 1t qu[(owE that
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there are ot moesk [Ul-( tharlg\

Md\zFev\mnf t\gM Consttaints  and +the Previous +heorem Tollows.
Nefossin echnigwes

Our goa\ now 15 to  constyuct o lominar basis 2. o basis with noe 'm#equcﬁnK sets

The (Ar\C(ossy‘ng Jmchni%wg would  allow ws +o

“Uunccoss 7 the ‘mtuucﬂv\f Qets .
The Jfo(muuw\ci claim  mokes wse o—% the { Coph SEructuce

Clovm Tor S, TV,

ey * Xem € Teary T Xedsor)
Tucthecmore

Q%U.(;U#g holds \\WC ond. UY\L\a \\\L E(g~T‘T~SX:¢, where.  E(S-T, T-2)  cdlenstes
the et of edges

beb& (\3\6 ?\c‘ﬁ\x(t)

with  ong vertex C-T and

onether vertey Tﬁg

~ +thm 2d§2§ contyibute I 4o

both  Sides.
\ T thick adges contribute 2 Yo both ¢ides .
~ odlotted {dlgts cntAbute O to LY but 1 to RS .

Thewedore. the Tnegquolity  holds. and  egquality holds if ond only 1f

MW\YV\DL

+hece  are no dotted A’Z_p(gg 2
The 'Rloumw‘:ng

Says +hat tlghf Sets  ore closed  wunder

intersection
there 1S

And  «tnion

, and jcu&(ﬂxawvmf{
lineac  degondensy  Detwean them

TY\{Q{W\G“%"&%%S wall hﬂly WS oia WP(N‘"\& two ‘mmrseaﬁv\j h‘g\ﬁ cets bg two V\or\!mfe(secﬁr\g Tight  Sets.

[emma I S,TSRE and SOT %0, than both  SNT ond SOT

O
ove  in .
TFucthermore

Xegy T Xery T Roeer) T Xgor)
P\"Dbf Sinee 9, T are "ﬁgkf,

we )'\a\fz

1el-1 + |7l

\f

v (EE) + x(2)

N

x (BCCaT)) + x(® (m)}

(\mé +lo aboue C/lm\\m\
LSATI=1 + 1 SuTl -

o~

Llota LP Cor\SJYrD“w\*S)
LSV =1 & | 7=
So , Q%\mkit\zs

hold  Throughout -

The Second "\(\Q%UQUJU:& holds os equelity impliec  that botw

AT and Ul afe tight Cefs.
The ’E'\fﬁ ir\égsumﬁ'h& holds  as g%uauf! implies tThe linear O\QPQndlZI\Cg b‘i\ the ahoue Clom
ae thice oare no Qdkfes with  Xe =0 a
The {‘OUOMY\S JE(DPDSH_-:M implies the

Qecend  theorem.

P“’EOSiHM IWC £ s 4 movimal | awinere SM]G’ED«W\‘\L\;} of B . then SPan(cﬁwt Q[mn(r?-})
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¥ 0%

I}C L 3¢ o modmal  laminac fmnw% , then every cet ReR vt R&L  must interect Some Seft a F.

et intecsect L&,T{B be the number o‘% cete In rd that ntersect  with R .
SRPPDSL thece evists oo et R & 7: but R 5; Spown ).
Wae consider udh a4 B with  minimum 3 ntecsect Lo{ , R) o DY\& oll  Quch sets.

SO\.% R interceds Ced

Concider SOR  and SQUR. Sine LR €F, beth 0% and SUR afe In K bg& the lemme .

We Wil prove thot both intecsect (£, 20R) < intasect (R and \mﬁxﬁdﬁi/?olv < ntercect (£ R)

Assume +this is true for now.

%\d the choice eJV R, We must hove both  LoR e QPO‘“(£> and  SoR ¢ QPW\ (i\

But thea  Ygoy + ey = Ngecary T Huggopy Y the lemma, ond sine S, SOR, SUR

Ofe N Q?M\ (gﬁ\)} 1t \\mPhgg that R s alse in SP‘M\[i), & Contradiction.

SD) ‘thece 18 no R with Ré(\}i but P\é( @PQWQ£>) ond we are deng.

