CS 466/ 666 F\lsorithm Design and  Analysis

. Spﬁng 2020
lectute | : Linear P(oxfnmm\nj

We start the third part of the cCourse and the wmain obed of

interest is lingac PYogfamm'mj

TDO\‘RA‘ we introduce  [(inear PYOg{amm\Y\j velaxations for Combimatorinl ogt\m‘%qﬁun Fro\olzms ond Qx?mm in what

Sttuations t\r\ﬂ,% can be wced to wlve the P(ob\zm meﬂﬁ

and  the ut& concept  here i< “cornec” Solutions.

We olgo mention  how to <olve  linear progroms 2fficiently and  how Separation  tmplies ofcfm\sou%ionv

_Lineac ngmm

Tn o lineor program . e have o et of n vaciables X fa .

We Can add  lineac Constronals to the wvoriables , eQ. X A% €71 X 44K, 26, ete Cbut not strict lne%mtmes)_
And then we cCan Optimize 6 linear oblective fTunction 2uch as mox  3x+2%, Xy or min K 2% =K,

N ™mx N
Mere Qomyq&\\& Af there are m constionals . we can Pm the constraiats os  the rows 0& o matnyx Ae R )

the cight hond stde  of the constraints  as & vector beR™ . and the Coefficients of the objective function

as o vector ceR" | so that the linear program can be  wyitten ac :

mox  <c.xD max < e, x>
ov

Ax <b

P‘rc\m\:\\é the Formee  form 15 called  the Canonical Torm

onck  the latter %nfrvx ic called +he <ctando<ok ‘Fm m

Yat we will just fefer dhe former o the inequality form and  the laftter equational {ofm

ght&w&ﬂ, H\EA ofe Q%W\mkant and  Wwe can

(ewiite  Tha J{ormu —Furm mto  the [ottec J%o(m ond Vicz versa
ey b‘ﬂ \“J(rod\ua'm& New  Voriables 2eR™  ond  write By<b oas Axds:=b and $20.

O\@\S, So  this 1s the defuitton of & (inear Proglam.

Euen t}\ougk We wst have [inzac Constroiate  ond o}{lutiuq LD ts Vavy  expressive ond. can  mode| mana \?robmms

Tntereec  linear propcams
) Y £

Mowué combinatorial  optimizetion problems con be eosily Lormulated  as an  Tnteger lineac pregram . where

we olso have +the additional Constyaiafs X,e 2 of Jwst X3 QIW‘D)R],

For Q\(QMW\)UZ, $or ‘o\\mftﬁe W\o&c\ﬁng, we Coan create one ndicotor votiable for eoach ng@ e. ond wWiite the TLP

Mo pu We  Xe
et

ig Ke &L 'GD( each vell . where  $u) danotes the set DJY edypes incident on v
echiv)

Ao €4 0.1 fot each eck
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The Constyaints Xees\o)ﬂ] Yeck soy thot either we pick - by seH\‘r\S ¥e=\  or not b% QU‘C\Y\K Xg=0-

Ke <\ than S0y that we ean \;TQK at  mest eona Zd\go_ Incident on o vestex v

_ . b
The ConStraints Py

The O‘D‘Secﬁ\/m 1y to Moaximize the total wa‘\ght of the adgzg ?Sc\ge(i

S?m\\a((j, we con  Tormulate The  mavimum ndependent et })rob\em @< an ntegec linear program.
Max \)E\/ Ty Xy
Xu+ Xy €| %b( 2och Qo\gg wéE

Xy € 10)\7] %o( eoch vertex U AV

Co. thot's \Ic_(\g Convenient . but it ust says that So\vmg i(\\“qggr [inear ?(‘og(ﬂm i< NP-hard in gﬂv\zrql

Lineoc Programming feloxations
J

AL wae Wil discuse  loter, theve oce P"W"m‘“\ +ime a\gariﬁnm; +o solue |inear Pr‘of(gmg
%o, one  Common approach  to tackle Combinototial o?ﬁm}go\ﬁnr\ Pro\)mms s to write o lineavx proglam +o
Pretend  to be  the irﬁ&gev [\near program .

