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lectute |6 Spectral Spacsification
\/\]Q, SJ(U\OL% Q, SQY\ZY»DJ\\SD\,JT‘L‘DH 0{‘ the cut QPo\rS;*FTCaHDV\ FTOH(I,M R CD‘\\LQ(}\ SP&LtrQ( S\)qrg?{{cc\‘t\mn . onde

See.  how

this problem  can  be golued Yﬁcdé ug‘mg fondom  Sompling and o matrix Cheroft  bound.

g?u’(m\ Slpa(s‘n\c"wqtion
A ngR H 35 called on  2-cult awmx:mm{ of & if wom&(s@ < Wy (B ¢ <L+wa{($<9) Lor all cevy.
where \/\Jc_{ﬁg(Sﬂ i the otal weight of the eigu Q(‘ess\mﬁ <
lo
Benczur omd Katper proved that  for ony G . thee gxists o (lte)-cut approximator with O(‘V\—ngr\*ﬁ edgec.

Tnd\“a we il prove a  Specteal 3annral\‘3q‘ciun of Ahis  result.

Spectral approvimator

We Soy @ groph  H 3¢ an 2 - Spectral approximator of G (\—DLCT 4 Ly ékHi\LcT, or

Q%m\/o\\anﬂ\a (V-9 XTLC(K < XTLHX < C\%Q)XTL(._YK WXER™ ket n is the  number mﬁ vertice

Cloim An < 'S?U_(JWD\\ QFFrux‘\mmDr VS an ¢ ~wut O\F?rcx\mrﬁnf
Qfoof Tor Qcv ., (ot f)(seﬂkh be the vedtor with PROE T{ e S and  2efo  otherw e,
— 2
Then, X lgxg= X wupwsmmgm = W)  and similarly ALy % = Wy L8es))
tjeE Q'
[nee H 8 a Uis,\~2\>utro\\ A ppCoximats ¢ o‘{" G . we hawe

(\“‘L\’XJLCTYS < '><ST Ly s € ey Xq LeXg 9SSV and thus (-0 Wg (66 I ERINGIZH KA Uea)\%(ﬁm} \g <V,

The 'Fokkvw"\ng theorem bla g?\‘a\man O\V\(}\ Seivestava thus SQHE(C\[l‘))Q_S the ‘(qu& 0’6 EEnC’Lur and T<ﬂf§2r‘.

_Thasrem Amé %m?k has  an ¢ - spectral  approximator with Oﬁnlngh{glﬁ Qd\ges_

Reduction

The QPLLJY(M S?mrgf{:?cqﬂon result Can be Teduced fo the foﬂow]ng Fuda neac &\fabrata rasult.

m -
Theovem  Suppese Vv, € R are qiven  with E vy o= T,

There exivt  Sealars S iy S With at  wock O(V\(Ggh/21> on-2.2¢0og Such  *that

(- I, € \Z‘ sswivtog (4 Ty,

We  gketeh  the P(oc% D£ the Yeduckion b& the SFQLTWD\\ S\)c\(s‘\-{‘\cqﬁnr\ result to  the Q]Daug_ Cecult.

The Tdea s Ho &Pvl\a o lin2ac ’{Yaw\&'%ormoﬁﬁbﬂ So  thet tha LD\PlO‘.LL\QV\ matrix \:et_mmzs the TO\Qr\‘fﬁ'a rmatix.

>\:\MM1\.
1

s

et M be a pogitive Somidefinite Motrix  with Q\‘Sewdzcomwgitton M =

\

Y

- A — \
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< T
et M be o poitive Somidefinite metoix Witk Q\‘Sewmcowugmm M = :\151 ATuiul .
T + S A s
The Psetdo~inverse o{ M 35 defined  as }’OL: »\%\po ”1)\—7““1"\ , and ™ /< ;}\?D Oy hw
—~ ‘t/']_ ‘f/ h T, 1
. - X = - - L - T
Given Lg = ot e *QEE bebe , o  contidec I = L& Le LCW = EE &Lp} be ) (be L¢ Y o= QEE VeVe

2
where we dzﬁnt Ve = LGT/ be Yeek .

