CS 466/666  Algorithm Design and Analysis . Spring 2020

Lectuce (| = Roandom walks
Rondom welks s an TmPoffm\Jt ‘tukn\\%m in  Candom SQMF[D\S, andh alco in amgwgw:“g 'E“+ o\lfquLms.

We  stact with the  bagc %mcsﬁohs ond  then See the f»undxamm&o\k theorem of  Markoy chains  ( Lithout F(oo—fs).

Then, we %et  +we o\wl‘\cq-ﬁmng of  the qcunA«man’m\ theorem , one  about pa&armnh ond  omether  obaut o{as?&h‘mg

a  Tast algm\ﬂum for perfect mzﬁcmna h regulw \:;TPar’rTJra XMPL"

Querview

Given o S(QE\'\ > 0 Yoandom walk ctacts f(am o verlax , at each time S%LP the walk moves o a w\}JEo(mIé

candom mlih\mr of +the curcent verfex . and vepeat

Come o{ the basic mothematical %mzsﬁm\s afe

U3 Te fké(& o (\m‘vﬂ‘ﬂ& d\TSJ{(QbUf\”\\OT\ D{ t}\U_ {Qndum Wulk—)- 'I{ R0, \,\J\r\o& 1< ;f? (Sﬁrﬁor\a(g dl&f{?bmf?o!\)
) How lw\& does 1t toke \g@’wm the walk Opproaches  the kLm\rﬂr\% distrbdation 2 (Mx?mg ‘Hmt)

() gfﬁrt'\h& from o verTex S, what s the JLXchfJ&J\ numbac of steps to ﬁrsf Yeoch t3 (!mtt‘m(g +ime)

(4) Mow LDY\& does Tt take to Yeach ouery  vertex at least once 2 Ccover time )

Thete are two moin  oppronches o quastions () andk (2), one is P‘U\Oﬂb‘\ﬁﬂ“\‘t and uses the idea of

BN

Cou\)l\vh(& " two candom processes . another 1< gpectial Ond uses the eipenwolues of the ad]manc\é moteix

We will gmda the g?uﬁo\t opproach  in am(&‘mg my‘m& Time . and we will b@_@r\ the ntroduction

to  gpectial qroph J[Morﬂ next time

Quastions (3 and (4D qre  best oncwered when Wwe uvlew the graph 6 an “electrical network . which

nggtra\ wethods .

we Wil also  study ia The second part of the course in

Tud\q% we  uwst  State a fw\[immnh\l vesult about (O ondk see Some ‘mfe(esﬁné QFF[;CQ‘HO!\S.
Mackov Chain
We O\V\a\\ggi the Xmum P(ob[@m o—(i andom wealk on o directed %rQQ\/\
P
A
a{ Loch wveclex LorresFomi; to o <gtate
T
N \ Yy O arc Qmm&?mm\! To  +thae ‘transition Prs\o.f\rm State i to ctate Ak
Va

We can  also  Lopmulote  the peoblem as a matlix problem

o \ 2

2
N R A

]
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0 o L/q o 3/*

\ 1/ o 2! Ve

5 0 o | o . e P\‘j Transition P\'DL fY"OW\ State 1 o State \j
2 o VA Va o Vg

Yot Xt be the <tate of time T.

LQT ’PtU) o the Fro\vo\\a?ﬁh} 0{ \:.(L\mg at State 0 at time t
For examvkz, ﬁ,i(ijo,..:ﬂ i the walk starkts at  state O at  time O
= 1
(¢ \)2‘<£ ;V_;,...,_;> \\’f‘“ 'H\Q watk Rtarts Qt o Yandom Stat o ot time 0.
n-(
\3% the  defimtion 1k —fuuows that FH‘LD = Eb PJCCIB-?;,\S HJ _and we <an Wite T Coqucf{g
%

) -
S \2”: FJ\_ P and more SHMHO\LLJ Piam = PJQP _ where  the vectorS are  Yow vectore.

This  vondom p focece & aalled & Markou Chain becaunse 1t \ccr&us about  the ?ast,i.z.

