CS Y66/ 666 P\lgof‘ithm Deslgn and  Analysis . gpﬁna 2020
Lectute |32 - C.heexe('s inequalities
We will Stmd% Ckugu's inuﬁmhf% which celotes +he  Second Qing\va\hQ oﬁ the Lo\F[ac‘\w\ matrix fo  the

Ceombinatorial ) expansion  of a gaph - We will algo cliscuss gome cecent  Qeneralizations -

Grm?\v\ exponsion

Recall +that A,=0 ?% ond OnlLA 'x{’ & is discenmected

Cl'\u&zr/& me%mﬂﬁrg will ghow that Ap is “small” 3% and Onlg S G T “Close T to be disconnected

Ticst, let we make precdise  what it weant {n( o gfaph o be close to e oliscennected .

There are  diffecent  definitionn to  measure  how well a g(a?h i< connected

. _ 1Sl
The 2xpansion o{» a Xrapk 1 defined  ac (&)= Sr:\‘/ﬂ s1< Wl/a B(S) . whece @@":T’
the rafio of the number of @i&zs cut o the numbec of verkices n the sef
15l

The Conductonce of o 3mph 1 defined as CMG() iz &2\\/“ ol € [E| Q(S) L where QS = volcsy  ond
Yol €8) += %S 0\2&@/) . the vatio o% Tha numbe ¢ O’E zdgu cut +o the +total d\zgrzt wn the set
These  dafinitions  ace basically equivalent when the  qraphs are  d-ragular ( B = dd))

Tn n0“~r2\gula( 3(0@\'\5, we will  relate  +the g(uP\,\ comcductance to the <Recond Qigznuq(m

We say o graph \§  on expandar %raFk IR SRCICORIRT: large  Ceg Al z201) L, and  we Soy Cev
o  sporse  cub P s emall Note that O< ¢s) =1 Hor every Qe

Both Concepts are \/Q\'\(/k useful As we hove sean . sparse expander 3raP}\s ace “qur@Li" ond  have
Q\&b(i‘khwﬁc applications . ond t\/\za afe alse  useful in d&mﬂdwm‘tsqﬁm

?;m‘mﬁ a Sparse  Cut is o wseful in dzs?gn?ng divide-and~ Conguer  algorithms, and hove applications in

Tmage gzimmmﬁom, date cku\gtzm‘na R Lommuw\]tk& defection in social networks, ULST oku?gn, okc

The gpectral quﬁ’ciomng a\Qcithm

Thie ¢ a Popular heutistic  in {mokrn% o Spafse cut in practice.
0 Cnmpu&z the Second eigenvector Xe R of £

@ Sort the vectices Qv that X2 X, 2.2 Xn .

@ let 2 < .07 oianfy
Sivt.nly 3§ 12

Retuern min -E chS;)Y]

1€9€n
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There 15 a near-linear time Q\joﬂ%]nm . knoun ac¢ the \\\)n\,JEF method /: to  compute the second eigenvzctor.
Co, the whole o\\gon%hm Con be YMplamanWi in neac-lineac time, ond Qm\g to code u&,ing MATLAR.

This Ts one teagon that thic hearistic s ?DF\AO\(

Anether teoson ¢ +hat 3t Pargo(ms very well  in variowt applications. QSPecraHa n Smagq Sq\gmam‘mﬂon
and dus‘vzr‘m%, ond 1t wac o ma:\w brzmkth(ough n ‘;magq sa&mqr\*(aﬂon acoundk  oOO

The  proof a& C}wwﬁerk (n\z%mut% will P(ourda somae ?ar{ormancz Smmnteg o{ this atgomthm

Normalized wmatcices
<
To  stote CL\m&u’s \ma%wxﬁhé r\iuha ;o we Wil use the “T\wma\\‘izc}\b LO\?\AL;M\ mattin . whieh allows ue

to Yemoue the dependence on the  maximum okzi(ua of  the gm?h in the theorem ctotement .