The matutel way to do thig is to wiite Xe € §0,15  asc 0 < Xe €1 ande  hope &:w the |Yest

As you Moy Kmo\&Tw\z, Thic may not wotk <o well as now wa are now o?tiwsmg ovac & much (C\‘(gg( domain

the et of  Solutlons 1a R” or (b,ﬂ“, Yathee than the <Ret o& Solutions in ’qo»\jl“-

Congider  the  moximum indesendest  Qet problem  ina Complete %(QF\\ ond. we know  the mtegral o?\"«mml
Solution is one. Dut the LP solution M:‘\{ Vie\V is o fem?b\@ eolutian to  the | P solution
wWith ob\)emw U alue "o OSsumine all  weights afe one

Q. the LP Q\Wo\\ﬁs Soys the g((k?\n has  om Tv\dﬁ?eno(aﬂt cet o’f g‘%g n/L ond does»\ﬁ( g?va \ASLjLul M{orw\o\tiw.

Perhaps Sucprlsingly . for most  of polynomial  time Qolvable  Combinatorial optimization problems  we  com

O\Cﬂk&lk\a extiact  optimal  Tategral  Solwtions ‘G(bm the LP  Yelaxations.
Tn fﬁd, 1t is m:dz\\s accth&d\ as o un\fajh\\g c\\goVi%‘anc {rwmawurk {:ar kaﬂﬁm golvable oPtSMESMTor\ \;(obum;.

let ws fiest hove  Seme  Tatwitions  about w‘r\\d this could bz  the case .

omettic interpretation

n

We ofe wa(k‘mg ovee R (R 1n the SE\‘QT(A(Q_\)
Each  Constronn®  can be thowht  of  as o hatfspace

The Set of feadible Solution s The Intercection of  the halfspaces.

We oace  Interested  1a the ‘mhzgml pownts in the &:o_qg‘wb\z Qet .

OP’(\N\E?“& o linear o‘o‘}ut'\\/z fw\chon is +to Q\(r\ok Qa Po\r\'f fu({»}\zg‘t in  Soma

.
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We oace  interested  1a the ‘m’mgm( powts  in the {qagwb\g_ Qet

OPUmis‘mg o Bnear o\f)ut'\\/z Tunction 15 to Q‘u\ok & pont fu(‘rkfwf in  Some

"

direction, 2¢ W owe maivize U, than the {'oi; point o the o?{\mm\ fe‘mt
Tr\%\,\"\t\w\ﬁ) S\uew any dicection o Q?tlmisa . there are Mwaﬂs some Corner po‘\ﬁsl' that ochieve O\?t'\mfh('ﬂ“&_
Co. 1 we coud Show that oll the corne polats  afe  WEggral , then we Can Conclude that  the LFP  reloaxation
alwoye  has  integral  optimal  solutions.
Tn  other words . we nNeed o prove that +the lineor Constrainte  detine P(mm% the  convex  hull of
the ?r\TzKra\ Rolutisns .

Tn the 'Fok\om\ng. we defing —‘{o%mm\\\A the Corner ?a\nts, ond  then prove that there afe M“‘*‘(ﬁ oPt‘\mq\ Corner ?o\nts

Cornec polats

Here  we  Make the concept of  Corner poiats '{)-u(r/m“\i»
n

X
Consider on  LP of the equational form © max (e x> over the polytepe P = Q x I Ax=b, XZOZ] . whece heR"

We assume without  losc of gar\emkihg that the Cows of A ore m\ac«\\& independent -

There  ove  thyee Pos%\b\t ()UL& amtions 0{’ Lornec \>n‘mh .

(O Verftex solutions © A <olution x€P s an Qxtreme Po‘w\t golution  if fg\:&:o Quch  that x%eP and, X,L&e‘\?

