CS 466/ 666 P\lgot‘ithm Design and  Analysis . gpﬁna 2020
lectute |4 Hix‘mg time

We Cmd% cor\\/ugemm (ote  to +the Stoﬁt\onw% distribution  in  undirected Srlk\ﬂ\g us{hg SPECt(G\\ aﬂzx(%s‘d

Random walks in wndirected SQraphs

We  will prove the ’%mdamanto\\ theorem o\C Markoy chaing in the @Pma\ case ot wndirected &rc«Fhs
\LS\Y\S an m\&o_bmlc QFP(oack

?wthuw\wg, this qmwomck con be used o QAQL%SQ the m?xiv\g time of +the random walks.

Matrix  fo¢mulotion

let &=(V,8) be an undirected 3((1?1{\.

let Po ’ VS R be the mnitial disteibution , ie. PDL@ZD yuel and :%U pelu) = 1.

A Common gﬁb‘m% s we fart & rondom walk at  a gpedfic vertex 1, i which coase Po s the {-th unt vector
TIn ¢ach step of the (ondom walk. we move to o umﬁomt% randam r\eighbor of the current vertex.

let pe V2R be the Vrcbab'\h‘f\g distribution on the vertices after ¢ ateps of the randem walk.

Then.  Pylu)= \Emm) Pb\(")'ﬁx for all wel and for oll t71 . where dw) denctes the degree of vertex v.
et A be the c\d"jacuwé motrix ofy G. and D be the d\agarxal ngf@, matx whece Dy = A

_ . =
Then. the above linear Lguations  Con be writtea COMV”“HZ} os  ong  matnix Qﬂﬁuo\f\or\ Piay = AD Pe

SN
Thus. by o Simple Indwction. we have pt:(ADW Po

Qt‘atior\arg d.ist ribution

Recoall tThat o \)robmbﬂﬁz distri bution TV“\/9PK QA Stzﬁiov\mn digtribution ofy the vondom walk 1{ TV:U%D”)T)

Observe TL\q-t RERES on Q\‘gev\uenfbr o{— AD‘\ with QI&U\\IMWL 1T

Tn  undicaected, gmph@, there s o notucal @to»tiona(\é Adistribution  bated on  the dkiru o{ ver tices.

-

let d USER  be the vector with +the i-th entna ‘ota'w\j dey . and  wm= lEL

-
A
Cloim M= 3¢ & stoklonary  distribution  of the fondom walk.
@(oﬁ BEVERNS QO\SLA o check <hat ;%\j ww = 1
> -
-\ - a4 RS- _d
Also, we con check that T=(AD ). ac (AD)w= (ADD S = AL = 5 = T

Fundomentol theotem for wndifected gro\?h;
-

Doeg P+ 2 Sm  when t2oo no matter what is the initial  Aistribution Po ?

N ot nzussw\\a-
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1% the %(“Ph i< disconneded, then the  Aistribution Pr depends on  the itial  distribution |
2Q. Which Component does the Q%wt\‘ﬂg velfax beLnngs +o
Note thot onm  undirected imy% s tonnectzd L the Lof(‘eS?on&dn& Macrkov chain it (rreducible
TEuen it othe g(r,\Fh i Connhegcted, PJC moy not  be cor\uugm& to & Aisthbution.
Considec o comnected  bipactite Qraph.  If we stot from o verter on the left side of the bipartite
qeaph. then the Current verver  will be on the left side in even time stepe and  on the  right  <ide
M odd  time Skeps Q. Pe (s not Qar\ver&m&
Note +hat o Connected bipactite %(’W% 8 non-bipactite S§E the cormsFondm(g Mackou  chain s apeciedic.
Tt ftums ouk  that thece are  the onhﬁ obstactes. and we Wil ?ro\m the £0K0w‘\r\& Q\JQGQ\ Case e%

the fundamental Fheorem.

-
.TC
Theorem Tor any finite, connected. nonﬂb}?o\(fﬁa g(a?h : Pt:({—\b\) Psé‘i—m as *>oo \fa%wd\esg o Po

ngg Candom walks

We can (emove +he assumption of mnn«b\?mﬁtzn{g; E{ we  consider Q. s\i@\f\a modified — Process
Called. the (azy (andom  Walk ,  In which  we gﬁms at *the curcent wvectex with Frobabwut% \/1
Ond. move o QA mw‘&om\\:& Condom Y\eig}\\;or with P(obm\);\\h& /2

We con Sust think  of 1&3&3 (andom walks 0 add\‘mg o Self (oop on @ach wvertex to (emove Ferhd'\c\%g\

Moce \)(u\sah& P LW = A{ PeCud ¥ SR P (D ﬁ) Forc all weV ond all t2 (.

