CS 466/ 666 f'\lsorithm Deslgn and  Analysis . Spﬁna 2020
lecture 15 : TElectrical networks
We present  Gome boade vesults  abouk electrical flows and i’-H{d]\/& (esistances.

Then we Show o conmection to amtmm& commite Gme  and  (over  time of  Yanolom walks n wndirected ngM_

Electrical flows

An  electrical network 1 an  undirected L\V“FL‘ . whete  each edpe @ s a vesister with regystance 7
The electrical  Tlow Th o thate  netwerks  are Qousrned \mg two vules -
k?rd\%cﬁk law the Sum of Tncuwﬁmg cureents i Q%wm\ +to the Sum s%- Dufgo‘mg Curcents .
_Ohwms law  * thee 2dsts a \/uttmgz vector (b=\/9ﬂ< Such that d%“bu: fov Tuy . Whare \CM IS
the electrical flow oevocs <the Qdﬁa v Lowhich TS positive  in the forwacd  dlicection

and. v\onﬁ\/a In the backward oljrection .

2 6. 2.
3 \3 \c)
Fb( Q)(U\m?\g/ considey thic hetwork ¢ ’—‘\4;—1_’,1*@—* Py —f\ ’—@@—ﬁ Py —f\
o b
=0 e NI gL

1% one Ompece s Injuud Inte € and one ampece 1S temoved Trom T . than +he Volfagqes ot the

nedes and the Currents oh  the fOstect  are Shoun 1n  The ¥T&mrt on  tha vight

The {iest qg\us’t?OW Teo: hou o compute  the electrical Flow of on electrical  metwork ?
We will show +that this can ba done bkg gs\u‘mdp o gﬂshm a\ﬁ [Tn2ac Q%Mmﬁm\&

Before weo Show that o we fiest set up  Seme notation '*Fo( the modrix formmto\ﬁoa c{ +he Prcblxm.

Nofation

Let G=(0E) be the Underlying whdirected 3ra?h of the electrical network . with =iVl ond  me=1ED

et 4>QKH ba the vedvr of potentials  at  vertices-

Lot LCum)  be +he Curvent {(ow?ng /Ercm veerkar W te vartex v on On ngt wv .

This s a  dicected %Aanﬁfn; and  we define {—L\/)LQZ-\CUA,\/).

Qo, wa interpret  pocitive fluwd ac the FTlaw going forward from W to v, ond nepative §oing  backward

et Lem™ b the vector of  cucrents ‘F(Dw\mg over the sdgeS | where  eoch 2df 2= (u,v) cnha appancs
one  as Fluw)  where ey (asouming the 5 an ordering of  the verticas ) |

Let We = l/re Yo the bQUY\d\(ACEO\V\ULU ‘DJ’V QJ\KQ Q.
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Meatel x or mulafion

The Ohms  law €h‘§of‘(.ls that ’V‘Lu‘uj = M = W (¢(“3‘¢(U)>~

YKA.\/

To cee 4he Kirchhefls  law . %cst congider  on vertex \which 1< nst o Sowce nor & Sink , then the total

3, ol_, 0 23 ©
°<> s s ~ Lo
nceming fhw  chowld be foual to the total oulgoing  Llow - 7S, @ °
S % g g oﬁ ‘l a@ o,
Since  Flud=-Fw) |, this s 2quivalert o that the total outgoin g Llow ¢ Q%uW\ to gero, ta uim:\c(\/ud:O.
IWWEER

More %znuau\a, e bu be the it of curvent s w\njetﬁr\g inte . e by s Pog?{l\/g for o Source
negotive doc o Sink L, and =ers for other Veetices.

Then . the Kirchhoffs law  enforcee  that b %L\/\D: Bv,

wryuwes

Cum‘o‘m?y\g with O}WYV\’S law . this S}VLS b\J = ’FLVUA = pu - Whu( ¢LU3“¢(‘*>> = dQ&WQV\(@(\’) ’ﬁu&EWuv (FUD%

U vuwer VXV

whero d\@&WL\/\:MEV&E Wuy 18 the  waighted deqree o& vertex v

> i
Notice  that when wuu=l o all edpes wv ., this can be  wdtten os b=Ld whae L is the Lm?[adan matvix -

~Wwy wx v
More sz(o\uj’ lex L be +the wzlgh%ui LQPMQ\M moatiX whe e L ¥S\ £
Uyv —
> deg ) uw=v
&)6?{ i the voltage veckee  and  beR' ¢ the Cdemand” vector

Then, Sq&?sﬂhg Ohws law  ond  Kiechhoffs law  on Query edge ond every varlex  can bs CﬂMPmc}(x&

R > >
witten  ag Led=5b.