L L
2 3
Given o od\"]ocenmé Mmotix A/ let \94/‘/ D AD be the T\O\(V‘f\m\‘(\‘efk o\MMEM% matrix  , and let

ijl‘ﬂ” be the nocmalized LD\?\O\UW\ YY\O\)U\X.) whete D ¢ +he d\‘\qgmxox\ matiyx whete  v-th Qﬂtfg S

,% - 1 L
the dx@grm ojg vertex V. Note that L = T-A4= O (D'F\)D = D*LD™

bet X,z 0,20 2 o be the 2igenvalues of  J and et A=A, <0< Ay be the eigenvalues of £

Clovim V= 20, 2 -\ ond =N\ £ A, €2,

M’ We pfove the fesult ‘Fo( v\nvma\igeok D\d\ja:m% . and the tesult ‘Kﬂor not malryed Lo\Plau‘m\ J%ouowg o(l(zcﬂ\u).
3 > -3 -% T 5D
Note +thot O 3s an ugeﬂm\m Lor L, as i(Dl’L5 = <D LD )(D 1 \) =D L1 = o0

To prove >\\10 L owe Wil show  that £ s o ‘PDS?‘H\/Q Semidefiaite  matrix.

To see 7t , obserye that % &x = XTD\L‘LDHI:‘X = IZ;XTDJ{ Lo D‘%x = EBQE K%*é—ﬂ 0
whete  Lg= behy  that we dafined last time  Cue. Le= | ,‘(JJ] for e=1y ).
This implieg that T-HF %0 , ond Lhue o).
_ ~ _ T TS %o 22X N XN
Alio, we con weate X LT“}HX = % EX 2ok = Q:T}&EKKTJ} ﬁj\} N o\?d‘J) " emjeE Ki:*ﬁ) =0
and Ehis Tmplies that I+ ¢ o0, and thus AnZ -1, and hence An = - €2

Cheeger’s ineguality

Ao € DLE) € j 2A, L where Ay iS the Seconh  Smallest o,tg{n\/o\\wa o% £ w{ G

-~ 4
Theotgm 5

For SKMP\?Q\%‘S) W or\\\é\ ?(ovv, the theoren  when & i< o o\frlgn«\gc 8th ., 10 which case &z\TL.

The &sz(o\\ cace 15 gimilac but e Bttle bt more  invelved

The %cgt ma%mlifv(\ it calledd the zo&a Alrection , and the <econd ‘me%uq(w—a o Called vhee hach direction
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Qo, F\OL‘\"\A(D»\\LE& Wwe  Pprove the ng Rirection ’9(1&(
One  wice thm& about the La?\ac‘\w\ mattix  is that we know thoal  the \Qirst er&mvuha( s the all-ene vector

So b\{g the Cka(c\ﬁufia‘ncr\ 0’% An LAS?NZB Ro\\étztgh %\mﬁan%} w2 have

>
A,= mTan XT£>< - m‘l X" L% — min \i\ﬁ = X ‘%\53 .
X.L?_ A% X1l (}\XTX - X.Lf A > X}L

eV

S
Seo. 1o Upypey bounde Ay, we Just need to %‘mé\ oo vector X L1 andk U)MPUL)CQ s Qaﬂ\mgh gsmﬁc\ent

To Kzt ome  intuition. (et Sy C()((—lﬂ = TPCS) omd. (Sl = n(>

We consider the O b“‘“mi ” olution X; = 4| ?f ie S ondk  X;=-\ ?% P &Q
Cinew  Isl=n/q, 2 oxw=o L owd  thug XA T Vg
Te\V <
Then Ay < M - RALIOE - 216 o 20 . @@
d 3, x~ EN sl N

)"

;\
Y

—

Toc %ev\uq\ C. we consider  the bEr\a(A Qolution X3 e aad X< s ifora s

B\L}3 constifuction, X L ‘f .
~ > ( \ RS
% My < CXN) L Ml (T RT) 2 MO e
. e X ———— = <
SN X A (181 qgp + sl \—Cs\“) A tsl-\v-s|

This proves the eosy dicection.
To  Summoarize, I thew 35 A Sparse cut . then A, s small.
We Shouleh  think of XN, s o “relaxation” of the Qfaph conductance  problem, which s E)nh:&nom‘\al time  soluable

N Conseg uince i< thal I{» PN \O\C&Q,, then wa know that & has no Lpage cut .