Pe Xt: g \ X%—\:at*k - X&-\L:a{—l‘"‘/ Xy =a, . XU:QOw = Pl Xk:o‘k\ Xtﬂ:o‘t/\v = PQ#\J
Stotes
We il assume  all Maskev cholng are  Finite In this  Coucse.

A Moackoy chain is _irceducible . f  the undzc(\a‘w\g di rected Sr“?l\ is gﬁonya connected | te. there

o dicected \)aﬁ\ 'g{om Vv to :) and fﬁm\ 3 to for evary Fa\\r a—% Vertces ‘\,& e\,
Th other wotds «FD{ e\/qrgg ;,3/ “hare LSt 9\ sweh  that P(( Xt—\Q = G\‘j \ Xe = $3 > > 0.
\ o § ool
The _perlod of o <ctole  is defined oS A8y = chk t \ P20,

A state 1 s Opedledic  if dCSH=1.
. . 5 ‘
A Markov chein  is m\;erior}\\c ‘-% all  states ave D\?lrt"d\“c 5 othevwise 1T ¢ pecio die. / \‘ s

S %
Tor example , vandom walks on a  bipactite 3(0?\'\ i apacodic  as Asd =2 gre .

We  use ‘wrutua\:}\ﬁxg and opeciodicity o get the ﬁ(hmhg property
__kemma  For Qr\g —%mt{ ,oAcreduaible | ond OLPUJLO(ML Mackoy chan , thete oaste a | € & Such that

LPt%,‘J > o fmr ony \3 \abr any t =T,

gi‘o\ﬁbnar% st bution

> 5> >
A S%mﬁmm{% i stribution o’{ o HMarkoy Chain V¢ a ?ro‘oa\;ﬂiﬁa Astibubien T cwdh that =T P,

N
N =

=)

In%ormauté/ ?T s a h %*\‘Laoha /@Suj\(}\ovmm | Tixed Pb‘wr& ” gtate . as Pt {o( &n% t =5,

Xv\tu‘d\‘va\ﬂ . j\unn any —RY\HL . rredacible L ond QPJ&rioch Markoy chatn a\chz,f we  Yun W \nmg QV\DMJ)L\;

»

then  we Wil Lowxphatda %r&aﬁ about  the V\Fito(& and. CDV\UU&Z/ t  the some  distvibution .
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Gﬂ\/U\ o ?rbha\p;uh& distibutions ?ZLP\zPl/...,Ph> and ? =( ?\ '%" . ,‘b) , the toTD\’ variotion D\'\S’(’(MUL
> n
of % and KF lg dzﬁneo\ o dT\/LP‘ﬂ> = —%E‘ \?\\“??\ .

= =

>
We &ag\ that Pe Converges to i RES ‘g"\w CJ‘T\)( Pr % ) =o,

One wore definmition @ the (RECurn time Lrom 1 to 1 is defimed as Hit= min S\ tZ’L\ Xp= S5, %= S;}

The @xpected  veturn  time is defined g hi = ELH.

The —gol(cw?ns thestem 18 known  ac the ‘Eun&amar\‘tml ‘thesrem of Markoy Chalng.
Theorem Tor any Lintte . irreduable, ond aperiodtc  Mackoy chain |, the fu(\w‘mg; hold
‘j
® There  2yasts a S%o&\or\a(g st bution -
ol > > N N . =
@ The  distribution Pe Wil converpe o W a¢ S0 _ no matter what s the  nital  distibution Po-

@ There 18 o0 wun %M Shﬂ;w\wa disteibution .