AFpl\a +he obove Ttheorem 3%/&5 w Co  with ot mott OLV\(OSV\/EI) Non-2200S8 So thal®

(V=) T ¢ I SeVele 2 )T
ettt

/5 T
Now_ Vwmth\)\:n& Lg on the left and Cight 31\/@; WS CvDLq 2 &E Cebebe 2 (149) Lg <o

by
Scm\?ng the e ght st each edge \oa a Toctor of g We &at owr  gpectral spars: frer

A\Y Va
The obove P{oo—&— i< not precse  as  we are dqqking with the pgzmd\a'[nversz ( but not the \\'\\/WSQ>)

but the m‘lgsir\& details oave vather voulineg and. TS not the fmpovw“f parf D% +ho Proo‘f L ond 58 Omitted.

Sam?ling algec’\thm

Now . sur ’%acus ic to Prove the  linear Q(Sabnﬁc cesult | \ma random Sam?l{nj.

n
First, we SRJY Some intwition absut  the condition 2, Vi = 1, . +4he ‘lgatrb\xk ondition.

When me=n. then v,..Vn must be an orthoner mal  basis.

\;\”\Q_h

R . “ ” . . n
m>n. We Can also think of it a< an over Complete basis . as  we can \Wiite oany XER” as

m - w
X = Inx i(\\? ViVi )x = E <X ViDL,

g‘\m\\\ar% , %mr G\r\% wumt  Vector &ER'\ _ we hove 1= %Tji \ATI!;%T(

M3

'Ms3

. T _ T oI, o R
wiy = E vty s B cugd

“

KY\JCLGHUHL&, the vectors Qre Q\/Q“ha S\)remk omt)‘ So that the Projuﬁon ajy ony direction \é to  thete ectors

oare  the <Same.

™ I .
Tdeo : Griven TI__‘V?\/%:LV\ Cowe Would ke to {‘mo{ a  small  Subset of  yecters Se X\,‘.‘mﬁ

ard  Some

Scaling fadors S0 thet I v % T,

So, the subsets shouwldh gy

be “zvnmﬂ spread oyt 7 With Canteibutions  in each dlirection  about the  same

A¢ Tn khe gmyk Spars?cha‘rIon Case , L/ux\vgofm goﬂvﬂf)hng wont work .

For Q)(GMF(LJ TWC Some v hos H\/jl\:\

-

then we must  in dude vy oon the <olution, o othecwise that teectton Wil not be  coveczd  in

+he Solutlon and go W et bz a gvuﬁm( gParsﬁ[fu» The o\v\a(ugg in tha S(QF% qurSI{lrcgﬁom

Yesult 78 that a cut %‘}\SL must  ba Tacluded 1n any SPAM‘\%U-

SD/ as in  the grapk Equsr{Tch‘hov\ cace . we need +o do Y\or\wuu\{arm SQmF“V\S QHL we doe  yondom Sﬂmfﬁr\<§>.

The idza s QUmilar © {ar luhgzr veetorse . the Qam})hv\g P(a\;qktlﬁg is \f\Tng 3 wa sharter  vectors

we con b more AESrzss‘\vt in Snﬁ‘mg the SamFlmg Frubabiuﬁa to be Imaller, ond when wWa
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Choose them _ we mwﬁgm the vedtor $p that 7t has  tha correct QxfaLfed value

More (‘_or\CWL‘\'JLk\ﬂ, we So\m?u each vectsr v; wth prbbo&:f(:h& H\/;\l; . and  If Gt s chosan . we Set the

| vt VAVAY
P = \l\f“ﬂ; R <o -H-\c.\‘t EL %[\/;\/’\T ] = U\/;\\; ‘ P(‘L\I? Ts QL\DSILV\S - STV lull

A

BN
2

-
EEVELVRNEN

Sc,o\la( <

A\gofﬁt\nm

The octual o\\gn(‘\tkm s ‘omg‘(cb\k(n the <amae os deseribed above. bul we need +to Cepeat  thig

experiment Q‘—E}Uagh\ Times  and  toke the avezrage, So that we Con prove Concentration .