TS dicection s V\sqcul in o deterministic  constrwtion oqﬁ expander %(&P%s.

The hacd dicection * Intuition

= (X5 ~x ')L

TIn +he Y‘nm\mwgo\ﬂor\ ?fob\em m'\r; \eE i S "\% we  con mnl\é Seacch fm( “b\‘r\ar\é” Solutiong |
W Ty s >
ieN T

Than we oce a@gem&?mkhﬁ o?hmig‘mg over the Conductances -
>
But  we oare optimiytag  ovec a  (agec domain  ovel B0 T (otheantse  the problam s NP-hacd ) .
ond. the aptimm\ Lolutipne  could  be Some \[U‘A man«b?r\am& Solutions (e-& \/@(5 %S mooth \lufsf)’

Jgo( which 3t ¢ not clear how to HLind o spafte  cut from it

To get Qome {lea(‘mg, QMPFO& we G(e g‘wzr\ a graph [Tke @ @ 5, which ¢ a gooo\ case .

In this case, it ois net gobd\ o “S\:Gto The vertices n o QNQS[AQ_A becCause there ofe <o mamqt mgu within t.
So. we Would expect that the volwet in each CU%M— afe \/z(ud Gimilar . while the two a([%us wouldl  have

9
diffecent values o that x 11,
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Hence . we Qupect that the minimizec  Would look very Qmalac to o0 bh\afu& Jector . omd. we Can —gim;( o

&oak cut  With ¢C§>%>\l \ma (on@lv\g ot the Lb?r\a«f%\) Qe tond. 2igenve ctof

Now. consider o  bad eaxample, where the g(apk is \tke o—o0—o—0—0—0—0
Then. the mim‘m?su % can  do much vetter ‘than a b\mom& vectov e, ba Y‘r\mkh\& cach Q&&e VQ(A chovrt,

2
while  the values decreace Swmshhha J%rw\ 40 to -1, Ya Which Case N, v OUGED.

The kea o Cheagers inequalit ;s te  ghww that A\, coannet be wmaller  than qﬁ(&f/l
4 § Frality >

Tnoothec words. Tf Aa 78 small. then we can extvoct  a Somewhat gpacse Cut  from the eigenvactor.

We can  think <y§ the apﬁw‘\sz “embeds” the &qu;h inte o Ling . while most m&u afe  ghort.

Then, it thould bz +he CQase that Some  theeshotd 31\;@5 Q  Spacse tut  Cie. Tow and Column ar&m\mmf)_

The hacd dicedion  Proof

The —?{(s’t %’tQ? s ‘o P(zProcxzss the Qetond Q,Tgen\lzd‘o( Qo that ot most hat{ the entries @<e nonere
Thite would gu»m(ar\tu that tThe out P\,& AU Catisfies (sl o<l
This step ¢ Limple to desciibe .

Without loss o enesalit we  aSsume  thot  there ave ewel  positive fntries  in X than  negative  entrec
S b P g

X: 3§ xzo
Consider +he \Cnuowcng vector U& %; = , e, Sv\gt guo‘m\i owt Tha MSD“HV‘L \)ud’-
o 1 xi<o
Denpte  the Royleigh Gutient b\& RGO = W Ex/xx = %X'Lx/ dx'x .
Cloim Rly) € RGO,
proot Tor all 1 with Y T I N SUE O O
[os) of oll 7 wit \A‘>D‘ 2\\ %\ YN X = A JeNay o X)y = Ax X5
T - = .. . = = - - 2 > 2 N "
T hecefoce. E&i% =y Y; (EEK\JQ\ Tyave ‘j\(&\ﬁ) < \‘"‘Sﬂﬂmh’ MY = Ty %1\3‘ 5 \)mvu\g the cloim-

Now, there ¢ a very elemant oafpument Yo moake +he obove ntwition (ecise ¢ Just pick oo Condom bhreshold )
d A ¥ N P

Lemma_ Criven ony (. there exists o subset S¢ supply)  2uch that $C8) < lnuﬁ),mm guwn@:%\%uno%.
Pool  We can  agsume  thot oyl for ol T, b‘(g Scal?ns Y i necess oy

Let  te(o,\) Yo  chosen uni&u(mla at  conelom

et Se= 170 yiztl. Then S € Supply by construction.