2 ueNuwD

Lo ANt
More Qom@a&(\ﬁ. Py = Q\’li * \1AD )P%,\ ool Ir\dudwa\ﬂ Py = Q;\{T * \’1’3“)\> Po

-
- o
Theocem For any finke  ond  connected graph | P,C:Ql—lTJr_\{AD\)tPOéTM as t>e0  veqardless o Po

Spectcal anolysis
Let W= AD" be the fondom wole wmatciy , ond Z=5T+5AD  pe the lazy  candom wwalk mmateix.
To gt\m% the Tbehavier of the rvepeated applicatiens of a  linza¢ 'thY\S\LOVTV\O»JNor\ Such as ?t:\uﬁpn,

wtoie Vz“f& useful to undecstand  the Lpectium ewﬁ N}

The wmatrix W s not Symmetric (but s ijmmefﬁc W the %mph NS d\,mgmar) » So & prion
we  do net know whether W has  veal eigenvalues and. on orthonormal basis of elgenvectors.

-\jb(’tu‘no\td\ﬁ, W s similac te o Symmetlc Matdx i w=R'AR Lo seme Cymmetic  matyix A
ondk thuse W has  yeal 2igenyalues

= o L Ea s
g\)zu%ico&\ﬂ, D>wWD = D*(AD )D> = D PAD :y%/ . the Y\Drmlﬂ\gld\ O\d}QCU\UA mateix o—% G,

g
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P
2

o\ -
ond. So W= D HD

L emmo W oand & hove the Soame epectrum =, 2R.2 . 2 xpy 2 -\
{00 et w22 . 2dn be the elgenvalues of A . with ch(u'[:ond‘xnﬂ orthonormal aigu\vzdors NEATURAVIN
We know dvom  L13 that V2o, ond oy oz -l
+ N
Nete that W=D >v; s an e\gzr\vedo( o{ W with eigenvelue ;| because

- O -4 L e -1 A A
Wu, = (ADDI(D*V) = AD*v; = D (D7AD Mv; = Dlﬁé(v; = DTV S Kug
Qe UyseL U o002 linearly independent ond DT s of Lull Tank  when the g{a\ﬂﬂ 75 Connected .

Uy, U afe alse Lineacly  ind2peadent . and Hhus the Spedrum of W s Azhazooz o, g

Tdea

We ilusteate  the tdem of the gspectro| analysis  in the Simpler Setﬁn& when W hag (el Qiganummag
oL 2 a2 o Zohg with ofthonorma] e‘\gu\\mdors VioVa. .. L Vy Cncte that 3t hawe,\g when C: S (@gu\w),

We W2 po = U+ ¥ CaVn . a lingar Combination of the elgenvectars

Then \,f\)o: Q‘ut\\/\ +0a i, At c,\o(;C Vo o Whete o 202 .2 &fe eigenvolues of

We know that o=\

Also, we ¥now that odo<l W and or\% i€ G s connected

TFucthermore, We know that oy >-\ of omd Dr\l\;{\ Ry G e non-bipactite CHw 4)

Ugmg these Connections  betwean zigenmlmes and, combinatevial P(opuﬂes, we can conclude that when & s
Connected  ond nen-bipartite . then \,\]JCPO = VY, s Tt  because U\{téb for 2€7¢n as Ly,

This prouves thet there 15 & umiabm Uwﬁ't‘u\& distcbution  when & s connected  and ﬂu‘mbi&m(ﬁtl

To analyze the Convecqente (ate . let A= Y‘n’\r\g\\fokl . b(“+l7] be  the “Qpedm\ ng,/, we Can  Then

beund  +he mixing time  n terms o{v AN oin o pretty Natural \/\)QLA Gz, how 'Qo\g% 0\?9 03_

Torc \%u[\ Comdom walks,  the spectoum o{ Z s Sa) 2.2 AQUMMQ 20, W "o r\zga‘xi\/e_ mgev\\/a\\ms
W 4 ~ V- ta
Then, the SP&LTPM Qap ¢ ogwst o N = >y L which 38 velated to ~*he &mp% cond.uctonce t}\rougb\