R R
© o= bm (P - he

+00

We wont prove  this  theotem today . Gnd will prove the undicected  Qraph  Case usmg - Spedol  mathods later
Rom&m% Qgﬂmk‘mg, the ?‘DBQLIUSHQ a\y\nrom\ Qoes 0 fbuowg' Two  Vandom wolks afe md}sﬁn&msmbm aﬁzr
tm% “meet” gk +the fame vertrx ot <ome time gkz?‘ LTM& statement Con Y2 made precise bé
the YQou?\inS)} &Ygumu&) B\A the  plevious lemmaoy mg‘mj ‘\((zdul\u;\‘\%a and c\?zr‘\ozﬁmt\& . the two
tandowm  WalkS Wil meel with Soma ?og'wb\/a. P{ob[}»b?hhﬁ aftec T %&Q\x no  wotter whece ﬁw% wece
This  would tmply  that the two (andom wallks Wil meet  with Pmba\a:\&% one Q\/Qﬁmtké , and it
Collows that They would Converge fo the  ome STM\W\QV% distribution . ond  dhu the w\}%whus.

\
Tt it ntwitive fo see thatt T T Yo oo The QVQ(ASQ fotuen Bme g hi.

Pagm conk

Suppose  we  howe & trecte d erPL\ d\zsuiuy\g the  velationships between o Set of webpages
e thece 13 an are  Arom page v to Page R ?fwt theee 8 o Dink fyom page 3 o page j
We wanf an MBMRMM to “rank how Tmportont o Page s
Int\i\ﬁveha, A page  belng  linkad by many other poges s impuetant - and @ page linked oy oo
\)mPorTm\t Page 1< TM\)o( towl -

o ”
ThiS  motiuates the "@o LLDm‘\nj Tterative rm%ngmuﬁ o\kgor]t%m .

Po\guawk a\yor‘\t\nm
IInFJc\D\\l%, L och Fagt hae PD‘EUM\k Volue _1;

- Tn each ng?, each page divides 1t< pageronk Volue Q%um\\\a to At oxﬁcjo‘mj Iink.
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ond  send  thase ﬁ%uod chares to the Fages thot 3T \)n‘m‘ts to .

Tack Po\xa_ mfokzﬁt s hew ?Aguw\\z Value 10 be the <um n{ the sharee  that It (eceives .

UE

w

+ha @%uﬁ\\‘\;v‘m«w ” Pagmrmnk values .

@(1//\} ”@1/\3
VR RVAN
;@ Vie (® @

\j / iz 12

/3 (@

Y

T s not Al fieult  to e thot  the E%W‘H\ov?um PAgrL(m\k valueg are Q%Wx\ to  bhe ?rukab;(]ﬁu

o{ the g&mﬁonma Aistribution o{ the  Yonddtm Walk when  eoch zrﬁu& P;,S P s Jz%w\( o

\

d\fl&o“t&;> -

sut

wherge d\(& (@) is  the oudth({L sf Vertex in the SMFL\-
This  1¢ becauwse  the paglrank Values and ko S&o\b‘ma\rg P{a\aabit\‘ﬁm gom‘sf\a the Some Q%Ma:h‘m&:

- -
\)mgt(wk Cj) = = \Do\gtmhkii)/ dxlgwtii) S which 7m?h‘1s that nguahh = Pajkrﬁhk'? ., and

\;\&e‘a

>
thue P(X&lrmvxk s a g%oﬁm\m\% Al stribution oqﬁ P.

Whan  The groph s falte ttreduable  and thmrc, thic s mm%mgtg defined b% the fundamental thm.

P

T}\gq@(z. we know that 1{ the 3(&9}\ &S gf\ror\&% Connecte . and O\J\JLr\od\\r_ than +he “a%mhbr;um mee(m\k
Valuss  acr unique fegardlese of  the nithal  values.
In other Wofds., the Faguwk values  axe o J{w\ct\on ng the gva?h Strwctuce and ofe uzu»o{z\ﬂmm\
Tn pfoctice, the  OAlivected %Yq\)\'\ m% not Sa‘n;&a thete Conditions  and  the %o“ow\n& modifed ?focus s used -
Fix o numbe $>0, divide € Leaction o’(y te Pagerank  values to it 'ﬁh‘g%bnf& , ond divide I-S
{(mﬁor\ of it poagacank value to all nedes Qu@n{aa,
This s e%mvalmt to  the frandom walk process that with Frobab»lihé S 30 to & (ondom WZ&XHWR
ond with P{obc\bl\;fa s e o o Yandem vertex.
With this moedification. Che Mmlﬁns j(aph X gtrong(% Connected  ondk apeciodic , and hene  a wn) que

Sfm%[ona(\(/& ohistribution  Qxists.

