CS 466/ 666 f\lsorithm Deslgn and  Analysis . Spﬁna 2020

lectute |3 Matching  polytopes

We  will wse oo foank o\rgmmmt to  Show that the natural LP for bi}mrﬂm mmc}m& is Wn*zjml

Then, we will et how the fechnique Can be  extended fto design approcimatisn alperithms for two Telated  NP-hard
problems,  the  3-dimensional madching problem and  the  genernl Gssigament  problem

T—'»rxml(%, we br(tﬂn discuss  Edmonds’ [P For mo&oh}ngs n 3@&@91 grayk&

Bioacts .|

Considec the maximum ‘o]Pwt’\hL matdﬂm& P(ob\JZm
TFor o Subset of Zd\gu T<E. we wse the shorthand  xCE) for S Xe .

e

The mnatural LP relaxation is max E& We- Ke

% (50 < | Lo vel

Xe 20 wa qe\:_

Outline

We will preve that  there i< an optimal irtegrol  Qolution  foc  this LP using o Yok argument.

Recall that Theae s alwaye an optimal  boasic Solutivn, which 1g defined b\é [E| \lngar[\d independent
tight  Conshraints

Note that thore ace only Lyl degree Constrawnts, so it [EL>IUL then there must  be adges with %= 0.

We Wil ghow that 1§ thew ¢ an Qo\ga 2 with \(le%oﬂ], +hen we Can  Yeduce the Pm\;mm inte o Qmallesr one.

Quppose we could  mot Teduce the problem anymefe. 1a 0¢xecl  Fox all 2€®  in the cemaining Qreph -

We will wse o yonk afgument to  Plove that % & not o basic solution ; o contladiction

Therefore - there must be  an ruiga ¢ with Xeelo,J in any bogic Qolution , Gnd we con  conclude “thakt

thete ¢ an optimal ‘mtzgra\ Solution

Reduckion

The Tnduction  hypothesis 15 that the LP is Antegral for all Qraphs with fewor edges.

@ It %-o for Some 2dge e,  we wal\a delete  his nga from  the R aph Tt doesnt C}\Ow\fl the P voalue
and the groph s Smaller . so by Tnduction  thece ¥ on  opkimal Integral  olution for the LP.

@ TE Xe=l for <come edge  e=uv, we Yemove W oand v Trom the gmp‘n and, all the inaident a&gzs on u,v.

w Xe=t oy

Call the (Qmam'mg Qreph &= G-funl
Ke=0 ¢ Xe=0

Note that the LP Solution (esStricted to CT’ s o Teagble Solution with volue

Wk@ﬂﬂmtg whese o?t[&) is the objective volue of the P i G
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Bt& nduction, +hae o mo\tr_mnﬂ M (re. an iwkegral Solution) q Cx/ with  objective voalue  opt (&) - w,
Then . damhﬁ, M= M+uy  is o W\(ftchm& in G with  objective  value opt (&)
To Summaciye, the Yedwction g NR Y S\m?\2~ We  just follbw the LP +o chooce an adgz with Xxe=l ond tv
Temove  an  edge with Xg=o

Ronk D\(gqrvxzr\Jc

Now we prove That the ng?\Q teductions ovbove  weuld Q ol the \Amg\

Lowmma There edsts on eder ¢ with Xe € o1 in  Qn basic  Solution.
_ammo ¢ 4

M guwosz, bn contradiction. thot

D <Xe <) Ror all ee® .

Recall that there are 1| linearly indapendent kight  Constaints Lot o bosic Rlution R

Since ¥, >0 Toc all ec®, ol the tight  constrovnts  afe defer  Congt(aints

Catl W) be the set of veeftees

with £ight degrer  constraints . e x(SM) =1 ¥ wew.
Then , we must have 1wl 2 VE|

Tor (M\\A we W, we must have d&gtwﬁzl Qince X)) =1 but Xe< )\ MYeck .