This i< a gtomaf\”‘\e ‘mWr\:mtim Ahat @ Corvecr po‘mf is not the owecage uf twe rrw\s\‘o\@ Pom’(s
@ Txtreme ;Pg‘mj Qolutiong A Lolution XeP s an extreme Po‘w\f colution it AceR” guch that xe RO
1S the unigle optimal  Solution This s on ovﬁmlsaﬁor\ intecpretion of o Cornef PDW“T

@ Bosic  golutions ¢ This definitien IS a\gabro\m ond g eeiec to deal with  When we do  calculotivns

hek cuppld = R‘ | %> O.ﬁ be  the st of honece  Vafiables.
Neote that X Lmrespmo\s ‘o the -th Column o% A

We Smﬁ X g & bosic  solution xq‘ the  Columns Cc:rrqspomi to Suwbo are hnzwla §V\0\1?M\EJ\U\’C\

Tn the (tefature, the names are wsed im(d\mwh\% . Fvabo%\\A becouse o& the £01L0m3“§ Yesult.

E{o;gg\’(\\m The  three definitions Qe eguivalent

?\’oo& We  wall Prove @ > @ =20 ‘:7® S let  Ae R™M itk m<n and A ¢ of <ank m.
@3@ ‘ let <= Supp . '%\:X @ . the columng c% 2 Qare L‘mem\vd dependent
Sinee A 1w of full fanke if 1sl<m.  we can extend £ te m L‘\r\md% Independaent columns

and we  assume  withowt loss  of gengcality  That =11~ wmy

Mo

fow ., concider +he Oblective anction ™min X whece Ci=0 3 i€m  andkh Cy=( 3 t>m
)

1
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Then, X 3 a Solution with  eblective  value 3Rfe | and we claim that Tt 1s the Wnique  one
Note that ony Colution \6 with Db‘)a Qe Volue 2re must  howe Wi=o ‘ED ¢ i>m oL ooas Wizo aedk Ci=\ foe ivm.
So. Supplyd€ T omb. But thea thewm s only one Colution  Sotisfying Ax=b becouse the Fiost

m  columns  ofe \\mm{hé independent , and henee W must have Y= X

®:>®‘ SMPFDSQ X s the un\%ul Optimal  Tolution {:5( the ob‘xuhvm min <C,xX>.
Bssume b% Contradiction that % 1 net & Vertex Qolution | ig Q%#o <t ><+kiek> and xg\é%P

Then. eithec e, x\\\<\>€ <e,x> o¢ e, ><~\A>§ L %2 (or both ¥ <(’\3> :o> , Contfadicting X s the m{%m o?ﬁmm\

®Q@~ Wa prove the Cortrapositive that % is not o basic Solution, then X 3¢ npt & vertex Soluwtion
bt Si=supp0. Since X 1S not basic. the columns in  are h“mdﬂ dependent . and Fy*o N SupplyP ¢S ond Ag:o
We clatm  that theve xists @ Imall ensugh 2> 0 <o that x4 QLA eb and X- 2y ceP _ ond that  would
imply that a3 not a  vertax Solution . 'ﬂ\ara\ﬂa Cbmykzﬁr\& the  proof
To Cea +4he Claim , Since Ak&:o, we have A(Xf%\@ = Ax=b and S‘mv\[ar\a (xu,gﬁ)i AR =b , gm;g{\ﬂ-\ﬂf q%wm;u
Alge, <ince gup?(\ﬁsgs»«wu), bxﬁ Chocsir\ﬁ >0 +o be Swall Qﬂbug}\ . wa have y\+fLLA 20  ond xfcuazo_

Sa&‘\s%\ﬁ\n& the Ine%mk\‘c‘\es o, both Xy ceP?  ond ><~§,uA €?  ond we ofe cone. a

Optimal Cofnec points

Now , we Would ke to p(ouq_ that theee 1% o\\wmﬂs Some v?timg\\ coYner \303“‘{ Lolutions .

Befova we o thot |, we <tote the C,szs?m\a\mg Nefinitions of covner Po‘w\h ‘Fo( The iY\Q%L}L&\l\“\S {orm,

0% this TS umg\l% tThe foem  that we wWerk  wWith.

mxn

Recall thot The tnequality Logm s wmin <o,x> k. Axsbh Lot P:(x\(\xéhg wheee Ae®

The cotresponding  definitions  afe -

O _Vertex golutions X i o vectex  Solation  if Ryko  qudh that XAy eP ond -ye?P

@ T xtreme powt  golutions X 3¢ the U\{\‘\%LAL optimal Coltion %u( Some o\:}ed\\/m %undivn cer.