QL\QQSQ(’S ir\Q%uoﬂiJrv&_ ond. 86 we  Can Contlude that the layg Candom walk o{— Bn exponder %mw\ Converges aﬁmck\\ﬁ,
Tno gentcal - W does not  have an  ofthonormal  bosis of  eigenvectors . but we will ogain use the fact that

W 1S Siwileg to \ﬂ( and \%/ hac on ofthonormal bHosis o{ Ugawutom to QaHuA ot the w\a\\&gis,

Pfoo(; of +the Lundomental theorem for undicected 8[a¥h;
c A

We ara math to prove that for any Lintte - Connected Y\ehﬂol?mﬁ%z g\'a?}\ B Ft: Wpo @ oy Os +tom HPO
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let (=, 20,2 2 0n2-1 be the @g@;m/amas nJg F and Uy Vs, L Ve the cowaggmdm& ofthonotmal z:gszutors.

K _Lat -1
Weite  Wpe = QD BV Po = DA D "Po

=L
To toke aduantoge  of  the  orthonormal basis o z?gew@mﬂs ot K. we wiite Diyozc\\/ﬁr.wcv\\fh

Lot ok Loel Lok 5 J L
Then. Wpe= D& D op, = DrAT(Z o) = P (X coiu) = ¢paly ¢ ety

=2

Recall that a,=1 . o,¢1 When & is connetted , and  o&p >=1 when & 1is V\on'b‘\qu&Kg
This  mplies thot lsl< |t for 2¢ien . aad 20 o(f»o as  towo .

L
Hence, \AJYPE,% ¢D v, as t3® - This thews thet the Candom walk has a unigue lim'»t“wi disteibution .

9
. a
Tt vremome to chek that ¢ D*v, =75n

A

>
Recall +that  ©>1 18 an @igeny actor o4 btk eigenvalue 1 Ceheck this).

P, v,= DL /ID5) ae lwi=t.

L 51 & .
P2 L A= 2m, e have = D

=1

Since 1D

Us‘w\& Vi Uy afe otthonormal  ond D TDe = GVt T Cvy . we howe

-5 .- 52 t
¢, = <D po,w¥= LD 7p, DT [Jom > = o <\>b,i> = Rom Q% Po i & probability  disteibution
L \ A R > a
Thetefore, ¢, D>y, = Tom 07 (v 1 /m\) = T;jy\ D1 = — oS desived.

This proves the 'gwxokamu\‘to\\ theore m ’{:t:( Un aYedted S(QP\“

The proof for the lD\BLA Candom walk version 1S essentially the same . with the Spectrum of Z being

- A
s(wad z oz 50D 20 and So  we on\j need to uce the fack thot o<t when & TS Connected

Couwk clovt need +o alsume Qr\\d‘c%‘mg about o) We leoave +the p{oof Qs on @xe(cige

Mixing  time
) 3
Wae would like +o  wundecstond  how %u\ ddﬂ \,\Jt Po Uwuga ¢ to T="3m

n
A clomdard  measuce  of the closenese 3¢ dgy (T Pe) :%E\\ LIGE Ftﬂj\ = %\\TgPt“’L

Definition The ilm\x'm& time ot the Yondem walk is  defined a¢  the Smallest L Such that

|- pell, < (egardless  of Po-

We il bound  the mixing time of the fandom wolk based on  the  gpectral SD\F//

Define  the spectral qap A= min % U=y, i‘\d“\lj , So that sl € 1-A Hfoc 2¢71<n.

Theof2m The €-mix r\& time O& Condom  Walk < upper bounded. b\& ’\X\ \Og K%) ,

n i
?(DD& We gtoct ’E‘Com P&\*\Ntk)o: o+ E} C;N#D’\/; in the proofy of the ffwwmmmta\ theorem  Oboue .
n 5 2 n >
o, Alp, - TYU: = 1\ DAi PNy Gm(;c\/'\ ul Sl DA{ l op \ ?;C”w[xxtvi\\) where 1l N\OP = mox 1A, ¢ the opecotor norm
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P(DOS We ghtoct %\"om \)%t\/\)TPO: T+ E} Cl“;‘ D>\ in  the prcoﬁ o% the ?M“&Qmant&\ theorem  oboue