Qﬂm%w

>
To CDMFWYL LP, W ‘Jus% need ‘o Solve LO\PLM}W\ Sgﬁﬁw\ D{ lineac Z%zmtions.

This can czrto\m\xa boe Solued in O(RY time ms?ng Gaussrm\ elimination. but 1t s now kaown that this Can

be Solved v rear<lineac time . HOFLJ;MM& we WAL have fime ‘o vscuss This  in Some Oleten! (ater.

Peoudo —inverce of 4 mata ond  the et of all solutions +o Lx=b.

Notice that L ic not of Afull vrank. and So 1t 7< not Thvertible.
Put if we ostume without vss ef Szmm[?%g thot the 3(&FL\ ¢ Connected . +then we know Wcrmv\ Ly
>
4+ hat hmll%\mct(mti_ S oas st puggTle t+o characterize the Ret of all  Soluwtions .

n —
ot YER" ownd we wWetke X= ECT\/; where 3 ic an orfhontrmal bagis  of elpenvecors of L with v,=1

n >
Than Ly = TE Cixvy = =, Q3R vy as A=o L, oand 3o Ly TS &\waﬁs \)arpzhd]u«\ar to 1.
. . )
s for Lx=b to  have o Solution , 1t ¢ Y\!LCSLSSQ(\(/B that b ic \)afPer\ohcu(ar to T
Observe that +his s atwmﬁ satisfied  n the electrical {low PrOHJZW\ .oas viev by=0 becawse tho total

Cusvente \ﬁjﬁﬁ@& to the alectyical  network (g e%wxl to the fotal cCurrents Yemoved %row\ the netuwork

9
On tha other hand . & 18 Sufficient Hor b11 @ +that l'x=h hoas o  Solution-
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n
To Qee +hig | ‘WC bi1 . then b coan beo W e vtten ol b= EI (CRAVA ’GOV Somae 0\1,0\;,.‘,()“6“{‘

2 o 2 2 @ P 3
! - v N = —_ s = VR = SN\ —
Now/ note that X = Ei )\\\Vi Sodisdies Lx= L( TZ:LT‘,VKB Toy A Lv; = T;()\\V‘\ T:LO\‘\/‘ =L
n n q\
The linzac T(m\s&wma&ior\ to map \9:2 Qv He X = & == Can  be  witten  as WCDHOWS.
[N = A
i S
Dedine  the  _pseudo-invecse L* of L ag U = ‘2 ]V?ViT .
Y R L S ) - S .
Then L'k ?K\El I \/7\11T>(Elo\‘\/x> = "\:51 oV by the ortkm\orw\o\\i&\a of V..., Ug
~ ~ \ T LT
In genecal . the pseudo-invacse ot o real Symmet it mabnx Lo ¢ defined  as s NPT L whaere

A ore the z?gm\//x\ws ajy L ond  +the Vi Aform an orthonormal beasic of @ genvectors.

L+ mops cw\g Vector b in the ro\r\gt 0{‘ Lt the w\\%m vector X cuch that  Lx=b ond XL kUV\U(L\).
And  The set a‘% all  golutione gmt\sf&mg Lx=b s 'R Lj\o + \é \ ge k‘l(“d CL)ﬂé.

N

Tn the electrical flow problem on a  Connected graph , Lt maps  ony veckor b Ll to the wnigue  vector
> . 1 2

X Suth that Lx=b oand X171 , awd the et of all Colutions for Ix=b i &watcl \CGR .

QO/ the set s% all golutions +o Lx=b g juuﬁt Q \\SHT{t// c‘f L+L;-

In })artxmla(, Ehis Mmeans  that  there t¢ a uu\\\%uq wlukion to  Lx=b with Xy =0 J'For instance .

COW\{Z u&MS electrical  flows

Once wa  hove QDM\;VKLIL the \)ol‘to\gu‘ than £ ¢ Q&Sg o Lom\;u&L he Plows . 1-e. —%Lu,vﬁtmwv(¢(m\f¢fv>).

et ¢ witte down &  matrix {»wmmkmﬁun jcor our digCus¢ion  later.

