cs ‘+66/666 Alsorithm Design and Ano\lﬂsix . Qpﬁna 2020
Lecture 1L : Q?u‘tra\ Qraph theory
We ntvoduce Dbasic 2pecteol jra?h ‘U\QO(\Q too{mﬂ,

We Wil wne it to OMKZSQ Coandom  wolk . and  also In 4 aph pmt\b‘\on‘mg and %\’O\Ph Spars‘vfsc&fion

E'\gznua\uas and g.‘gg,mugocg

Given an  rn matix A L o nonzero veckor v it on €igenvector o{ A 7{ fvziu for some scalar A,
whidh 15 called  an eLgenvalu assodated  with  the @\f&nuedﬁm’ V&
The get of Q,Ifenuamkg e{» A s 37\/€ﬂ bﬂ the set o'f Solutions  to det(A-ND) =0 , tha charactecishe Fn(jn omial .

Tor an A with det (A-XT) =06 , ama vector v io an the k&(‘T\U/Y\\AHSPG\LE a{“ A-AL & on Gscocioted e‘y&anve&uﬂ

Real Summetic  mateices

Ouc %tmrt'\n& %)o‘m% ot gvzctro\\ %w\?h t}\znw(\ s the &:;wms ggedrql tTheocem {ov real Qimmatrrc motrices .

Thescem el A be on nxn real gxmmetr\c mateix.  Then  there s an  oethonormal  basic cf W\h

Qohs\sﬁn& o{ €7ger\vadors O‘E A, and the CD\"FQSPGT\J\THS Q?Su\vodv\es are <ol numbers

We Wil net prove this  theorem :  See 24 the ook olgebraic jrn\bk tkurj " an Fodsi | and Roﬂ(g.
The agbsve theoram QPP[rns to  the Qo[jqcéntj Moty eec o% undir eeted qufl\s ., but  not {or hicected graw\g.

This is the main feason that gguﬁq( XMFR t\/\zcnﬂ s muwch more dEVe(ePeA \Co( undirected 3ra]>ks,

let Vi Vesvn €R” be the orthonormal basts of QL:EJG/V\\/G_LJCO(S guaf anteed Ea the above Spectral theoremm .

with Currngond\\‘r\S QTgar\\m\uu )\l DY

[ [
Lek vV bz the nyn matrix  with the i-th  column ‘o»zmi Vp L l.e \):[Vl‘ \’I‘V\"I
.. . A
let D be e nxn dic\jom[ matvix  Wwith  the  (Li)-th ehﬁﬂ L”\”\\f X, e D= A .
o

Then the conditions Av.= Myv; Y 1¢icn  can ba LDMPMHS wiitten  a¢ AvV=VD

al {
Sine  The columns fa(m on  orthonormal bosis . Wwe hava \J V=71 ond  thus V=V

PRI D

-l T
Q% we can teweite  AVEUD  as A= UDY = VDV [

This  represenfation 15 very useful in CompuTations.

Powees of wmatvices

3 T &
To compite  A%. we observe that 1t s Jest A%= (voVT) R QouD D) uoyD) = upyT s V=T

A A
Cince D is o dka&mm\ makyix . DX ¢ Qasy to  Compute . le D‘—E A, X , DKZI )\:"X‘%"
h n
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"
This is \/zn\\ wseful, In RV\&[LASM\S randowe walks . os P35 the tonsition matyix  of the vandom walk ofter

t leps whate P % the +transifion  mafdy  in e “QV'

We will wie the eigar\\/o‘me; c& the Hronsition matiix  to bound the vv\‘\xlnj Lwe In o Quug\q of  lectures.

E}%gn—dewmgog\tion

- n - .
Cince  khe zigenve cors ‘%o(m an  orthonormel  basis, ony e can be written \AY\\QGLMLLA o8 Uyt Gyttt v,

%ké “(n"’[hmhormp«l\t\j <x,Vi 0= ( V1 Cavyy, ViD= RV R R IR QSO I R N Ny vy =

_ T 5 T
Theefore , R = <xuD vy ¥ CxUPu, Foo x> U, VAVAR SR VAVAS S SVIVIRP O QAVAVARE vnv:> X .

This s true for all ¥, and hence \/‘\/,Tf Wt unVy = T, the Tdentity  matcix .