2 n >

XN 5
So, HP&“ T\Ui = 1\ D> ElCaO(':C\/] ul <\ D*‘ I op \\ C Dht \\\1 where | N\O?»: mmxjm_x\\l 1s the cwroﬂo( norm
n .o .,
= dmox \\ Ele-\o(-\ \/*,\\3 whe(e dymx ¢ the maimum OLQKNQ in @
= 4o T b 1
max = ‘O(\ Qs V.- ,Vn ore ofthonorma
2 N > i
S dimox 1= >\\ \EIQ'\ (N [CRESEDN fo( 2<1<n
>t -4 > -4 il
S Ganox L1=N) \\DlPoul as D Po= \E‘C;\ﬂ ondk V... vn Q2 otthonormal
d b L o el gl
< ﬁ G- %) os 1D polly € 1D lop Hpolls = 35 %7\ dm“
Tt fullws ot Up- Ty ¢ Joma (nF 2 I GeN)” € Jnet

din
%% Q(mcké Cohwarz, 1l pe=T Ui < &T\ ! Pt*‘ﬁ\\l < f\e“)\t
T}\Q(afwa, when +t2 A{["& Q%’ , we have ?t“““l < ¢
“This implies thot when A= QWD) | +<hen the m‘m‘mg time  1s onk\é OQLDS%\), [o\gm'tﬂxmic in the gfa\ﬂn i‘%&
~
Tor Qxomple, when  the &my% < regu\o\f Cso  that ‘ﬁt%) ond. A= (1) , then we or\lg need  to

Simulate the (andom walk for O(ngnj steps  to Somple an  almet uniform  vertex {rmm the &m?%

Lasgé Condom Wolk

Whot gfmp\r\g have oo Constont Spectral &o\??

Tt ¢ 2osier to  omSwer  this g@ugblon b% C,m'\%\clzr\v\i kag\é (ondom wolks

The game mixing fime  Analygis works forlozy  Tandem  walks

The spectium Sor the logy  Yandem walk matex 6\ = Law) 2 Hlra) 2.0 2 NI
ond S0 the Spectral gap for layy candom walk s simply S lmda) = Shy
whete Xy Ts the econd Smallest  igenvalue  of the normalized  Laplacian matrix.

%L& U\wgu's ihwbuak‘ﬁtl:&, we kKnow that Ao 2 ¢Cﬁﬂl/1 Loom the hard  dicection .

Comu(mé The <- modng time o-f lo%% Condom  walk 1S upper  bounded bﬂ g(?ilog(%}

So. whentver o gfaph has  Constant  Conductance | then e know that the [aya vandom walk mixes in OUQSV\)

time, o eublingagr +time m\gc{\ﬂ\m +o genamta an  almest um]{orm gmm\;lk

This s o veey impoctont  cesult  or the analysis  of-  Markoy choins  omd the d»QSTgn of

fast fondom Smm?\mg o\\&a(‘\bhm

Random Samplinp
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One of the most lmPortm\T applications 0& vandom walks s to o’uzsign Fost Mjodt%ms {oc Yandom gam?[‘mj.

We st Awscuss  the vown deas  here without go\nS into  the odletals

Card shuffling

Wae have o deck o% $2 cords . Qur ool 1s o obtain oo Yandom Permmﬁm\ ofy the cacds L;_Sing s‘wFfQ D?Q(an;.
Lets soy in ey step  we pick o unform  fandom Card and put 't o the top of the deck .
0 Wil we et an almest un‘,{o(ml«a vondom  permutotion  f we fepeat this ctep fo( gd’ﬁclznﬂ% mony S’m?s%
® T 0. how mony Steps  ofe enough to guocantee an almest  Yandom ?Qmﬁaﬂmz,
Thece  Corcespond.  to  the %xrst two boatic %Mﬁ.\om of  Tondom walks in  this  Cpecific gqtmj
We can View thee s guestions  abowt  Yondom wolke o o bigper Yotate” Qraph. whera fach vectex
Cortesponds  to & permutation of the coard . omd  petmutation A hac o diracted edge o Permutation B }\C
Wae can obtain permutakion B \o\é mw\r\g one cafd v permutation & to the JroP.
o, we hove a State Rfaph  Wwith €2l ypekices and 2ok uertex  is of ‘rmiz&(m Yy ond outdegee $2
The Yandom Q%u{ﬂ‘\n& by the S mple 0\>0(M?or\ cmras\somis qudhé to o {ondem walk op thic tate Qraph-
Tt chowld be clear Chat @ Teywt e\gk‘m& whot s the Umtm& distribution  of  this  Condom walk, Ond
iadead  the vmi%m l\m\tin& distribukion s the  watform disteibution.
And @ s Just asking tha mixing Time  of thic Yondom walk , and thic 3¢ the xey question o mmhi\%q
With +this 3dea, one con then Study the pecformance  of  diffecent gm{-{m\g fules