Let B bz an num mariix whece  each  Column bz aSsociated to an 2dge xtij,mkera be  hag  +1

+tha -th {v\‘cr\é and ~1  in the Jth evﬁrrﬂ oand 2ef0  otherwise .

Let W be the  wxm &\Tagom}\\ wokx  where \J\JL‘&:\UL . Where Wo 1S  the conductance o{» Qd&& e

- T
Then , 1t g Qohs% to Check that { = WR (P .

Note £hat L = P2 \“1\91\7;: @\/\JET.

ReE

> >
S, b= Ld; = Ew@T@ = \%—Q _ which con alewe be checked O/Uruﬂa —From the definition

Effective  resistonce

Thic is an ‘mtgrasﬁng Concepl That comes up in diffecent ploces.

The effetive vesistance  between wvertices 9 and t 35 defined os  H - D) when one  wnid Dqﬁ

glectcical Flow Yo gent From ¢ to T

Tor  axample 2 2 3
A fors b= foe=¢

R’ur'? s t)= %
—_ 1 @*E—\

b=t ©— T 3 ——® -

® \;:S ® |

Yasistev

Cbt:D
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H

besy = ® % o

Yasistev

—
d>C:D

2z
s

We con think of T+ ag the vesistonce  botween @ and t whan the whole

network 0l a S?n&;m Cesictor.

Wa denste  the ffective  cesictance ‘Dk% EQH(S,%\-

To  Compute Ragp (o) - Liesk we Compute  the veltage vecter of an wmt electrical Llow feom ¢ 4 T

=
\%ﬂ the matoix formulation, thic Vs the solution o L{)t bop |, whece bgt s the wyector with ¥l in the

< -th lntra ondk —| tn the +-th %Aer&,

%
So. B= Uthse. ond Tef 0= d-60 = begl b

Once  we  hawve LJ(, we coan  compwte p\zﬁ o) {ND( all  wy eo\s‘\\\é‘

Er\G\"gg(

This s on \\m?wTo\n\' concept obout electrical  Llows.

Recall \%{-Om ?k\&g“gs thot the Qhﬂ.r%\é df\gsTPa&gﬂ\ In o Yestskor  netork  With  elect ol 'FLDU %Lu,\/} Yu,u s

= 2
defined oc  €CE):= wi&E L

X pA
Note that Q(‘?) = UE*E —@QMJ\Q Tuy = \AET; ((b(M%bLUS} /ru\l = LE&? Wuw NDW\““PL“B‘ = ¢T( = wuvbMV 5‘7\1)(? = ¢TL¢ .

PNV =8
Intwt'\uua, W owe think  of  +he  whie network  as one resictor of vesctance R%Qs&§ fom ¢ w t

then  Regt (2D = CoHeH-dE) /{(e,ﬂ = Q(?) £ s o one-umt electrtical flow feom ¢ to €

Thic can  be  proved \Cwma\\g o Reff (s = b;Lﬁ bey = (L@TL%(LCI)} = q>TLL+l,q¥ = (bTLq# = EC{?}) as

RS eosy to um&u(\ that LJL: L.

To QW\MM\SQ) the e—ﬁqdive (esistance between 3 and t is  the em(gk& ofr the one-unit St 2lectyical wchm.

Theocem QTkow\?son's ‘F(‘u\c\\?\9_> QQH ) < %(?3 {br Qr\g one-unt S,J(~]ELM %

-
, and. § be the QormsPov\dTng \/ok“mge Vector

>

Proot  Lef £ be +the one unit s-t electrical foow

5 N
Consider 87%*&1

> =
Ns both ”G m% Sq%ls%n Llow  Consecvotlon  Congtroadts . 1 con ba checked that \2% ?E%i bsb =

as  the v-th entry of Ei s Zﬁgﬁ—gm,mM 2 Clwuwy) = L}EU&E (w,uY = b () |
wveE WV ER

v —
Th C=RB(L-9)=0, wn Pmpli « > = _
I z(e’%ore, RC £ \ which  implies  that e clwv,w) = 0 Lor all v