Mmta\ﬂ\ém% bot), sides bg A we %ef Ax = A (\/y\l?* *v“v,ﬂ X = <%\V\VWT* %va\/:*r-‘* XT\Vn\’nTB A

- T T T T
This implies thet A = )\\VN\WM\/W\/Q*( F AoVave 5 which Can ol be Ceen d\i\fecﬂ& Trom A=VDV .

: . -1 \ T A T A T . .

Tw\o\\\kﬂ_ we claim that A= Srvive S 0V et TR e, it A %o for 1sien,
b T T)(—\*\/\/T\L +_\,_\,\,T), Al T
ecause (AW, .+ Mg Vava IS WA L B R VAVAUE SRR VIS VAR S i

Later on. we will wge tlis tdes to define the “Fsmdoﬁmvar&g“ of A 2uen when A s gmgu[o\r_

Positive <gemidebinite  matrices

This s on Tumde definition . an ommlo& of A moabsix ‘oair\g mmhggati\/e

_Foct et A be o Yed S%vvw\d\ﬁ‘t matrix . The fmuwmg stotements ore Q%ulvaim

@ A s XDD§?JC\VQ sz\da%imfe, e all g‘\&er\vahu cf A ofe hum~nz&mftvm_

re. a

@ For any X&Rh, we have XTAXZT) P U

%um&rc\‘i‘:c Torms  are ‘non.r\ﬂgm‘h‘\/&‘

@ A=y foc ome matix V€ RN

M Recoll that o cral S“MML‘HT& matfix A can  be  wltten g \/D\/Tv

A 4 N
®:3® Sinee all z?Sev\\m\wu oafe hOh«v\z\gm’D\\/tg WL Can  wiike Al&VDIBKDlvT> where D> 1 the

Ny drq&am\ mateix  with Vi = 3N

L
Therefore, b\d Iettir\g U=VUD" . e See that A can be  weitter o UU

@ > @) TAX = x0ux = <UL U x> = Wly 2 0 for any xeR’.

@ > ® We Prove the Qn){ﬁo\Fag?’r\\vg . j@@ 7@ .

2
1—&» Voot an Q\\zqy\\/at’{'(ﬂ‘ with rm&oﬂcivq Qifev\\/akmz, then \/TA\/: >\\/T\/ = }\H\J\\l < O 0

We will wse the notaton A% o Foo A s a postiie  Cemidefinite  matrix.

This ¢ the basic ot “gew\tdaﬁn\{a Pra&;ramm\nj N} o powef«%m[ gznzrq(quﬁbn O]L [inear Proyrqmm‘mj.

Uh‘{or‘mw*d!, we wll not be able to gee Tt in This  course.
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Come. identities

The %ok\ow‘ng fouct Cays that  the Sum of Qigev\\/a\uu s z%ua( to the trace of a wmatrix.
nmn n
Fact Lot AL Ao, An be  the z}iev\w\mqs c£ AeR | Then E[ A= tlaw (A) .
n
where  troce(R) s defined os the Sum of clinjonal entries of A . ro trace (a) = E‘Au,
_M The P(U"IY i b% Qur\sidzr‘m% the oefficiants of  det (AT-A) ac a Pu(ﬂv\om‘m\ in N
The Yosks of et (AT-A) oxe the eigenvalues of A, ond Se Jek (AT-A) = A-A0 O - (A=)

n
Note that the coefficients of AT g “{\X{.

A-Gy ~O - =0y
On the other hond, det (AT-A) = det Qkun Ao *?\m}

~ohy ~Gns h;\m
5% the LO\P\QLQ QKPQ“s}on o{ the determinant. the coef{icients @’% X“_W Oﬂh& a ppears in the t2&m
-1 . n
(A0 OA-055) = (A-Bun) » Whete the toefficient of AU Sn this term s - ?:\ Q..