At the Same +ime, "mtmk\\/tz\x:\, this Mmoedi{ication dosc not change  The “velative  Importance “ ot the  Vertices.

Turthermore, 3t olso Shows +he (elation lootwsen the po\gz(o\nk volue and  the votun +ime

Pexfect ma.tch'nn% in  Ceouloc  bipartite ¢ caphs
3

1 S v

Tha b‘\?mﬁtx wxoﬁck\v\é Froblxm ¢ to %mi o Maximum  numbes of Ve ctex &tg“la‘m z&geg n a \;}?orﬂm gm\;%,

B\A Halls  +theorem on b?\ja(f\\% ‘(‘I\ﬁtc‘(\“ﬂﬁ, it s well-known  that o {zgu\o\r ‘D?Po\(ﬁﬁl X(D\P}\ oﬂw&ﬂﬁ has e
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?u\ﬂuﬁ m/ﬁckm& (tee o (eguta( bzPam’m Src\?h wyth  2n  vertices has o mmfchmg n& Siye no.

_ﬂﬂlft TS o (ecent Yaesult (10\0> QV\OWmX ho w %o &:]f\l}l\ o ?ﬂ,(%d[t W\&‘t‘(‘_hfn{g in Such S(I)PL\S e OQY\LO\)SY\) Time,

much  More than nlogn edges  (eg £ (a" 2dges )

Note that this is  Sublinear  time when £he gmpl'\ has

The a\gor{(ﬁwm ond  the av\mhﬁs‘& are  vary a\egmt

The tlfoditional Q\D\de\ s to rzpmtadt% Linok - an \\Okugmmﬂwﬁ ?rxﬂ\ - ‘o P_MQ(&& +‘he cCu(rent match:nj

Prcto (imu\a : W 3 WD > CV%J

Cunxcants Mqt:,\n\{\g o.wgma_nt?w& \)aﬂ,\ \ox(go_r W\s\ta\q?r\g

whe(€ Vyr  =Vir 35 an :;d\gﬁ_ not in  the Current

An otu&rv\em‘mg poth is o pakh VimVsm ol = Vg

mzﬁd\‘m(i, Vay ~Vysy, 1€ an zd\ge n the (wvent match"mg , ond vy onde Vo are unmatched  vey tices

Theotem The curvent mmch‘mg is wowimum A o onha if fheee 8 no O\\A&mZn\LTnS Pod‘n.

P(m’& idea One olifection i Loty I{ these is on Cxugmmﬁn& ?cﬂv}\ , Chen we can wge 1t to en\wge the 'w\at('_]r\'\r\g_

RAnother  digectien s 4o Show that 14 the Current mfatcmng M 1 not maximum, then there s an

O&ugmankin& Pafh‘ ba Qor\sﬁd\eﬁng 4he  union D&, M ond o Lc\(ge( mq’tcmni M% .

With the theorem. +the wmoximum \DQFMTI%P_ YY\D&LWM& ?(OB\ZM Con Y2 Yeduced +o ot most 7N Saubroutines O-E

JEmd\”mS 00 owgoenting - path, whith can be doemz in O(m)  time ‘oa BT o DFS.

The new Tdea 3s to TQ'@\QL@, RES/DFL \mé Condom wolks . ket mae Tllustrate +the algoﬁt’nm ba Paa*wms.

<
OS

oo o o 4 ¥
vl o RS o [/ Yo ey
G, G, \‘% SJ“/

Gs

C—V‘ VS the D‘(%&\f\al undirected b{\)mﬁh g(O\P}\ with o W\QTCW% M.