Q. lwlz Bl =4 \E\)d\agku) = ii&vzmdzik\m + idegLv)B > \z iwl + EMD} = 1wl
Thus . the \ngimakxt\es must hold o egualities . w o o
In porticulae . we have d\zgtuﬁtl YvelW and O\Q&L\ATO g vi\J. Wy © o wg
We will Show that the Constraints in W Qce ot hn@ar\\a iA&Qpendan%. Wy o (IRVR
But  this tmyl\‘es that  the numbec of ttgm L‘\nmr\\d mz}u@end\zy\t Conctrojwtes <€ [wl-| = 1El-)\

contoady cfing XIS o bosic  Selution

Why  the  Cnstomts are  pot [agarl indeperde nT Lets do it clowly.
9 4 P Y

. . 1=(
Eoch Congtcamt s a  vector o RO

v 2elt
Tor o Qubset of g dpes Few , call ¥p  the chofacteastic Vector of T o %W :‘& o if 24T
Nete that eoch 4ight comstfawn® 1t the bipactite mndcdm‘mg LP ig st doxg w2 =1 Lor some vely

et W, b the subset of W on one sidke of the bipactiie groph and W, =W be on The other ¢ide.

Qince (‘)&&L\A:Q g ovgw . all the ngas haue Q\«xcﬂ% 0N endpoint MW, . ooad thus P {Xgmo = ®g .

!
B\é *he Qome  oRument ‘Emi e = Xg

T\r\fzmﬁm@, we hoawve > K wd :wzem (X%M, Sknwmg thot tThe tight Constraints T W) Qre \inemka d&?znimt
\ s in)

Approximotion ol pocithms

We  will extend  the above Yank arqument  fo  design  Gpprovimation algoritiomg for NP-haed vagiante of biportite VV\D&GW\JS_
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The %igk el Fdea 35 To Choy that the basic Selutions  Calthowgh act integral ) ace “close” o mtzg( al ®
- Qometimoe 7t meant that there are  Uoclobles  with Ualue clote 1o one 3
Sometimes 1t maane  that thece ase  Conttraints  almost  saticfred b% ntegral  olutions.

We Wil S2e an example  for each of tha aboue clogeness” o wntegrality

LD - Counding

A <tandord approach to d&s‘\gn QFP(Dx‘xmqﬁun q\gorighmg T8t use LP/QD? relaxations C SDP s o gamm\{yﬂm n{ P).

SoL
orT

Tor a rivimization Vro\o\ivv\, WL gay an a\gorithm I8 an & -opproximation a\gor‘\kkm AP B < o

wheee 8oL denstes the value of the Solufion ouc o\\gor\k%m retwing  and  opt deastes the optimal value

SoL
o’

Tor  a Maximizotion  problem, e Say an O\\gofﬁ/hw\ S an & - approximation a\goriﬁ\m (s[> 3§ Zo0h

The d\\—H‘\chgs cf okes'xgm‘ng QW(QX‘,mo\ﬁon m\go(\thms 3¢ thet wWe cant QomF\LtL opt z{ﬁm\en%\\é ., ond so
toseams difficult to bound  the approamakion  Catip.

Instead , we we LP/sPP  felaxattons to Compute a  lowec bound for m:n‘xm‘\so\ﬁm of on uppes bound

J310( mmx‘ym‘\so\ﬁbmj ond 1 we could Show that our ‘mtq&(o\l golution (< within o {mcknr D\L oA

to the e\aﬁmal LP/ SOP  <olutiont. Then  sut \mw&m\ soluflen (S om ufawox‘mm 2o lut on

[

L R PR
W\\Y\whﬂso&\oﬂ ——
P oPT  SoL

How to prove such  a  fesult ?

A Commen g%(od“z&ua ie to stary \C(om an o?ﬁrv\rzl LP 2oluton | and d\uign o “(ouno(h»&;j a\goﬁt\nm to tum A E
nto an ntegrol Selution  in @ way that  we can  compace  The ohgecﬂu{ values

There  oafe mmz a{ferent Qp\){nachzs o dzgign rounot‘mg mlgmt\ams (cee the book \3% WilliomSon and ghme\ig),

We ate go‘mg to S22 one  woy by am\ﬂgih& the basic  optimal Soluttong fo( LY

3- dimessional  matchin g

Lot X=8x, %0 and Yt{g\).‘.,wg owmd Zzy\zw 205 be the  2-climensions.