@ Bogic 2olutions et xeP. We oy Congtoint A Cthe i-th cow uﬁ A) s tight 1§ (l\-“x>=\>;

Given xeP. (et A7 be the Submatrix oiy N %ormacx b”& The tight  Condt Coints

We SQ\A ¥ iz o bhasic Sslution T{» A: s of% %m\\ Conk , 1.2 {Q“K(Rkﬁlr\.

We uSuoLk\S AS2 ® ond @ n ?(vr&g. Tov Completenest, wa ?{b\/l +hot @N& e Q%m\/alznt

P”fcgag‘wﬁ\on ® Gndh @ afe Qqﬁu‘\\/a\enﬁ.

~ o« . e PN S NI O N RN e RT O L A c - o
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PTDQDQ‘@\M ®  aad Q@ awe Q%u‘\\/m\enﬁ.

?(oﬁ We will prove ‘1®:>“'® %7®; Given xeP. let ]%: be the et 9& Cows  that oafe tight wet %

’\@:7 A - gu\\)gom X s not o bastc Solution . E\ﬁ mﬁa“men) the (o (onk of A: s lgs¢ xhon n

This implies that the Column Yok i ales lese than n, te. the eolumns  ace \h\aarka independent .

So, Ay¥o Yk that F\tg\:o Hence., E\:thyib: !\Z(xa&) , ik BIGhT Constoimts  (@main Tight.

Therefore, b\é choosmi £>0 %o bz Swmal vawg\'\ » the non-tight  Constronats (strict ineguolities)) wont b yiolated,

ond Thus we 2t have Abﬁ%x@ﬁb and A(_x»cm@ <y hence % 3¢ not @ vertex solukion.

R OREIRE )R guppo&a X % vt & vertex  Solution - B\& definition . t.hﬁ#() Such that AUMABEB ond PXU—LAB <b .

Let A be the Bght rows of %. 12 Ax=b . whire B s the corresponding  ¥ight howd side

Qinee A(»««L@é‘o ond ACKY) <b.  we wust  have A:(Hﬁ)ébi onok !\:CX~@ <%, and this implies that

f\zﬁﬁo andk f%:(ﬂ@fo, and hene A U=o0.

This  Implies that  the  Celumns o& AT ove (\‘r\e_wlﬁ okq?mkev\t. and. <0 (ank(f\:><n, thus not basic -

Execcise Prove that the three defimtions are  2quivalest

We owve fmduﬁ to Show That there s tx\umﬁs on  optimal  Corned ?D‘mt blution -

We Say the \30\%%0\>a P s _bounded T4 there exists &  positive integec M Such that 3 xeP

J

than  Ixle™ o ol Isisn Note that it holde Hor mott  Combinatonal o\;ﬁwﬂyﬂon P(b‘o\ﬂms as 0SX

P(ngw&\’t‘\gg —;o( bounded P, —%;( O\“U& ceR” . 3 basic WCZG\SHAQ Solution A Such that C,‘/\SQAA -Fo»r all kae?
Proo& The Jdea ¢ S'\m?\Q. We  moue  in the “kig‘v\t Space  Until e ht o Cofner

TE x5 nok besic,  then  Yark (A)<n L omd FYHo sk that Ny =o

Consxder x*q& ond )(—Q,&, Both Solutions have +the cuirent t\gh‘r Consteennts  etill ﬁgh% oS (\:k&:o.

Mo, eithes <C,X*i\a> < LD oy <c,%v£%>5<c,x> Cor both <<‘\$>z°> ) SD«S <c,x+¢,&> < L, w>.

Cet & to be the maximum value Qv that Q(%%Qu&\ < b

Sinea Y¥o and P 3¢ beunded, W2 Know Thot T <o . ™ which Cote we Wit & new tght Const ronnt

Co, we Con find a  solukion Xl:)(f\-q_\ﬁ With one mere tight constroint i x s net basic.

This process Connst  2peat focever  (Since we haye & finite numbec o% Constromts ) - ond hence a\:z«\tm(lg

we will tach o bosic Solukton  x¥ with  <ax¥> € Co,x>  for Qma %

Tn pmt\‘cukw, ‘wfv x 1S optﬁma\, then x* 3¢ an optimal  Lolution wohich Ts alse bagic 1

Perfect bipactite ma‘tc.)\‘mg_
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Lets van the P{oo\“ on O nice summ?\c to find o 'mhgm\ o?timu[ So(ution .