0 n
\ﬂ\z‘reﬁart, D z o = trace (A). o

We Con use the same tdea  to derive other  Tdentities by \mitw\g othec coefficients of det (AT-A)
in two \N(Nﬁg . Wwe \,\)Ur\lt need  them and 20 lgove S AW Qxeccise-
There TS o nice dentity for the product of the eigenvalues and  the proof ts left as an exercise

n
Fack det (A) = T AT, where A, ha ore the <igeavalues of A

L:rm;‘:k gpectrum

g\;utml ‘gmvh H\Qomé telotes  the combinatorial pm@g(t{es Of o gm?‘n to the ngmmhm and
ngu\uutufs ofy ite ascodated  mateix (e zxd}oﬂer\(‘.% matiix, La\\mmn matrix )

let's Start with Some Qkavv\F\E& cnde cOmPumL theie ngg‘t(mmS.

Complete 3(0?\\ What s the gpectrum of  the tomplete  graph on  n vertices 2

The mck‘\aunn% malaix A s Jo- T, whae 3Jp 18 the mxn all- one motnx

f\n% vedtnC S an eigenvecks of  Tn with ueagmm\% 1.

Henee, thae Qigev\\tq(us b—% A ove &msk the Qigu\\/&mzs of jm Minus ong -

Since T, is @ Coank one wmatix, thew oare n-) <1 penvalues of 0.i¢ the 2igewalue O is of mulﬁphc}tﬂ h-).
The all-ene wedtor s an eigenvector of  Jn with eigenvalue  n , <o the specteum of Ty is (N 0.0..-,0)
So. A hac one Rigenualue  of n-l. ond -l eigenvalues of -1, Se the Spectrum of A ois (n-l - -,
This 15 an Q\(aw\F\z with  the latpest  elpenyolue §ap botween i \Mng’v ;ugev\uo\\wa ond  tho s2cond (qrgest.

M o i 3 What  is the  Spectium of  the complete \)\?mt\‘tr{ gwxp‘n Ko °

PO R
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om

m{ o]

“The od&aw_r\oﬁ wotesx A o{ Kmn looks like <%his ¢ %i X
n 1 o
T

This  matryix 18 of cank 2, g there are  mam-2 aigehum(mes of 0, ond twe nonAero

% 1 Wwhat (s the Spectmm o‘f the C()mp\zf( ‘ox\gmt\‘ta 3{0@% Kenon $

Qi&ay\u alwes A, >\1
N m

As E s ztrom((k):o) we have A =-Ny Lot A=K and

! we ofe to Aetermme the volue m{ k

rHm-x N+m PR AR

Then  det (XT-A) = CADAD) A =\ - K\

NI
To determine k. we ute the Loplace &xpansion of det Ap}
IR
nEm-2
AY\% term 4hot contributec to A must have n4m-L d\\(}\_goY\&\ entries , and  twe OHvdiCKgnnql ontries “0ij =0

laaiiiats

Thee  ofe &nto\ua ma  Such  Term each cont«\mﬁng -\ to *he wefficient of A
as  the <ign o each  teem s -l
Theeetore, ~K=-mn , omd thue k= Jwn .

To conclude , the %Putrum O& Kmn 18 ((Sﬂm, o,o,..,,,o>ijWﬁ>

B'\erﬂm ng¥hs ]:Y\Q\"Q(Qsﬁf\g\\&l we  Can U\a{utedgz b;?mt\tm gm\?hs b% the Spactiums.

The

%o\(om\‘r\% lemma  Shows that  the spectrum of o \o‘\\amtim %mgﬂ\ i Q\jvv\metﬁ‘c afound  the ofigin.

\_2rma 1% G s o« bipartite gfa\?h and. A it an QigmummL of ALE)  with wmifs?ltc‘\‘cg k.

Y00

WL N

Lommao,

P(oni

then -A it also an 2igenvalue of  ALE) with mu\f{?\It}\Lé k.
%16 ’Pz(muft'm& the (ows ond Columns | wWe can weite the ad‘lo\czn% of Qa b&?q«"ﬁ-&a Sm?h o< A(@);QO Bj

g o
* .
%\AWMYL V\ZQ\:}) VS on Qiger\uutor o—g &) wAth Qigznvoﬁue A

“This implies  thot o B va:) K ,  ovwd hence B% =AX  ond %TX:Aﬂ
g o Y 4

Consider the vedror K T\AB N
Note that (O%T i}(x\b, Q—Z}j: KVX;B: _xKx ., and So (:AB i an Eljenvedbf O{’ ij/zn\/aku_Q Y
B Sy 3
4 4

?ma\\uy k. hnzwkud independent eigenvectors o{' eigamahu_ N atve  k \mmf\\a Tﬂdz?ﬂf\d&v\t QT&zn\JeUtoﬂ

oﬁ glgemm\wc -X \O‘A the  obove Consttution . and %o the mu(t%glicijra of A and -\ §1 the Sarme. o

ow  plove thot +he Cenverse s olee tyue !