We @@ uen m  toples of  the Toem  (x.uj,20) L ond the task i to fwmd o maximum numbec of
disjerwt  teiples . #€ no two chosen Lriples  have the Some coordinate.

E%L}Q\UO\WNH\S, this 1S o maximum wxnﬁrot\‘m& \)(c\:mm o 3-unform teiepartite }\%ye(g(aw,

wheee the goal Te to fmd o maimum et of vetex-disjeint  hypecedpes Kwo N
& . . o[4n
We white  the &o\tnuﬁw& gimple ond noturol LP relaxation of the problem . 5 .
[ Z)‘
RERY
max o Ke
x(%m) <\ YvelU » whae &) is the et of }\\iFQ(?_&ges cbntmn‘mg v
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Keg 20 MeeB . whete T 38 the Qat  ef nypecedges -

We will Show that  thete s on L\?—(our\dmg o\lgor’\t‘r\m with  opproximation (okio -

The KQL& %S o \P(O\/l that Thece XS [N hxﬁvil(qd\gz I3 whkh XNe Z _% In ovw% bosic  Selution .

Tha Fmaf i Similar to  the one  above {—ur b‘\?wt?fz Y‘f\c\tr.h'm&,

| eenm o Tor Om\é\ bastc  2olutisg X with ~ Xeg™>0 {0( all ee® . thege ovasts a h\jw(ukga QU With  Xe 2 L_
Too Reacall thoat n a bosic solution %, there  ate (Bl \inamk% ?n&ag@ndan% t\gh% ConStiaints.
Qwam, b\ﬁ conteadiction, that all ngzs hove X < \“1

Let W be the St of  vertices  wikh t\‘gk‘k degroa  Constlaints , te % S =\ VWyew.

Cinee X & A{ Ye ., Wwa wmust Thave degu) 272 %:r velW.
_ ALY = L0 desc < ( > L = r = =
Soo (wlz IRL= 5 Gudegts 2 &\/&\A\ 230w ¥ Uk dgg ) 2 3\ uew R °) = lul

Thus, inequalities hold as 2qualities. and M pacticwler  dogdzo Y v & W oond  Twl=lwl

We will Show thoat  the Cowsteaints in W (ce  not Un@u\% indaependent

But this Tm?\\‘es thot  the number of Hg&\% L'\r\mmd Mrkqwnd\m\t Conctroamts € Lwl-| = 1El-\
conteadictivg X 1$ o bosie  Selution

To see why the tight consteotaks 1n W afe Wnearly  Independent > lot WE WA, W = WY and W =Wz

Ssce degtn= 0 Yutw owmd Query hpecedge  Tntersects Wy, Wy, Wy zxucﬂz\ once, we have

= X -
EWK{XSLM wzwj(%w - wewl(xém = Ag , %V\ow‘w\ﬁ \ingac dependence ol theca Tight coy\&tm:n&s_a

Roundinp algorithm
J

QDVV\‘F\A_tE_. on O?JC‘\W\D\\ bogic  Soluflon.

(O & xe=o foc some hupecedge e, delete @ oand  reculse

a-
@ va e > o £o\f Yome L , add e o the Solution and delete ol the 'Mfa(suﬁv\g ht&[)u[igu awd  (Cecurce .

Agp coxamation  Quatantee
T J

We show thot the refurned  goufion  of  our algodithm s o Li»a\)\dmx\w\mm Splution . b\A mduction -

)

The cate  when Xe=Q 3% Qasy . v ‘jusT %oms on  the coce  when we add q \'\k&?a&lgq, 2 with Xe 2 75 -
ot this F\\j&;umgz \Og) (Ny ,\)3,\/?\).