We analyze  the expected value of L6020 and the expected  value of 18l

H\i[\%(&tﬁ\} = ‘»?@1 [‘?( (the edge 1y 18 ok )} b(,& Pneartty of expectation
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- VJCE[P( Yy < < ml}l

= 2 2 \

S Nee Y RN

= er UV gl

< \jmf \jm Yy by Cauchy-Schwors  <a,b> < Lol (1Bl
< \] %&E(jr“ﬂjf Jl \jiebk N ¥531>

= J e NS Y

J 2 Ry (&= 2, y>)

%[\St\] = %\/ P([\ﬁ—‘lzt] = %\/ Us
‘ﬂ\u@ﬁ)rz, EE\%(H)D

< R
T T did) J 2R

“This wmeone +that ch[ \é(gtﬁ\ - J)RLL\/\) - ok \St[]

Henw , +hece eviste £ 2uch that @ CSe) = goigﬂ izm%
(Sel

QOMBYnInS the claim oand the lewmma pcoves the hacd Adirection a‘§ C}\mg(r’s Tne%uauttﬁ.

Note that +ha F(DO\L shows  that the pectral qu&’\ﬂwniv\g mgsri’t%m achieves the PE(’gDerT\(R S\,hormﬁ;gq

becouse the output set Uy

Ts o “threshold 7 Set that the atgor\t\am has searched Lor.

Discussions

@ The provﬁ con be gen@m(%ed to  weighted non»wgumr Sraphg‘ with Quitable modificotions
@ Both sides o—{ CMQSQ(& \"ne%ua(it\a ale JCFXL\T, 2uen the Constonts are t\’ghf

To See  nn 2xOmple  where the hacd lirection

s almost tighf . Consider Q. C%dz 9& bzwfcb‘ n

One can Compute the Spectrum of the c&d@ Q)(chfj, but  we wonl oo T here

N T
Recall thal A, = Ma X Lx

n . 2 to 5‘(\/@ an uppe¢ bound on AL, we just need 1o demwmstroate one vector
xyd AT X

\ 2 \ Vo2 | o - \
Considec %= (L1-F, 1-7,.. . "0, ", w.... . Ww, - ~-l-%, ., g 0o, - "%,*5

. .
Then 3, € B Oy o(@) - o)
TLX

On the other hand . 3t 1g eaga to \/er}fta that the condwctance of o de& t (
Therefora.  in This  eyvoample. C?((T):Q(WQ,

One moy thiak that Tt 3 an artificil

Qeomple  in which the <econd e(gmvo\(m C(Qo\f(té undecestimates

the Coenductance ., but lets consider +the '%sl(vm?nﬁ related 2xomple

Two Cycles ot length  n o and there Tt o Pg(%ut matcmng

between the two dem
[

Where each Qolgq,
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=)

Two eycles of length . and there T o Pe(%@ct matcmng between the two ayces. wherz each 2dpe
|

I
2 T > PREIS i
in the W\M‘Ch}ng has WQ‘&M koo/n ql' 1 w3
.- 4’_/ W[Lgk‘t _\LDL
e S n

3
C\mr\g\, the optimal Spogse cut s the Fufm matth‘mg, with  §CG) = O( #>
On +the othec hand, one can thow that +he Second engwaato( would, <till be +<the some as In
the cycle exoample . with two nodes n the perfect matching ideatfied A< one node

Therefore . >\1 T gkl O(‘%ﬂ ond the value s pirect , but +the QFHMQK cut is (ost ok

euzn& +hteshold  cut s bad

! R {
@ Related o the aboue Fo‘mt, Cheagers mq%mut& Qives an OQEB“O‘PP(DXWMQ‘UDI\ Q\gnrlﬂwm for es{;w\qtms qSCéy)_
Wwhen A, s \mge (z&. when  Aa Ts o Constan®) . then 1t s «a goook approximation |
A . .
But A, could be as Small as oC yf) ., oand %o 1t wuld be an Q(n)- ap\)rowﬂr\oﬁ\pm.