5y = X - T Y Ll S
Co. 213) e T gl ep, (- (A wn+ ctnu)y

= X Coon {»Lu,\hi T2 X

2
Yun —Qw}v} L)+ 2 Yegu Cla)
LU ER UuET wée

>
Observe thot the Lk taem 3¢ QL—Q)) and. the last term s Ppositive S

7s

oy
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Hence | we will complate the P(oo%

that €(3?> > E(_J?) \ota Q}'\ow?r\j +that +the mdddle ftem s

T 2eY0 |
To See this | EE Yuu L) cluyd = REE Cdlur- $ud) eluwd bca Ohms aw
= M\EE ( Pl clu) + P CL\J,\,QS
= L dw T Clun) = o
we V=wueR a
_Rewark: This P{oo‘(; s elemantary  but ?uqus nsl  as 'ly\gighﬂ\,q.
There s an  alternative \Fwa+ bosed on  CoOnvex oF‘rim‘\soﬁ\nr\
The 2necoy J%W\CUD“ 'S Comvex  and It 3¢ mrv\\m?gaa\ whea  the &(WMNV ol the Lagfanjum S 28010,
TR Qiues @ short  proof  of the T‘nnm\»mk Pr‘mdPu,
Effective  resistance  as  distance
et wus bu,é +o gzt more.  Inftuition  about «’Jﬁﬁdﬂvt resistonces.
The RQ%LUSL\'S mono%en‘,art% Pv‘mc‘\pu oy thot +he gHed[v( vasistance  comnot  decrease \\{ we  Increase
thae resistance o£ Some ed&Q
‘ BN ~ \_>/ 2
T haorem (Rma\ugk\s ‘{vwr\c‘tbmu‘ﬁ& ?fmd\?\L) [KRw Y 2Y7 be the {ecistances

Then , RLH—?/ A 2 Riﬁ*iﬁg,f) B

. -
whece QLH?(g/t) denotes  the effective Cesistance given vesistances Y.

Yoo Recall  thoat RegrpCotd is equal to the enerqy  of the electiical  flow T2 ().
.y > > >
Co. to prove the theorewm, we need to Prove that Q?,Cjﬂ\ Z Cc?(fr)/ wheee £ and +7 are
the electrical flow wnder resistonces ¥ and ¥
’ | 9/ =~
TD Cag fb\‘\%, Not e Jtha‘% Ef/is) 2 %? (‘?) as T zY
I —_ /
z <D as f minimiges €nergy by the  Thompsent peinciple.
Ir\tulfkva\j, W there s a ghort poth  between S and t. then the &ffetiva Tesitane  befwesn ¢ ond t 15 small
Also. " theare oce  wore dx\\SSo\n\’ Po\ﬂr\s between S and £ . then the offective  fedstance s 2maller
We con Wwse  the Raﬁmgl\’g mm\ctm\dtg Pr‘map\a o gve @ bound on  the effective vesictance .

Cloim ".HC thete  ofe k eo\go.wzﬁsgu‘mf

~Then &

Reft (s) e . ocsum

(oo

PO&T\’\S -%rom 3 to + 2ach O’]’\ LIZV\J;‘\TL\ at most ,Q

" that the reistonce on each Qc)\gz 1S one .

Tnceease the vesistancec o{ all  othac Qq\gm ‘o }rqf‘\rﬁt\g Corf. z%@munﬂ\ﬁ)

delete all other edges),

R‘(’! tha Ymme%on\\dtté p(‘w\(:\F\z/ the effekive fesistonce of the rrzsmﬁv\j: network.  Could ot be smaller

andk 1t s at west K/Q b?} direck  Caleulation . o
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Tffetive  vedistances P(ov\d@_ ow alternative woy to measuce  the distane ol dwo redec 0 a grQPL\)

Sometimes  more  wSeful than the Treditienal chorest path  distance

Tor instonce , one could use the SL%QQL‘CI\/L cesistance. ot distances o VoLzzv\ﬁqQZ clustescs ™ o Sectal vetwork .

As o Sm\TJna check.  effective

(eciStonces So\t‘\sfg thae fr\«ang(k Yﬂe%mallti‘
Cloim Q{\L{ Qo\)\o) + Rlﬁ» (b, = RL{% Cae) ‘%DC meﬂ O.JBJQQ\/.
- >
(oo Lot Cba/b 4@&;‘; , ¢Q)Q be the \Jowkgﬁ vectors o{ the one—unit 2lectriaal \c(ou ’EFOW\ a te b, b to .
and a to < {Qgs?ed‘\\/@(i.
> > -
Then gba,\g = L*(’XQJ\(\D) , Q)a,;- JUX&F%J . ond QDg,c:lj(’X\g»%C) sowhace X5 eR" i

the vecter with

1 3a the -th Qﬂfré ondk  2eco  otheruise

-

= + + B + B >
NS Doy T Dhe = Ul + Lxp-%d = U (xe- %) = Pae.