Cincg ®Blu)) =1, the tetal ’%(ﬂLﬁomﬂ value on P\\S\)uzdgu ‘\r\‘mrgutlng e ot v, i< l-Xo B %‘\m‘\\w\u(\ /glo( \J{a ond. v,
So, the -total froactional value We vemoued ofter cuid‘mg e S ab mesk Xe ¥ 3U-¥e)=2-2Xe € 2 as XQZA{_
Thecefoce. n the (@mm“m\mﬁ hmn(jrm\)lu there 35 an  LP-telulion  with  objective valug at least opt -2

> opt
B‘(\ induction.  thate s an latepral Solublen ™ with objective value 2 S (opt2) = ol tha Femaining hyptegiph
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' t opt
Henee, ™M= Mae I 0n 'm&zgm\ Colution  with o‘o&qdﬁx}t value 2 on;—\}&\ = ’P;; , PFOV?Y\& the QPP(DXWWNGOG Cofie a

Romack : USiV\S an  additional jdea Called * (ocal (&fml/> one Coan 6htain o J{*D\P?(DX\ND\‘HW\ O\\KOCTHAM )CGF
£ha werghted prcbkzm, and thic e sl the best krown Gpproxiwmation Quarantee for  thic problem.

See  Chaptec 42 of ¥ itecattve  mmethed¢ In Combinaterial Dvﬁm}gm%\“ony o intecestod .

G’erw.m\ a$S\Q n ment
RJ

Tn thic Pmblflw we Wi\l See +the idea o% relaxing o Qood onstYaint  if  thete are o intaycal variables

Problem:  Thew are m machines  M={ M. .Mny and n jobs T =17, 7T,Y.
There 1o o total auailable time Ty fof cach machwe M;
T% job S processed  on maching 1. then the cost  As N anch  The P(OMSS‘W\S Time 8 ?3
waan the  obove inpul, the gcu\ is To mg‘\gn coch  Job To o moachine. to nﬁmm?sz the tofal eost

wohile So&rg‘%‘mg the +time constronnfs 2. totol plocassing  on moching 1 s at mest T;

LP celoxation Thece 1s an ndicador  variab e X to ndicate whether yob s assigned  to wnochine 3.

Let & be the %t of \nss‘\\;\a poi{s ‘} . In:t?le\gg‘ Quary powr ¢ possible, but we will  delete pails

T s 9
‘\Z«V‘l@ wBy o= L VjeT / eoch Yob is assipned Fo  one machine
hi‘.-@% R by ¢ T VieMey I fotal poocessing time ot M; 1o ok most T
Xy 2O Yijek

Tt 15 2asy o check that this e a  Celaxation  of  The problem. io ‘\vﬁ&li(m\ Solutibng  are fzv«g‘.h\l,

Pfﬂ,g(o(ﬂsé‘wng We  essume Pi}éT\ ST)T}GE, b\é (meuani thote.  ponivrs \j with \>;A>T;,

We Can do  this becawse 4hese pairs connot be  n QV\LA 'gao\s\\ukz 2olution.

Theorem guwou thece 18 on asgxgnman{— with  tetal  cost C go\t‘\sfg\mg oll the +ime  Const{aints
“Theee vs o })D\\Sr\nm}o\[ Hme o\\gbﬂk‘nm to ‘Q\\Y\dx an agsignmg“& with total cost C |

-\ - w1 videted b T, e X C e T
whnle @,\m\g Lime  Constcaint i< vielated 4 ot most Wy e e R ?\j 1\\

Remoxlk: Sust to  chetormime W thece T an chignmaﬂ th\sm‘uﬂ all time  ConstyomTe 1 NP- hocd

THrexotive  Youndin algotithm

Lot M'=M | whez ™M 0 the %U of machines (uith o time ConSteosat

While T % do
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® C,nvvxpuutm A  bosic oxgt‘xmod Solution % to the LP Yeloxation Tf Y“ﬂ:&c\s‘\b\n_, fetun impsgh\a”

@ Delete ol poaes 1j with Yy =o From  E.