6logn
. Imt\‘mtj , Fed _seo | Q:—SCLT

Tor st <C do

]
Tor cach ec® , WLith Probabm%n y;:llv;u}, wpdate Tebroith and S7¢ S+ Cre

-
Return \EF(;VVTVR 0s  our QFaLtmL Opproximator .
AV\MEAS\S

Thece oace Twe Steps  in the O\Y\QLQQIS .
One 3¢ to Shww  that there are O(nlogh/{lﬁ ron-zeros  scalars ,ie. LFl= D(n[ogn/{ﬂ_
Arsthec e to show that the feturned Solution s on < gs;ea‘m\ Spacsifier

We  Tirst  bound  *the  number of  nonzero scalars.

Claim  \With peobability ot leact o8, 1F| = 0Cnlogn [

™ . ™ C A m
(oo The oxpected  value  ig E[\\i\] = = Pr (vecdor 1 3¢ in ¥ )= E (\~(\‘Pﬂ ) < E‘ (\~([~CF;§j: C'TE; P

=1 )

which  can  alse  be  Seen b\a 6 union bound -

"~ o

VM3

m m m T L m
Note that E‘P; = H\J;Ht = E Vivi = E\ Eolviw) = Ti\ teluu )= tr K?\;\VN[TB =tr(Tn) = n whaere

i

&((A\: ?{3\35 ond  we use the ‘FMJ( that —c (AB)= %FKEAB (Cor DUFRU(\AQ check that \/TV:JCVLU\}T))_

il

Theretoce,  E[|F] Cz\p;t Cn = 6hkog“/<zl. The result follows From  Markou's Tnzg%hfa. a

i

Motrix  Chernofd  bound

There ¢ on elegant 3u\arqh‘$oﬁgiu“ of the Chernoff- Hoeffding bound to  the matrix Setting.

“Theorem QTrowﬂ Let X ... Xg be independent , nxn E\jmm@vr‘xg matrices it 03 ¥y R RT .

WM

Let Mrn T 2 . EOXY 2 o I Foc oy ¢ eTo,v),
— 9_1“ Pmax
> (Hiﬁﬂmﬁ S ne B

?V‘ Q )\mmx (‘ —7\;

\

- S5 Rmin

X))
Pr ( >\‘m’\r\(}§:\y]> = UJJ/*"‘T“B S ne >
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Note thet Tt 15 almost an exact anc«(o& D\L the  Checnoff- Hoa\%‘mg bound.  In the Sealar casa bg us‘m!
the  madimum Jngqwzx(WL ands mintmum legux\mhu, Ho meosure  the “ghﬁm" e{— a matrix.
Tt Sat:\s that 3f  we consider the gum ef \\V\oLl\ymndﬁgr\'f Yandom matiees | whece  2ach wetix s wnot

Too \\brg/?mﬁluenkia{ Y, then the Qum S Concentrated afound. the 2¢pectotion  Tn tarms of the e?ger\vduzg

Concentrotion

The Prco{» thal  our <elution Vs an %kg?eﬁraxt ?Pari?ﬁer s a direct QP?IT@TIM nf the motix Chernoft bound.

The voandow Variables ore XT,‘C = RS with ?ro‘oab\(\%a FTZIlVilll , Lo vattor 1 i toration t.
) otheruwise
< "
Nete that the DLd‘Pu\Y nf the D\,tjb('l-tL\N\ ¢ S-= Z\E‘ X3t .
[ C m <, (& m Ry 4l —
R - > . _ bl Vivy - 5 ViV B > A
As discussed bqﬁ)”\) E[g] E::\ =y E[XM&U a }11 T Cps P E;t e < - T:l\/ Vi L

o, the xpected value 1s orrect L with }AmaXr}AM»\,\:i in this problem .

To qpyl\a the mateix  Chernoff bound . we  just need  to find o bound for R 9o that Xyt 2RI

T T
Vi Vivi v NN N
Note that X‘]/t = Co = i = JQ— mb@?—vﬂ . This s o vonk one matrix o+ a unmt vector .
Vi \
andk so tha  moximum ﬁtgenmlu IS ‘)uit JE Cwith the Onl% elpenvector be\mg ol ) o S, R=Eg

Eb Trow's theovem ,  wa ge% Pr( >\m®< () = \+CL> < he#ch% = n Qﬁﬂngh = Jh— _ ag C= Q\bjw/ %L»

The lbwer tail Aollows similacly .