Consickec the FU{&T b‘\\’)w’tﬁe W\o\td\m% LP moax  We - Xe
ek
S =
ee Ly He S {_M oll veV
0% Xeo ¢\ -FW all Q@E_

We claim  that o vertex Solution musk e ir\\LQKrm\.

Considec o %Y@Lt\nnu\ Qolufion X Wwith  Some kd\gz wv %a\/mg O & Xyy <1

Py the Constraints EQL)XL:\' we can Lind  ansthee edez VW Such That 0<%, <1, arkh So on
< v
A 0.4 o-2
RQP(’J}K This O\rgmmlnﬁ wntil we have ’%Oufr\d\ N * el ctla “E‘rs\(hunn\ QAC\C <\
o Q/j%

This is 0n even cyde as the Qraph s bipartite

bte 01-¢ 9.4-¢ Sy
Now . we can consfeack  fwo feactional  Solutions )Hude\) and xH%eP b% gztﬁng Q
Q22 03+¢

0.2t 03-¢

ond keep +the ‘(fLW\Q‘m‘M\ﬁ vaciobles W\thqngw{ B Sh«mm& “hot X T not wvertax.

TheteSore . o Vvertex Solution must be intaglal

Next £ime ., we will uwe the (onk a(gwmzﬁ to plove this  resulk aga?n‘ ondd  then +o ganwahsz tv other P(ob\lmi‘

Note that —the 2ome LP 15 mot intogral foc pecfect matcehing  in general graphs.

Algocithms foc so\m\g _lineac progcams

There o three main t\j\;qs ojy tho(‘\thms : S‘\m?[zx methods | O_U‘vPSD‘\d\ methods . and  Interlor ?bmt methods.

We ‘Au&st vety bv\zﬁl% mention  these Q\Xor‘\thmg . but h\ghlfgm N %ea%urz oJY the aL\;FSGTd\ method

Simplex rmethods: Work, in the  equatisnal Lorm

Stact from an acbhitrary  basie  feasible <elution

Moww 4o a neighboring “ basic  Relution by Cemoving one Column and  adding one column

T4 there 35 @ neichbor with objective value o goco\, Choose One Gnd g0 there.

Tf al neighbore  have wolse objective values . gtop and ({eburn the current solution, omd this I8 cerfect
beeause o local optimal  Solution in o Comvex optimization »}yrubmm KoQa g[qba\ optimal Solution.

There ofe mm\é dilfecent vales  in CY\DUS"W\& which nz\gv\\aov +o go - ond Sbme may  Can inte  infimte LDDES

TFor most notural culec, there ore Q\(QM?IQS %lr\ow‘mi thot tke\é neod ayfonzv\ﬁaH\a ey staps “to
(2ach  on  optimoal solution , euan For  Some  fomdownied  Cules

Tt s skl & M&:\M op en Probkam whether  there ace Poh:\nnmml time simplex G&\gnf‘wi‘%m&-

Achmm\\_ one r\zczssm(a condition ¢ Wwhether Ruery polytoze  hat diameter at mott Palanom‘\al In N oank m,

ond this s kmown as Hirsch's  Comecture ond it s STl wRde  open.
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One \[YV\EthDW\t Cemack 18 that W\amg combinatocial O\\gor'\‘c\'\mg (zzg c\ujmathX }m{h qlgu(\t\wms)
Can  bhe undecgtood s o Simplex a\go(‘\ﬂw\ of o S‘)Q(\%?c Yule .
In pladice, Simplax ngoﬁtkms Qeem Yo be \;ené Qompet{’cwg‘ and.  there 0 o ﬂ‘““g\ D{ Smvothed Qna.%&‘\s

developed o ex\;m\n thg  phenomessn.

E\\\‘?smd\ Mgor'tt%m 3 Tt s the %(st known poL\jhom\o\l +ime a\gorﬁchm fb( LP . discevered bé \G\{,\thaan

Tirst, note +hot the opti miyotion P(ob\am can be Yeduced to o dedltion ?(oblem ofy ChQLkMS whetiher P 3 ‘noﬂ/amy\\\?