“To complete  the \J(oo{, Tt vemains  To prove the fyouamK clonm .

Cloam TE R vateseds Ced L than both  intecsece ( £ SoR) o nbecsedt (£ SuR) < nterseck (£_R ).

QLCM, Considec o <ot Ted and T=S

T
R
inee Tef\‘ it does not Intercect  with <. !
cr}"
Co, theneuar it inteftects with SakR Cecose A)  or Tg
SUR  Ccase 2 of case 3)_ it must intesect with R

This mplies intersect ( £,S0R) € nferset (£, 8)  ond inlecsedt (& QuR) < tntersect (£ R).

Tuthermore, both CnR  Gndk SUR  do not intersect with S.  but R does,

and So thit Tmplies that we hove <tk Snequalities g

The Clatm  famishes the P(ca{ of the PfoFDS‘PCiOr\. O

_Y%a:g%u(q, we. havae CDM?IQJ(M\ +the ?(oo—g that the Qubtouwr Climination P is }m‘z&(o\\v

Submodularit 5

A Tunckion %zﬁ%f}’\ that  Satistias QLS\#\C(TEZWC(&AT}T{(SuT) J 4T 30 called a Submadular qumm.

Dne imyorfont 2xample S the cut Lunckion > R (EE * x(CT) 2 x (SesaT)) + x ($CsuTH)

T is net on Lx & ggec ation +o Smi +hat Quz(\é ?Ok\:\ﬁbmko\l Tme Soluable  Combiaatorial OPHM‘%MYM

p(oblevns has Sbmz%mng to Ao with g\'\hm“d\w\m(\ﬂﬁr ond  the wxwossmg Tuhn:%ma 1S used teo handl it

NTS the ZV\CL:\C,\\')?Q(*\\D\ o‘(‘ Qc\,\r‘xi\/er o luwstlote  this Fo‘m“t
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Minimum _bounded daglee S'Danning t{ees

Tn This problem. we afe givm o degree upper boundk By on each vettex , and ow goak 1y ‘o %mi o
Sponning tree  with  minimum cost  thot fatisfies ol the hegies consgteaints -

This is NP-hatk o the Hoamiltontan path problem 1S o spedel case. and there s ne
{easonable Qpproximativn c\\gom»\m ‘qﬁ Wa  Insist on gﬂwﬂni oll  deglfee  congtfaints.

But we can do Something 1ntz(2stmj L we allow  mell violatiens of  the degier  ConStioints .

Theottm XW[ thete 1S A Spanning teee with costt C “that satisfies d&gi\bé By foe ol veV. then

thefe 15 o \)o\\iﬂom\gj time o\gm‘ﬂnm to finik @ SP&VMM& tree of Cost < C and da&(v)ﬁ\%u%l g vel.

A Co(o\\ans s thet we Can me o minivium S?Dmn]ni t(ee With mav o{eg(&m ot most 2 myre than the opts mon (-

Lingow _programming C2lowxotion
win E@e Cq Ko
*(ECD) € s~} ISR
x(EW) = Wi-|
% (S0Y) € By Yvewsy (\J s the gt of degcee Constconats)

Xe 20 Yook

I’k{z((x&\\\/g O\\gbﬂ‘ﬂ'\w\

Trtoly T = (F s the pactial solubion So fac )

NV}

White vl 2 > do
® C,me*\‘z o hosic Dpﬁ mal Qlution to the P Removg  all nges with Xg=0
@ T4 there s a wvestex w with on\\d one Qigg W noident en it

then F<FE 44wy, Vey -V | By e By -)

@ 1% thete 18 a  vaudex v owith OUL&(\JB é%) Yemove thy DL.QSS{QL Canstlonnt on v e \Jé\:\\*;\;zx.