Co, with p(omumé at least 1= we haus A () 2 162 and Amin () 21-4 . and %o
(-T2 C 2T . Fru\fv/\g that our  Qolutlon S is an T~ Spectral  Sparsifier of I, .

%‘{k oo union bound, W krow that an © -Spedtral SFQNT{TU with OLntogn/ii) edpes aast . and

Indeed the yvoandom SQW\PII\V\S a\goﬂﬁnm WL Succged  With %Ig% F(O&m\:t(cfgl Prov?ng the theifem .

Discussions
There ace o few H\ingg +o  disess about.
O By Considering this linear algebrale genecaliation of cut sparsification.  we have o clean and
argmw% 2imple ono% 0\5 the resutt of  Bencaur and \<argzr,
A subseguent amagin g Cesult bp& Batson, Spielman and Srivastava Droves thot every 3”\\;\\ hag
an ¢ - specteal  Spacsifier  with oln/H edpes | which s best possible
We dont Lnow of an altemative ( Combinatorial ) Pa’w+ o achleve +the Qame  bound  eyaen qcbf
cut  approximator (o special Case ).

Thic  linear mgem:c Perspective  Seems Yo be the Covrect way fo look at +the Pro‘o(zm_
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@ The

SQMPNAS ?ro%ml;?\fﬁa Pe

XS d\\rubha Pro?wﬁm\a\ To the eoffective veststanw ojr +he 2dge
Recal that  pe = luely = ULbbelll = bolg be - let e=uy
3 BN
Uote that Léf be s a Colwtion % Lo LqY:B . Which

s the Pofrud‘"\ al

ve ctor q> o{—

SQV\% %rvm w to V.

the electical {low \;mELQm when one wat  of eletteical flow s

Then . bJL(:\bt = \a;r?; = dW-p) T juse the  definition of Roegp (wv)

Se. the Sam?\?hg a\(fodﬂ\m works 19% Sarmpling each @LSQ with PrnEaL?(C\LS Prnport[ono\l to its offective

Cesistance , o Somewhal Surprising  app lication »f  this Concept -

@ There 18 a hQa(\% hear  time a[goﬂthm tTo esfimate the Q—Hacﬁ\/z esl stonees c]ﬁ all tdﬂgas

The maia tools are & near lincar {ime a\goriﬂm to  golve o Lqp(aalw

Eﬂ&tnm ol ec%mﬁong
C anothey brmk‘@\(ougk Vesult bua gp?@lmay\ and TEAgv

and also  Aimension Y eduction.

R, we  have a  near linear +Hime (‘(‘Qr\d\bw\‘\‘sca\b a\goriﬂ\m +for Qwﬁrucﬁng Q’Ped‘ml SPar‘sTﬁars,

@ The analysis »f  the yvandom &M\?WS Mguﬂtl«m s tight

Tn o complete grqw\, the @ffecttive resistonce ot very gL 1S the Came , as the gm\ﬂ\ NS %\AW\W&THQ,
So, the Yandom SD\W\?UV\S D\Lgc(\lt\/\w\ b O Corvx?\e{‘z j(a?]n s Smgt the bu\\rfcrm SQMF“(\J

&[goth%w.
Tt \«)Dh“t work  with

An b% o \\Qou?m collector 7 Qrgumant +hat

DQY\Lth /€ edyes (sea Hw2)

PQ&Q(QI\C@S

QPTUMQH ond gr‘wvaﬁ{,\m) CTFapk Spqrs?ﬁmron b% aHad'WL vecistancd , 2003

. Spielman. and Srivastava

Botsan

Tuwice - Ramaﬂqjan Qqus?{Iers . 200Y.

_ Lecture notes b% Ntck vaela on Tre?\)'s IAQ%M(?%H and Spadrq[ Spg(s\\f?mﬁow
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