\et >\\2>\12 .2 Aa  ba the 2\&Qnuamu of AL .
T'E‘ 7\§ = ”>\T\~if\ {*0( Tei1<n. then G; s [eN \f\\?&(t‘ﬁt& %{Q?\'\;

let k21 e N odd numbec.
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n
K
Note that = M =0 by the Syprmetry of the gpectrum.

=1
k 3 * 13 k k
Note alse  that )\\ , )\7_ s, >\n ol the Q\gznuq\uu o& A , because \‘{ Au=Au then A u-= >\ o,
E\i\ Sum of Qigenvalues Q%‘U‘\ troce , we hoave  trace CAY) = E‘ >\&¥ = 0.
Observe that I&ka,j NS Q%WAL 1t the numbec of \Qngt\n K wolks \trnm U te § in G Caexecase ‘Dé\ T duckion ) -

¥ R
1% & has on odd %clg of length X, Then AR >0 Lor Ony vertex 3 in the cyde, hene trae (A >0

Thgv{’gmklg\(\(z ﬁvo\m(A“\ig, Cq must hove mo  odd cmdes and  thus G [5S ‘Dapartiu a

To Contlude, e have o gpectral Chatattendyation of @ bipactite Qraph , that G is oipactite 1f ond only RS

the pectrum of its Q&SO‘CQ“% matix i3S Surmmetic  Ground the 0Cigin.

Laplacdion  matrices

Criven am  undirected 3m§>% &, 4he Loplacian matrix L& 1S defined s DIHY-ACG) . where

4,
D(Qﬂi< dwow is the diogonal degree mateix  with O, = hageee ol vectex v o &
o~
da
Wwhea & s o O\~rzgu\\m( &(my\m, then D= d1 andk L=dI~A Thus. ony xz?&zn\/u&nr o& A with
Q\&uw\\m X is  an eigavwectar o{“ L with e:gznva\ux A=A, and  wvice ve{la.

Qo, 1 thic Case the Spectiums ot the Qd\&o\(zncna mokeix  ond the  Loplacian  matix  are bmsIcha L%w\m&nt,

but when & i mwm%utc\( N W\md not be <o 2oty o (elate their QT&M\\/O\LMU

Let's ’C(ué to uwnde(stand,  more oabout  the QFed(um o% the loaplacian  matrices.

> >
\ ot 1 be the oallone vector - Than (T 3¢ Qa&é\ to c¢haeck  that LL =0

So. L(Cx> has O as a&n Q\gfu\\m\wz \CD\' O\m/& %vo\?% C:(

Coan LIG) haue o gmaller Q{an\m\ma (e, o MSM‘WL L\g@r\umuaﬁ? .
)

[ et Qtii e On !Z_d\iz in (‘;( Let the Laplation a{r ed\gu, be Lo = ‘JK H, ;ﬂ Cwiin m‘% 4 NoRYeCo thvieg>

“Then. 1€ can be checked  that LA = L(g-e) T1lg , and 1k —(\:o(\\vws \o\A nduwction  thaet  LIE) :%E‘——q_.

Tor Q'»i&) (et \){emh be the coumn vedtor  with the  i-tw Qvﬁ\'m Q%Mq\ 1 and  the ‘jyth Qy\‘f\(% Q%U&\L ~|  ond 2% 0w

=\l

. i -1
Then, 1t U5 Qasy tv see that Lo = I * ‘&: Kﬂlp = by b . and thus L ts a positive Semidefinite matix-
This \\mg\ies that L s also a positive  Semidefinte mated. as a Sum of PSD matdees 35 also o PSD matyix
Therefoca, O 1s the omallest eipeavalue of  1LCGY  for any G

-
One qd\van’tmgz cf the Lo\?\ucmn wmabrix s that  we Know ts Smollest &igemja\m and  te Cn((l%\)or\ddmg e}gewedb( 1.