Retucn F
Per 0¥ Mman(e ua{ onnte
We %(ST ossume  that the tterotive odfon‘%hm Wil teemingte Succags-@\\ﬁ, and.  wL  wiil Drove

late¢ that 1t i< O\(wajs the Cage.
Tn Step @ . note that Xuu=z'. becouw the Conttimints YEOD) =1Vl-1  omd x(E(\h«M]Tj%\\M»l

admkkﬁ Amplies 4he  Constlonnt X (5D 2) , oadk Sine v ot of ekqguzz V', we have Xuu=|
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imcorma\Lﬁ, the algorithm 3s &r\ng to find a leaf to oadd to the Spanning tree

Thzw:gorl/ e ()‘r\\ka choose thoswe Qolfu With Xe=1 . ond b\ﬂ o g?wy\g Inductive Q(S\AMJZV\'E one  Con
P(au that  the fetumed  olution has cost ot wmst  the LP optimal value -

Tt vemains to aQue oabout the deqree violation .

In <tep ® | we femwe « dogrer  constronnt  when there 0Xe ot mest  three edges neickent on it

Note +4hot at ony time By2l VY ouveW.

Thecedore . in the worst Case, we use ol Chree Qo\&es ond. violate +the d@g(mu congteoint b\& two -

Analysis o bosic  solutions

We would like to pfove ~hot eithec +there 2xists Xe=o , of there s oo deglee one vertex,
Or thete & & vertex wWAth  depree  Constan®T and ite degree 3¢ ot mest  theew.

@uypo;e to tha cm\vmrn that none of  thec ho\Pper\ in & bogic golution x.

Let W be the et eof verkices woith chepree  constloints

Then, degw 24 for all vel) andk deply) 2 2 Coc ol ve V-

Thic implies thok 1Bl = J; % ekagu) > —\{Q \Ew 4 + \Z—wl> = '&; Q Zelwol 1(\\1\»\\,\1\)> = VUl + Tl

On the other hond . how YV\D\V\\A %(gh% Lonskiainks con we have 3

There ace ot moct \ul-) Cight gubtour 2limination Constroints b‘d the theotem | and M Aefinition
there  agz ok moesT lwl  tight oke&(u ConStiaints -
Co, thete ace at most (W4 1lwl-| Jc{g‘r\t constrovnte | %awzr than the numbeyr oﬁ vaiables |

Coh%(md:c%mg Yo the —§mdr thak x s & bosic solution. So, the o\kgo(ﬁkhm wmust  te2rminate

Optimal  oloorithm

X'E e work Tarcer L using (mm)nw\%u\\, independence , ond o bettec co\,m‘cinf Qrgwn)znf) , than
the d&gcm violation Can bao decczased  +to ot ™ot ona.

And  the alpoct thm oo  becomes nicer

While  Wx$
@ Com?umu a basic a\:‘c‘m\o\\ ¢olution . Remove  all e&gu wWith  Xg =0
@ Remouz the dugfu, Const(aint on o Vvevtay W '\—% theve ofe oot most Byt on{q; incidewt on it

Retuen an MST.

That 1s. +he {l\gb(‘\t‘ﬂm Smsf Ue?g f(mmﬁng o}\o\gfug_ Const(ocante ©ne \:)g DNL ,  Gnd Quar\t\)\o\ua J\AS\*

Yetuens a NI mum SPD\nvﬂmS “*Cee .
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See Chapter 2 of Y iXecotive  methods In Combinatorial o?t‘\m‘uio\ﬁm\ v Y% Ihtecested

A\S > - - N ~
ﬁt\sun QD\Ao:H(m: Dzs\‘gn N COm\;?no\%o(‘\o\\ GP?{oy\mmﬁnr\ Ox\go(‘\t‘(\w\ with  Similac ?Q({Drmmr\CJL.

Refeceaces

Thic ™ tterefive (owv\dﬁw\g g OppY oach 15 Licst Yntroduced b% Kamal  Joan - whe wseh it 4o Solva
o gm\gm\ network do_g\\&\n ?YD\D\QM o Showed that ony 2xtrama Pu\m*\’ Iolwtion  haos  an Qo\g{
Wwith Value al least —L ) tb(eb\i o‘oh\?ﬂ‘\r\& & 2-opproximation  algocithm foc the problem .

This QPP(D&CL\ wovks well when the P\'bb\ﬂms ‘oamg Studied  is o vadant  of  Qome Cossical

Combinoterial 'D?Jrimism‘\‘ov\ ?(ob\ﬂms with “\ﬂ*li(ﬂ LP '%D(W\\A\D\JCQDGS.
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