TP T T
Thus | Rq§§ o, )= (%a- %) li)zx,g = (%a~%) (()% + (Ma-%eD QS\]’L.

S > - - S ) > -
Note that (Yo~ XC\T Gar = Dapt@) = Dope) € oy - ap (B ac Gapla)2 b2 $a,k) e,

-2
= (A= Pan = Retbla,b).

QTmﬁlw\n, the <ewond Term g ot muk RL{{_(E,C) . ond hence +he claim follows . o

Th the {_Dk\nw\\r\g, we Wil tolk  abowk  the Connecklon  betuween effective  vasistonces  ond L\W“t?r\j times
wWhich Wil %T\/Q_ Quen moce  Intuwitiont  about mg?ng 2dfective  vesistonces as  distonces.

Random walks on undicected g(m‘;ks

In an undrected YM\PL‘ the tyansiEion Prahah\lﬁg P‘N = \/O((\O Y wv e\J.

The Mackou chawm s \l(ro.d\m'\\yla\ \\% tho g{a\?k 1 Connected .

A\Sn, Tt ocom be checded  that

the Mackou chain i apeciodic - and onlu& if  the SrﬂPl\ iS nin- bipactite,

t
a8  on odd Q\:\dg can be used to show that QPMQ >0 for a (qrgt ehuw\g\'\ t for any wve V.

Ugmg the Sama ?‘(oar(r - XN ‘kk\D_ Eu\ir?&v\ okN\ﬁL(_J“LOk 3YHFL\§ R

to3s Rasy to check that Ty = AW /am i a

g’mﬁmmj distvibution, So we have The fclﬁow’w\i{ theorem \amm +he —Fumda.mwﬁo«[ theorem 0\[ Mackoy <hains.

Thescem Tor cxn:s Connectad Y\DmuL\\Pp\(f\\‘tL wundirected SVAFL\ . A vondom walk Wl Coh\/arge to  the
disttbution Ty, = Ay [am

\rmga\cd(g;s of the Initial  disteibution, wherse m=E(].

Next, wa are interested  in g%u&t\\y\g the fcl(awmg Qbukar\t\tles i

® HTt—ﬁhg Time My

’

@ Commute —time levi %u,\l+ l'\vjw ;
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@ Cover <Tlme : +he Pirst

Lime whan  all veqtices ove visited ol least once.

@ MT\(‘\MS time ¢ how {o@t the  Candom  walk Cmvargu t the w\?%um klm{Ting cisteibution.

TvﬁaféSt?ﬂghé, there ove Close  Connedtions  Yhetween The %uant\hes @-@ ond  The Cm\cthS n eledrical networks.

Theocem For any two  Vecticel ¢ ondk t, the commute time Cgt = 2m RQH (e, %) whaere M:\E(Gﬂ.

Prba§ Rot«gk\\a gF(a\dr\j . the onojr goes h\g Sb\ww}nj that  the “two Quewntities So\{\s{% the Same set of a%mﬂnn:

Fiest, lets wovk owt the ¢ouctions for hittiap times
% $

|
Neote that Mot = 3o E\M&ELHL\WQ For ony veV-t L with hy=oo

This s eqﬁunlo\\ent “to dv) = dwd hy, — E‘—\még hoe = \}Vw&E Choe - hoe ) Lov veVu-t.

Obgerve that this ¢ QSSCr\th\\La Q L&Ww@m g\agmm of  Uineoc Q%Mxﬁm&

To cee this. consider the electeical £lhw problem  Whee we Injedt de) units of currents +o  each

vel—t omd  Cemove  2m— Ad)  wnits o{f Curcents  yom T
Lot due b2 the veltage at v In this electrical flow  with Qe =0-

Than _ we  would  like to claim  that Due  and hyr  Would Satisty the Some eguations.

Tn this electrical —GLB\N . we have dxCUS = \,u?\/we“(—_ 'F(uw) = \'VE\IJCTE ((P\H\— - C:Pwtj

bg Dhms Lq\,\),{—or vel-t.