Connectedness
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Tt tums out that the mallest algm\\/o&u& of L&) Jqives o epectial  charactecizction of  whether &G 5 Conmected.
Peopesition A %rqpl\ G s Comnected T and oﬂtz\ 0 s oan eigenvalue of LIGD with multiphicity one
P\”Do& IJV G s disconnected , then the vertex Qet coan be pactitioned  inte two sets € and Sy
&) o
Quch that +thece ate no Q&ges between them. Then. L(G) = =) . ond Qo
o UG
! Q
K("\\ ond (?\ (e both eigzm/edorg O% L(&)  with Q‘\ger\va\u& O. hene of mutﬁvtic}tg =9 .
0 i

T Al >
T G s Conmected, consider XLx = X (gpldx = 3 lex = HWTboblx = Z hoxy) Zo
T % s om eignvector  of 2igewvalue O . thea X'x =0,
s XTL = mex-)lfo it t L that X=X Il et
of X ﬁevﬂe\‘: X)) TO0L Gt muwst o a =Y Loc @ & .
Cince G 15 Connecked , ot follows  that Xi = X3 for aul vieV s and thug Y=¢q tor %ome volue CER .

S
Therefore, ol eigenvectors of eigenvalue O live in a one-dimensional  Subspace  Cspomed by the vector 1),

and thus 0O 15 an e‘\ngg\uz of m\h\f\?\‘\mt‘a\ 1. 4

We. wmu% order the E\KQnua\us of a La?mctcm matiix  as 0:>\15>\1€ - € An.

Then the above result says  that G is Connected T ond only f  A,>0  Cor G discomected Tff A=0).
The ctatement con  bo generolized as  follows.  The prooh s left oc on exeruse

Propesition . A qraph & has k Connecked  Compoents £ and only f the kth smallest  eigenvalue

of its Laplactan wafxix s e%m( to Refo.

G\—Qm(qlgax'\or\s

So fac we have seen  Gome  Spectial chagacte Jations o§ Combinatocinl F{opzr%\‘u of o g(q?% _ such ag
btpmt'\tmzsg and. Connectedness. but Thee oxe gim?(z pf‘owrﬁes that ore Qasy o deduce b& othe¢ methods.

The KLL& {—za&urq o  these Spectial Cka(actzr?saﬂom i< that t}\ma con be generaliyed Yvor\tv‘\\/mlha and %uc\ntitm‘?uzl\g‘

-\ e Vsmall” L tee 9roph se Yclese” do be disconnected  (ie the evictene of o Seposte” culb
2 Rfop b

- Ag s \\Smm\l\// E the KMPL’ s Cclose” to }\a\/mg 13 Q;Dm?owzr\TS (ie-  k c{\‘s‘}o"mT “Spame)' cu"tg)

- oy Ts\ckoﬁz to -d, QOLJ\SDLCQM,% matcix)  HE the gm?k has G \UD&Z\foﬂo{PO\F{ﬁl~ComPDnzr\t//\

We  will pove  the faest item  and wention  the nevt fwe items in the next lectuce.

Rma \ei gk Quotient

The wmain concept in Yelotng cipeavalues and @ipenvectort o  optimiyotion problemt ¢ the Rowylziph quetient .
g g e t ptimizotion aleigh g

which 15 defined s Lf‘x - w , i1e. the gladratic {-o(m normoli3ed b% the Sguaced Uznfth
X 3

let A be o ceal Syramebic mateix  Gith ei&kwm\ué& N 2020 2 ®a , Ond orthomoemal  Qigenvectort NV, Vg
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<
) owmma A, > mow X AY
> xTx

Yoo Luf[ Y= Cv, Qv t L0V

, 8¢ Ve,V &orm o basis.