+ Tm%‘\mUj, we £md o largg Qnu\.«g‘n (L\\\?go‘\uk to Quart antee thot At Contens the whole Pn[\i&{o\\)t P.
‘ In each cotep. we check Th 4he Conter 03 of the current elipsod s in P
£y '.C& Yes. we are done.

1& net . the o\lgo(‘\ﬂm (e%mras o ‘“&?k?\m‘g that Seperates O £rmm ?.

Griven  Sudh & hm;u?\ma Ho, the o\\gof‘\thm wowld  find A Smallest zt\i\vsﬂ‘\d\ EM that
Conting By aH - in pacticalac Te bl quarontees that P < L=
Repeal wuntil  VollE{) nas bewme Yoo gwmall, not possible +to contoin P
The KQLA of the vaa\ﬂgis is  to show that the volume of the ellipsolds Aecreases ﬁlc«st Qn\m&l'\-
-1
An alzma&wa Omalyis  ghows  That \/OKKg\{‘\)/\IU\LEI) s e /IU\M, o that In O(n)  3Ftecations

the volume of the ellipserd ¢ decreased b‘i O Constant  foctor

Thic method {o\\\g in the clags 0{» Q\gbv‘\t\r\ms colled CU&HY\S Plaﬂe methods  not necesmr‘\kzX MM& ur;?m\{xs,

M\LMM This s ansther  Clags of Po(xﬁmm\a\ time akgar“\ﬂums Lor &U\Lﬁhg LP . discoverad ‘ba Karmackag-

Quwxhkg . the linenc progrom s feduced o an  uUnconsteoimed  optimizotion P(o\mm“ b\é wsing ~ baiec {mnct\ung“
To enSure  that  aw optimal Solution o this  unconctroinegd problem &%m%s I the Fn[\jto\)q‘

jmtim\hj, we Start from the ¥ Center ? of the \Pak\ﬁto?L_

Tn 2ach step. we Slowly decreace the “foce " of the borrier functions . (esdun  an  unconstrained
optimization  problem using  Newlon method and  move.  Clocec  to an optimal Solution of -the orhg‘mm\ \)ro\)\ﬂm,

This Ts Competitive  With Simplex methods  in practice.

In ﬂ\zw%, thete  are Yecent Quit‘mg progress gw‘mg —Eos’( htecior po‘m’t a\gar\ﬁms Wco{ Cumbinatoriol oyilmisqﬁon

\D(obkzms, Thclud\‘ms rm\fch‘mﬁg and  POAEMUm {ang.

o?tﬁm‘«saﬂol\ via Sepalation

An importort  Leature  of the 2llipsoid  method ic  that it only  Cegquices a " separation oracle” for it to

WoeK.  That s, an algmc\t\nm o dedde whethec e P i§ not L Tetwmn o §zpa<ﬂ\‘rg %mﬂrylam
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Tn ?wticukgr, the ek\‘\?s\ﬂd\ method does nst rausumm a¢ to witte deun =nhe LD Q\(?hcl'ﬂn L, and  n ?nmpu
we could solue om

RQuponenty al %7%2(& LR at \D\’\& as$  thece i<

o ?ok\émmtm\ Time ga?amﬁm\ ovacle.

Let's see o nontxivial QXB\MVM oﬁ soluing  an Q¥\>Onln’1\:\‘o«\ siyed LP

Consider  the Spannin ¢ tree \:okgﬁogz

™min z Ce Xe

cet
QESE(S) Lo € 18\ -y J ey L whee TUS) denckes the sets of edges with both grdpoints i <
Q%E xe = Jul-|

Xe 2 O Yaek

T s not dfficult to  fee thabt b as o Yelaxatiovn of- the mMinimum Qpann\nf Tree ?fn\o\Qm_

Tor ony ‘mtzgm\ Solution, the Ficst elast o{ constcamts  Say that ony Subset  § Cannot  Contain  mece

than 1Sl edges and  this s wsed to Locoid any  eycleg -

The cewmd  eonstrant oy  we hied to cheote zxmﬂa n-\ adges and. w2 Know that an c\ujdtc Qub gmyk

whith [AVARS z&gu must be Q iqu‘mﬂ tren

We will  gee latec that  this LP i indead integrol

To solue  this QKYonen’rtul gized P we \A)Dv\/t wike & down Trstead, we necd to dQngﬂ a ?cl\Awo‘mio\K time
a\gar\khm to detecming 3§ xe P, ond S *x& P we must tetuen o Consteoint  that  w does wet gq{;:%&

The consteonst 3&@ Ao =\\-\ 15 eogy to check . S0 we focus on  the Class ‘EELS)Xl < \8\ar y g ev.