@ 1% )(\')t\ , O\SSTgh 30\0 y ote moching | U\)d\o&o, T« o= ?\\ ond 3 ¢ 3‘_%571

@ I% thete 1S o wmachime 3 with dmg(za L ote  thee s cn\ta on e \AD\D 3 with X\;\)D)

then U\?CJ\QJ(L M’b M/*Sﬂ} , va. Cemove  the Thwe  Constronnt 'E\o( mochine S
@ 1& thece s o machine T with deglee 2> And \S‘ ,Xﬁ;\, then update Moe M- ;\21
\\—t\\ek:
Retum  the st\‘gr\mm&
t‘r\’gm'ma\hﬂ< the o\go(it\nm Tinds inTeqral  Vortable¢  as Tar o poscible = deleTe o paiy if j=0 and
{*okkmm the P o assipy ‘]o\g 3 to machine Vv wgy

5=V and then (educe the problem auo{d;n%\\s»

Tt we cowld Q(wmsi do the above . then we could wlve the }P(o‘oum QchH\j.
T we coul dnt  find  an ‘mugro\t Variable, then we will gheow that etther coase @ o( @ must \\O\WQ(\

Note theat the wachine in case @ or@ 18 lwegt  Qettled  with ot mott  Two  wndecided ‘Aobs

The new dea hede 8 to  {emoye the TIML  congfannts on thote wmachings , and we ofe Ro‘m& to  Show

that thae violation 1n these time  Consttoaints would, be  boundaed b\j AN

The ka% in the mm\is:s is Yo prove that  witheut @ oY @ then we Cawn a(wq&& %r\o& ton ‘mhgmt

varioble  Gn o boasic Splufion. whete The preof 1s ogea by a Cank  arqument

A pp foximotti on %ma(c{ntu

Hore we  ossuwme  thet  the algaf?thm OAM&S QU red S  in o\gs?gnm& all  the "jobs to machineS _ j.2. eone s*{-

the coates owpplies ond the a\gpﬁﬂw \,\m{c gaf Stuck - wa whll prove thot this ¢ inded. the case (ater

Sinee we D\'\MA aséign A Job y tv & moching 1 1 Xni=l. oo Yimple Induction Shows +hat  the cost

o% ouC %olutivn 18 no more than The obgacﬁw value  of the LP celoxation

Tt Yemains o Congider *the wielation o% +the time Constrounts

Conside¢  case @ . The wmadhing 1 was o\gsigr\qd\ QLoma \Y\‘CQ&(q\ yobs befove.  ond now \aft with @ J%\fadiovwd ;Pb‘

%;& o

Bl el | <330 je)

o 6 AR b
moching 3 / & to  obhed machines
Qu{ent ousg) grwnzrit L =S

Sivee maching 1 1g DY\L\G et with  ona SB\QA 2y 1{- we  (empue the time Congtloial _ the worst cose s

'\\ab T owll ba assigned T0 maching T In the new LP colution

Cnce p@éTx and. the Cuyant \r\)mg(a\ ass?gnmem ol machine T fakes abt most T—\ time umts | it Jgokkom

tThat  the Eime vielation ot waching 3 s at mest Ty,
S

N . . . e o 3/ \ 4 Vob .
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that  the kime vielation ot wmachine 3 s af met T4

2 N
b |4 “Job
Case @ is Swilac buk  a \Wttle more  Tnvolved - — NLLERY
.
A S S e v B
DOnly two Jobs ace wndedded ot maching 1.
3 3 T:= 1%
. 4
but we knew Lot Xig * Gy, 2\ ik M3 as —Rl{mﬁono\t\\g assigned one )"k' /

We now chow that the Wolativn s ot mest 15
The P wees fime X;&P;\‘h + Y\:\}?;SL L owhile in the worst case  the ?nﬁz&(m\ ass\‘gnmzn% wses iy Py,
Co. the vislation s ot mesk ?;&‘Jr ?‘l&‘f XI:\\\)VA\' X;“L?'\Sl = K\>X‘5\)P‘jv + R\-K;SD Viia
< Xy T S Py, - P, <
< T, Since x‘s‘w;&z\,
To gummm'\sb O\Ssummi thot  the a\goﬁthm te(minates . Tt P(oo\uus o assignmznt with st at mosy the

LP objectie volue. while the fTime Constroant —on  Qach mochine I violated by ot most Ty