T
Then XTP\\( = (C\\/\t‘_‘—k(“,\\/,\\ A (.C\\/t*"’*cr\\/(\\

QN TE SR RV L (I YRS O SN WV Cho{v‘vw)

LAY o
= E\C?Dﬁ (as Vi o ,Vn  af2 ovthumma\)
T . < o
%\W;\ml% v (vt wegvg) Leue v ey, ) = = o
- n b n L
T N N
go) x AKX - ?—-\C‘&\ < a2 a = ol
n = n
YTx Z o 2 o
I NS
g‘\hu. \Y;

. adtaing  the Maximum , the lemma %0[(0‘/\15

0
This Con be wsed to chocactenye other elgenvalues

Lot Tg be the b of vectore that are octhogonot to Vo oo Ve

<
LQY‘(\MD\ >\ - M O RS tl\\f
© xe (e Ty
Yoo loT xeTe . Write %= Qu it +CVUn
Rauxl\ Hhot o= L NI q“\ngl XeTK; N ’EDLLOUJS Thﬂt C=Cyis.u=C 20 .
n 2 n
T ! . o
Then, XH% §_d\§ S % e sy
X« '% = ot 3 et
= i
\/CAVF

Qine Ve e Ve ond e R, +the lerma  Follows .

4

0

The ebove vesult gives o ehataderizotion  of Oy, But Tt fequires the know\mgk of The pravious elgenvecters.

The %(Lawm& Qs ult R[\m& a Chaﬂxcta{rsqﬁbq without ms‘mi Te . and thig s msaﬁu( in ?fum‘din& bounds on QHanvaluQS.

Courart - Fischer Theorem oLy

- nax YW XT AY — W A XT Ax
cer” wed T Sern e Ty
A (D= e xS X

Aim ()7 n-k A\

(Qoi QOPHDY\D\U

we Jf%(sf Consldee  the max-min to(m.

Lot Sy be tle k-dimensonal Subspace  ponned b\a Vi

Ny e i ¥\ ¥ Cuiria Guy for Some €, -,CK?] .
.
For (ny xe Sy, _x &%

Mr

T = S 2
(‘C‘\l\k..r*c‘c\l‘ﬁ\ ACGV L CK\/K\) 2 (G K, N 0{\(2\ & -
= - T ;e ~
X% (RN IV L (U RV VAN S ol by o Ko
Tt V=1

<

gb WAX win XTAY S min XA S

’ Set xe§ /T—‘ ” Xe S ~ O(K'
dom ) RS 13 Ky

To Dove  that  €he  ouximwm  Cannet e feater fhan  dhy, obgecve  that any

- dimensional SUESPML must

Intersect the wk+tl dimensional Smbsvmc,m T\: SP(}anJ\ ‘o% "i\/K,\/K&\,"v\/(\H-

T S cra:
Tor any e T, XAy - 2 9% o
ax 3 o ¢ %
\=x
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ga WA VV\""\ XT AX

g i Ay
s SR ve <. = < cer - ‘ < By
Ao ()= x'x Ak xX& 'S AKX o
L al Wwe o lacen

Lot A be the aa\‘kwm% mate ix o’% an wundifected &(“PL“ Lot be its lm&zsk z‘xgeﬂvmub

Qloim O(lédx\mm(, where  dmax  denctes  tThe  maximum dxmgfw, in (.

(o0 LQ,JC vV, \DQ an {'\gzn\/zz,fo( with ngem/o\\ue oy,
Let § be the wvertex  with V(D 2 WD foe ol T
Then, Ay (= (Am)(;\\: ;&4?(@0 V(D) ‘?SEE((T) Vﬁp = d\ag(\p \/\(&) < Aoy V\(iB
Therefore. &, € dpay -
whea A= dmay . then the aboue me%m(&?u

mutt held ag e%uahﬁuj ie. \/‘m:\/\(p —%o( va’ng vm‘\gk\mr

voof \ and  also Aap()= ok ma

8o, when & s conmected and A= dmax . thea & must ke

C}\mp‘xfrzgu.m( and  the Q‘\Ken\/a\mz )‘ s of mv.l%'\?hci\'\a one .

The  Pecron- Frobenius +heorem %D( mn»m&mw matfices  tell us move oboul the f:rst sz‘\gu\mm and zijmveqor

Theoorewm let & be oo connected undivected Qfoph.  Then

@ the {rest eigenvalue s a& Yv\m\%“\\nl‘\cﬁg one

Q@ Il ay Hor all 0.

®

all entcies of the fest eigenvectol  Gfe Nonero and have the Same %v‘&m

We ol net prove it - See hapter ¢ of “Ng(b(oﬁc gm?k ﬂ\eomd]' b\A Godst)  ond RDSKE for ?(oo{;,
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