.,>
\ gt by be the domand Vector with btt\ﬂ:dw) {u( vel-t ond \ot(%§: —2m+ Adlt) |

> >
|k C?l bae <the vecter wuith Cbtku\:qgut_

5> > >
Then . the values (bvt gmﬁsf(a “he La\;\ado\n Sﬂstim Lot = bt with q;ttt) =0,

1> >
Cince &G is Connected, we know that the Set of Solutiens s SL\%%QL lceﬁ\%.

o, there s o unigue  Lolution wWith Qee=o -

Sinee ]"V't also gmﬁsﬂ 4he Come St of Q%wxﬁons With  hee=o L oWe wmwst have CZS% :L\\,J‘.

5> 0> > >
o, we alse have  Lhe=be | whee  he s o vector  with he (W)= hye Yo

>

gim‘\(a(\i, let b be the domand Vedor with bilW=dw) e yveU-t and \gsb) = -2m + dCsd
- > . > ™

Then . ae aboues lek hg be the h\ﬁ‘mg Lime  vector  with heW=hyo and hs@=hsg = O.

> 5 0>
Then. hg 18 +he unigue Solution  to Lhe = bg  with

s hS,S:Q
Now. L(?JC"\?S): \ic“bz :1m((xs¥f}<t§ . omd So nyfﬂ/lm: L*Q’Xg»’kt\A
S %E\Cic ﬁSB

s the \Jottagg vaector  when one unit  of electrical Llow Is sent \Cmm < to +.

> > i - > = C
Then, Reg (o) = (Ao~ ) (= (Re—hs )> = 41;\ Chetoy —hedr - heto + W) = =25 Cheg + hee) = %; .

Once we have @stablished the connection <o

electrical metworks. we Con wse these ideas to  decive  bounds
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CD \'ouar‘;

For oy QCJ\SQ wet. C,, $2m.

Yoo Tha \)cﬁaga difference  between W and V  is  at moest one in a one-unit £low W‘g Ohm's Lom\]
Theotem The  cover time of o connectad Sfa\ﬁ\ S ot moest 1mln-1) {ajo\(d\\zm of the g‘m(tm& Vertex
PHO& Let T be a Spmvﬁng tree a{ G
Considec o \walk that ]oes 'Unrmgb\ T whare 2ach Qo\&{ in T s teonsuelted once in each  okifection

Then this is a  walk that Wgts

So, the cover time is  bownded bt} ‘the expected  length ol this walk,

which Ts  at  most U\?QT C }\u\v_*'}\uu\\ = \,:i

where Ane  (ast Meqﬁumkﬁz /gcuowj <F(aw\ the (‘,D(Q(\q(\g,

D

-0

eurry vectex ot \east once.

(

¢ Y
e Cuy Cn-O-2m

0
Fmr 't]v\t CDMPkﬁL Sraﬂ\ with n o vertices . 'U'\L Cove {-ime_ 15N O(Y\Loir\v QWl/\uA ?.3 > \omt fL’\L O\\b()vL 8\(\/15 O(Y\é)
The 'Eotkaw‘mg I8 much better estimate  of  the cover time.
Theotem  Lebt RIE) = max Ry, be +the rvesistance diometec ond CC&) bo the Cuwocst) cover time of G
Then,  m-RG) ¢ €lE) € LemRE) Qan * i
Proo& Let RCEY = Ruy . Thew we know thot 2mRuy = Coy = hoo * \ﬂ\,w-

Thevefore ,

For the upper bound . note that
Qo, § the (ondom walk  Tuns For
Probakiliky ok most /o3
L the rondom walk yups 4oe  2e

\%\3 wnion  bound . Seme  veetex  ig

\When this happens . woe just use
Com\a‘wﬂh&/ we have c(g) < Q\*\T\ﬂ
Grcaph Conr\u.t'w‘\‘hg

Tf we wowk to Test  Whebhar thera s

3
A fandom walk with  2m Stz?s

Qince *the cover Kime s ot wost :

This Q\gu(\ﬂ«m onla needs +o wse O(Long Spacz.  and st

r\)

Cly) 2 wax -rhw,,\r\w\”g Zz Cw /2 = mBy, . hene the lower bound

the  maximum \n(tt‘u\% time 15 ot most 2m R(G) . fzgo\(dtzu of s&acﬁr\j vertex.
hed REG)  staps | bj Mar kous ‘\r\eatmm'h, o Nectey Ts  not couered  with
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