GH s the  directed gmﬁ\ whece  each zr}\g‘a in the W\afckm& M g po‘m‘(u\ upwocd, while all othes mk&zs

not in  the mmh\mm& axe \?o\v’\\’ed\ downwacd

Grg i« the divected g(og‘n 6btained ’%\(om CT>» b%x Qonframhj each gckgz in the MQHMMS M into g

owt
S;ng\z Sas(m(r; node The Qoure ¢ has oA ) Qd§25 to ;z,\/mzS unmatched vVertey Vo on {—DF

and. aveny wnmatched.  vertex  w at bottom  hag di”(m) edges  to the <ink t

ﬁiv\ml\ﬁ, the Sink € hows o}\;ﬂ(fﬁ _{L(}\ﬁﬂ_& tv tha gource <.

Tt s net  difficult t0 gee that
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@ C‘,(] has On O\ugmanﬁn& Fofd’,
o @ CTL has o divected FD\H\ %{cm 2 te t.

& @ G\'g hos o CLACQ %rom S to ¢

Also 3t s not difffwlt 1o uu;fé thot CT; i on  Eulecan  directed gmp\\ Glg. "md_QXfQL: oﬂougm ’\anr

e\)uk& \/uﬁ&x) R{ G, i« o mgum( ng]n.

Qo, i we do o Yandom wolk i CT; , then the fxpocted time to £ind an augmxnﬁnj poth ig z%m[

to  the a.xchc%ark Teturn  time hg  in CTZ-

Reeall that hg = [/‘WS s Wwhere T s the Pmmm;f% o~§~ ba‘mx in S in the %Jmﬁbnwx distribution .

which 3¢ QoJ\(\ +o Compute  in Tulerton  directed S(“P"\&

d\mﬂ(u)
Claim Tn an  Bulecon  divected g{aPh G"A(\J,EBA the Sfmﬁunaré Alstaibution W3S g‘luur\ bLA W, = 5 Yuel/
olut . e
Yoo TY\/ B Mo \.Dbuv = > & UJO_ \ - M> - ,Ow = TY\/
wWoie g wwuek \El d\mt[m) “E] 1&| )
>0
Since ETV = S = | S s i &he uat%ut Ctativnar AV stibulion .
v v \E\ a 3
Theefoce . he = \E(CE)\ /0\0“(5) \AS\nS the above claim.
ut
In the i-th temtion when thete ale on\\é ] 425\{(&& m the mc\tch?njA A = (n3)d Cusum'mg

G, s a o-cegulal i(a\j\}
Note that 1EED| € GVRWED| = 4dn

Q. in the T-th Tteation, he S &Gdn /[ dlnd) = Sn/n-id.

)

Thecefore, the total \(umnhxg time NS i %/(nﬂ = O(r\(n&r\).

2o -

With ()\W{ow‘\rﬁm Sim?\z dato  Structules  the total uwwp\exiha o§ the &\&orithm is OCh(oj n)_

Note thot we dont nead —o construct G, n The algo({tb\m

Tt s or\h& need in amtasmg +the angszo(
Bme to £ind a path Tyom ¢ to t 1a

G, . oc the condom walke in Gy and @(5 have the Qoame behaviour

In the a\go(‘\ﬂ\m, we st need  to k,uz? track of the change n Gra after upd\mm& the Pmt\m\\ mo&ck‘nﬁ_

me= Can thi OPF(Oad\ be extended To ﬂemn\”lz&u\\tx( gra@u?

Kzfgerencu

Bosics of fondom walks Can be {—\Nnd\ in chopter | of T MUl .

A %V\H ?YOO% D{‘ the {‘u“d\mmmﬁo\l theovem can  be &v\xr\d\ in the  Shoxt beok

Y Rinite Mackou choins  ond algecithmic  applications i by H‘agggt(‘ém_

“The mriu\rx( b??a(H%L mafch‘\r\& Q\Kn(ﬁthm s J%mm the papec * Pg(—gmt moﬁb;h‘m& ™ Otnkognﬁ Hme
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rz&u\ar Lipar tite gf@}\s ” b\A Groel , kmkaw and  Konnan .

Pc\gzmnk s J§rom C\\ﬂphr % of © Netwerks , Crowds and  mackets” b\é Em\e& and K(Lmbug,
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