For example . o Lomows  vesult ¢ 4hoat  Seven Steps o w

cHfle” Shuffling are enough  to S g ‘Chm&s up

Random perfect matckng  / Condlom Spanming  teee

Nou moy  wondec & fandom  permetotion s ot difticult to Renerata  onyway . buT  the raenl power of  this
method ¢ to Ao candom gam?lm& of Some complicated objects
Tor axample,  Con we generate oo Tandom \;eqﬂu\: mﬁdﬁng n oo §eoph eﬁmmlz\z
To do S0, We con try To defme Some  Simple  Yoandsm  walk omonp the mmmn&s of +he Rraph
(e-&, oadd on edge . delete on ed\ia ) %rd\ on o\ugment‘mg poth  of (2ngth theee . etc) .
Then, Show thot thefe it a Lm?%mq ('\m\ﬁng Aistiivution |, and  all perfect mahh‘mfs afe Q%MU% hkzkﬂ
This gtep i3 umat\% easy . The difficalt Step ¢ to prove that the Yandem walk Convecges c%uu‘ck(xﬂ‘
There ore  different methode  to  bound the LonverRence (ote . ond +this i a vast topic  with own  Taxtbosks .
Qome populac  metheds  Tnclude N Cou?\ir\gu, Sewond elgerwalue . and grogk Con ductance
Chu&ﬂ/& nequality s useful  hee too Commect Second Qigenvelve  to (i(m?k conductance.

A mﬂo{ fezult in thig avea s o \)o\ﬁmm\o\l time Olgo(xww\ To SO\M\)\R [N P@('FKLJV moftd(mj \noa b\?mﬁh@
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g(w\ﬂ\. ond this s i to d\es‘\gn PN goo& appr aximation q\ﬁav‘\f%m %w esﬁw\oﬁn& the ?Zrmoruuﬁt [y% 1oy
mvxmqgﬁ“\;e matsix . where  detecmmistic \;o\wnmm\ Time o«l&e(‘\thms &et powhece  clye !
Meo. o new fewmlt (206) Shows that one Con &znurﬁz o (andom QPGM\\“j tree n nNeac-lingow  Time

LLS‘U\& thia Tandow wolk awroach.

Tt s \\Y\W(esﬁv\j to aste  how Chaa&z('s ?r\QqSLw\Uh& A8 weed -

Tn Sttuekions  whete  we want to  bound the Conductance Q@A\A in Q(?Hdk’ congtractions O'{’ conttant dzg(uz
2xpande¢ gro\?}\s)_ we dont know ow fo  bound the conductomce d;\mdhg ond.  instead  we  vound  the
Second gigenvalue  (Since the conStructions are v\gua(Lg algebroie) and use U’\,M_&Z(/s to bound the conductance.

TIn Stwabiont Wwhete we wont to  bound the m‘\xmg time , we want +o bound the Cecond Ll\l&@m/m\ulz) but
Come how we dont Xnow how o bound it d‘\ruﬂj and  Instead we bound the conductonce ( Smce  the
broblems  are Combinatorial ) and  uge Chugu’s 'mrz%(mk:h% to establish  the nvang  time.

Bulf +thie e chﬂ\a the  powes of C‘f\QzKEr/S ‘mQanmL‘\hg, T"Ql:ﬁ\mg on m\gebm‘\c \:(opu%\a o & Cowbinatofial

Proputy . Co thal we can  we o Botoly  drffecent  perspective to leok ot a problem

Refecencas - Cource notes of  Don Spielman on Spect ol groph ﬁaor%“, acd LS B6O Cpring 2019
Cousse  notes b‘?& g}\O\\AOr\ oveit Ghoran on Qounhng and §am?\‘mgu

A book  Mockov chains and m‘mn& time bu(\ Lewvin . Peres. WAl mec
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