This  doesnt %uﬁz nglmn the Kood\ QMEﬁﬁCG\[ Pe({ormm\ce in ?(Q(‘_ﬁ(g_

@ The Sewond e?ggwama iS c\ogqltg relalted to  the m‘xx[n& time of Yondom Wolks. ond  So Chﬂe&ar/& Ine%mk(itg

provides o combinatorial  Qppreoch to  bound the m?ykn& time . which we will Cee next time

Recent %enermlimtions Coptional)

The last et genva(gz

Neote thal o g{a\;h has o bi\amtx‘tQ Component \ﬁt Kn=0 - where o 18 the emallect zigvnvatm of Tt qu,

There s o vobust ganomtismﬁor\ O—Q thig Q\mct(ak chmacterismiun

befine e = min o G2 L@ L i 2 | atges otk L]+ =] % atpes witkn ® | + 1)
Ye{to,+1) oS vl eV dlg)
eV \g'

(LR poactition 31[ g

This s called the bipoctiteness (atie of G . which ¢ Small § and only f & containe & Qubset Sev
S

4

which 15 Clee fo a bipactite Component . with most edges in & arossing L and R

_Theorem  (Teevison) [—1cxn < g(éo S J2%n  where ®a T8 the  3mallest Qigenvalue a{ T+ .

The Ctotement oand also the proof ofe Similac tv that of U\ezger’s Fne%mﬁfﬁj_

This tesult con be used o das(gn a  nonteivial QPP(ox?mah‘on ngor\‘thm {Dr the “maxmum cut P(ob(em.

The k-th Q.Igenv olue

Recall thot Ay=o0 T4 G hac  k connected Components . where Ag s the kK-th Smallest elgenmluz of d{(&)

T4 tutne out that there are two mlm\‘mg{ml ways  to  genecalize this basic fact.
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@ Swmall  Sparse cut © TE Ag T¢ Small, then there s q 2parse cut S with 18l % Wi/k.

© Ho\mé sparcse cuts I\C A ¢ emall, then ther oafe k \/echzx—ohgge‘mT eparse  cuts.

The first result 1S proved. \7% an  arqument Mg\ﬂ& tandom Wwoalks , and the tesult (ou&hhﬂ soy$ that

fov  large enough k. thee is @ cut § with ¢Csﬁxj>\k ond IS = vl /k

o

The <Second Yecult s ?(oqu bﬂ

Wectrol em\:edd\r\j Q(gmman't that maps cach vertex to a me\t

. K . v : .
in R mgir\i Tte entries in ?ws% k Q\gehvuhu . ond then ue <Some Qeometric Method o Partxtwn

the points ,  whete  this s a heunctic used in Proactice

Theorem Eax = 0@ € o) AL L whern §o06) = NI I

ok\sjo\mt

There s olso o &mamli%m‘ﬁon OJg Cl'\e_rz&u's 'mz%(»uxhh/& using M

A
“Thaeore Loxs €0 <€ 0 LLE Lor an kz2.
- 5 . o) 4

Co, when Ay is 1argz Lor o smal k (Qg, Mo:Ol) . then this theorem Soys that Ay s

o Constant facter appcoximation of OCG). ond indeed the some Spectral \Parﬁﬁomr\j algom‘ﬁw\

ochieves thig Per{—o(mar\ca guo\rav\‘HQ.

Tn ?rwxga Cegmentotion  and  datw Ctustz(‘mg, Pmch‘cod Tnstances (,xsmqlh& hove a €mall numbey o{—

outsmr\dmg objects /[ clustecs. and  thic implies that A s large for o Small k

T\'\Uz{aup this  +heotem ((gb(ousltA Q\(P\o\'ms the goa‘i empirical per\aormmw, 9& the Lpectval Pmt'\t\onmg

O\\ga(\%hm in Prac‘tiu.

EQE gcences Course  notec of  Dan

Qp?zlmo\n . ond  Luea Trevisan

ond  CC V60 in gphn& 2019
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