Propectios of  boasic  Colutibns  using  Conk  a¥gjument
J

To complete The  proof. 3t femaias To  ¢how that The oalgorithm  must Terminate %u&czggfﬂk\kn,
te. one of .00, mut apfly  in o bosic feesble  Solution
Qopprse D ad @ dent D\?P\\G,
Then - there ofe  |E| lmmc\&a if\dlyzv\d\m* Bight constlainte among the 1@5 Constravts  onnd the wadhing  constronnts.
Cal  the set of tight 1ob  Comstroants :\”* ond The set of EihT machine  conttiointe \U\*, 5o 1T 1EIHEL 2 m

Since 0 <« Xii

<\ NI ERE o ©) ww’x@ ont m\>\>\v<\ . the degres of 2ach  Job ‘363* 15 ok least 2.
Tor & machne  ie w TH degree =1, then @ oupplies -

¥

Co. Quppose @ also doest o\\;\v\a . then each machine Te ™ also has degree at least 7.

Thon, 1T ML 2 1BL = 4 (3 segd v 3, di0) 2 5 { Teaagay + Tp ) 2 A3t wll

o
Qo, 2qualities hold thooughout o and. this impliec that  degld=o ‘d}é@j* ond d:&gm:o K’JTQV\*,

ond Fucth@rmore  the Camadning - Qragh 7S o disjoint  wriion of cydles as deg=x fov  (emaining vecrtices.
Consider one such Cycle C . Then 1T%acl = 1Mo ac]

As each ‘\\o‘e "Ae —S*(\C has  froctional &g&(za one (i.e. Fﬂ\e(’, X‘S = \3 b\{l +the lo\a Constramt . the total

%(ud\bna( value in  the cyele 3¢ [I%(\C\: \H*(\C\, ond 1t —Fo\(ows thot there oxists o maching

with {ractional dagee ok (rast owne  (iz. ?\le§%~,&>/\> , and thus  Case @ must Q??[\\j/ as  desired.

To conclude, the D\\gariﬁ'\m must  terminate guuus%uua) and this complater the proof of the theorem.

Ha\'chzn&s in_genecol QT aphs
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As wou Moy obsecved bt& now . the LP for bipartite mu&dﬂn& ¢ not integrod for Qenacel K(QQ\M

1
Of concte, Tt hoas to do  with on odd cpde . oop. 1@ L while the

iategral optimal is one.

2>

T dmonde Qava  Qn m\mmmﬁm\ e LP fo( gznrzm\ nmfchmg.

Max pa W, X

x ek
xS € 1 Yuel
N . -
x(ECD) ¢ L\ VEey  whee 18 1¢ odd  and E) 35 the set of adges  with both 2ndpeints in
Xe 2 © X eck
- N
1t s 2asy to tee thot it ¢ o (elexation . Q¢ an odd Set S Cannet Contoian more than 5~ 2dges.

Edmonds f‘o‘mumg\ﬂ proved  that this LP s integral.
Also, this LP Can be Solved i Pa(\ﬂmwﬂo‘\ tme | \Asin& a Pnku\\wm\o\\ Tiwe Sg\m(mﬁon sracie.

Both feults  acre difficult o prove  and we will aot dp T

See chaptec 4 of ~ itecofive  mekhods in Combihoatorlal o\)ﬁm‘%aﬁnn” Tf ntecested -

You Moy wonder 3§ there 18 o po\gmmi ol giyed LP T med Ch\r\gg in Qeneral gm?hs.
Rothvoss (1ol4h) ?rn\md\ an Q\(Fby\ent‘(h\ lower bound on  the [P SRe %or non- bipaftite \'Y\D\Jt(‘_\'\mj in
\ acy gU\e(a\ Q&ﬁ?ng . ‘\r\c\uo\iv\g all the \DD&S\\o\z LPs that we could fmag\nq.

N ?1(?\0‘\?5 Sur?fiSTnj\Ls, At hal to be SO um?huﬁqo\ %or mnn‘}:‘l?wtita mm—chwhgx

Qtecences Content is Lrom chaptec 3 ond Q of Y itecotive metheds in Combinatorial n?hm}ﬁzd\“vnu

The ganq(q\ qgs?gnmev\t Yesult is bLA g\(\mn\AS ond.  Vofdes
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