VE\
Given on LP solution xe R we Wil cun WL min-cut ot o\\gmithms/ cach tTo check whethee +here 12

Qa Vic&oﬁdhg cet Cv:ntmn‘mg a §}>aa{~m verteyw vy

The Constyuckion s Shown v the %oun\,\fmg P\Actm(‘l

one vecrtex for  2ach odge e,
X

- 2 e Capaarty of the arc  Se; IS Kle)
*o
& ¢ o

ong  vertex  for Rad vartex v,
gmn ey :(\]\,\/1)’ then we add YTwo OCes

Cegu) ond 25,y | 2adh o‘? Copact *

except doc the 2pecial vectex , n this ease Vi,

thece 18 an Uigz \C(Om Vi 1ot with Qm?adt‘\& one

Lemma There 35 o .

\/io\aﬂng et Cur\to\m\nx N Ht the win <t cut Vvalue 3¢ S&ﬁd\(\j lase thon  [V]-1

P(no& T thee s A vio\atir\& et Contm‘mﬁ«g Vy o Sey g:&‘wh\,b ,\1571 such  that EE(&)X& 1g\-1
Note that 2oach edge €€ B must Send Tis —?lom te vertices w8, but QY&ELS) Xe >8]} . and §  has

on\\é ts\-1y copacity to t . and S0 the caymd’t\& o B connet e %ent v the ik £ . oo
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thue  the st %\Low value  would  be g&ﬁcﬂj gmaller than  IUl-\, so wmn st cut < (UL=\

Tor the other divection Congider o St cut n’% v alua Stﬂd(\% Smallec then  \Ul-1

Consider Quch o cut . Tt cannot

wht oy edge of Capacity o . Flse, the cut Cannst  contoin all

Top adpes L Since }ﬁxl:\\:\ﬂﬁ ond  conndt Cortoin

ol boktom tzd\gqs (snea there are Ivl=1 u)\gzs)
So, the cut cshould [ook hke ‘thig ¢

call this St fl

call  thig 2
oet of
Qdges &y

ho gdges from E, o V-S

/ \Z}// 6§ thote ndqu are r}% m?agﬂ\‘& o0
Y
call fwnig

st S A"

So, all edges B must howe beth vertices m . and  hence

by bR
Gy Yo ? aen Xe

We clomn that ze\ Xe Z 181 =1, and this would Fraply That T v aq \/\o\rxt‘mi Set conm'm‘mﬁ Vs,
To Qe this, note that INl-( > ¢t cut value = 1gi-\ + eietl“ = Ist-1 + (- - gﬂzl%g
>

“Thecefore, sens & z zE\XQ > Isl-1 | ong  his Cmme\@teg the \)cno{. a

So, to do this GnTtruckion Kor avery  spedal Vertex vy o foall min st wt valwes ace WSl then % s ?ms‘&;lz;
otherwise ¥ gome s cut value ¢ WL we find o« \/{oumng Const( onnt

To conclude. e <an  wWse Q,H’\?SD\\d\ Q\Smt%m tov Solue  this wanzmml SRSM LP in Pn\\{\ﬂvm\&\ 1ime.
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Therative methodS in Combinatoeyal optwgmm.

Ur\d&(ﬁand‘mg ond w%‘mg [inear P(ngﬁmm\mg \m(} Matouns ek C}\ii)\\\a (ecommended author .

=~ Combin ster lal optimization = polyhedca ond Qjﬁ\\der\us, \3\6 Scheijuer

C Z-volume Set  rmoster plece , %00 pages u’g Concise \NDD’%S \>
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