cSs ‘-1'66/666 Alsorithm Desisn and Analﬂsix . Spﬁna 2020
Lectute (D - Local (emma
Locol f(emma s a Lu;qau\ fool  in Probobilistic methods  \wWith  Vorious opplications |

We wil e twe bosic exomples . and fthen o recent Ior@mldck(oqfk Tn v\mki»\a the maethed  Constructive.

Lovasz local lemma

Let BB B, be a set of “bad” events.

A Jrj(ﬁca( Soal n Proba\b}\\sﬁc method is 1o Show that there 1s an oufcome With no bad evats occured.
For example in Szy\arajﬂhg RO\MSQS S(QPM, the bed euvents are that  come Subsets  ofe  monvchromatic |
Our Sml ¢ to <how that Pr C ‘\le Eﬂ >0 , an oultcome With ho ‘bad 2uentc.

There ore  Some  Situwations  when  thic s easy ‘o show :

~ when  the euents E E.._E, are rmhmtla Tnd(z(;zw(nnti

" _
= \when ):y ?r(Ef\ <1, e, when the wnon bound amﬂrm.

w

)
Local lemma can be seen as a clewe ComBination uaﬁ these . We can think of it as a local wnion bound .

Wa Sna that an euant E g Y‘r\\:\t(«m\L% Tholep endent of the evests BT, . E, }f {tor Ohé{ Cubset ILEln],

we  have P (E I ‘\ELET} = Pr(E) Cte. Pe(E) doesnt Unav\gv, conditioned on +the eventc gE'\\KEX%,

Theovem (Lovasz local \!LW\W\K) et B, B, be o set o’ﬁ avents . guu\)()ok te ‘Ec\\cwmgs hold

@ Pr () < P for  l¢ien

@ Euua event s yy\uftumua T“d»@KJEhiwf af ol but ot most d other evenls,

We ometimes call & the woxdmum o‘w_g{a@ in the “(ia?w\deﬂc(ul g{a?k]j

The lotal lemma Can b \\nﬁerﬁvzo’\ NS If the uwmon  bound applies Locq[(a then thece existe a jood outcome .

The '%ouo‘/u‘\r\g Vs the 0\"\311\6\\ ?roa{» bﬂ_ Lovdsa, which Y non-cowsbructive: It Oh]LJ proves the existence of o SOOJ\
putcome . Withowt an efficient a\foriﬂnm +o {m)\ suth o 9ood outeoma .

We wall present  the recent q\gov“\ﬂ\w\\c \)rcof lotec . so the br?f‘mm\ Proc\C i< oplional

D(oof (Ogﬁm\o\m \WJe prove b\a induction thalt Pe Qg €}> >0 on the %\SL nf‘ <.

To P\'ovm thie , there  1¢ on  Intermadiate Sffb\) %\now‘m‘g that ?((EK\ R
\

<

si“) €1\>.

The proof  Structuce To as Rollows Pr( 0

eSS

B)>e D Prigd o ) sap

VES stz

2P (0 T V50 » Pe(E.L N ) fan
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The \mef

N D) €. = T. <
strudtuce 1 as follous \r<793-m:\ E‘B ”° > P &EK\ \(L}s:\st:\h\) iy
> O - 5> Pc(E ) <
Fr L‘xe&:m—»m *‘} 0 ve K\ TSS:\s\ti lv P
S ..
> P A '“‘ < = QO T
Pr(®el ms:m:mEJ 1? > b (Tes-mw E\\> 70
Fiest, we Prova PrC D E;) >0 o\ss\m?v\g the previous steps  in the chedn ore  proven.
Ves
The base case  whan [S1=1 3¢ QQEA . oc Pr [Eﬂi (-Pe(ED = l-p >0,
TFor the  inductive Step L without logs of generolity . We  Qssime S:Y\x,l,..,,ﬂ.
[ L L
Than ., Pr a EI\) = \1[ e (& | ]Q(ES> [ conditional \DroLqLTLT#E
¢ R
= C2- PFLE‘ {3—,115}})
{
> T

To do

J induckon L\JPDH\LSI‘S

Next . we prova Pr QEK | {\ E'\\) Sl? O\SSuM\‘*\S the \)mu‘wu %W?s \n Tthe chain are Provan.
el

this. we diWde 4the euentc  to  two types based on 3t !J\i\blv\d\znu& on Byt
S = e | QL dapendent § ond Q,::X e8| G independent 5
TE =1l then  PrCELD B ) =Pe(ED €p , and wie done
Q. we asume SIS,
et ¥ = \(e\s gr . ¥ = Res, E; and Yo,T weg1€‘ ¢ that T =T 0t .
Then, Pr CEVEY = PrlEATD - Pr CEe0Fg VT, ) PelVe,) . Pr (EenFg|Fe)
Pe (7 Pe (rg, LF) Pr(R) Pr (Fey 1R
“The numerotor s Pe ((E AF LT € Py CEL 1R = b (B ¢ P by indeperdence.
The denominator i B (R 1F) =0 (O E 1O E)
= 1= P (9 & lJQSngB
>0 - g P (B g}glﬁj) // wsion bousd
2] - ?zg, 2p [l nduction hypothasis - as el <1s
2 1 -2dp /) e dagree ascumpton (D
> L [ assurgtion (9
Plg them back -+ we have  Pe (T F) € p /(5) = 2p. Thic completes the induction Step ,
Applications
We  2how two classical QKnggkgg of o\\;Y{Rca{mns aAE (ocal

(O _k-saT
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Griven o boolean  formda  with exoctly & vaciables n each cdouse. we would like to  find  a  Lruth
Osgignment’ o fhe Vaciables  Such thet euery clouse ¢ satisfred . where each Clawse s a dﬁs\]w\d(on of k variable,
€9 (U U Y AR VRV ) A (Vv re ) n CXuXaude ) ond X=T,%,=F, %,=T. Yg=T js a Somsfh‘mj ascipnment -

Thic ?rnb\em is NP’CSW\?LQtL in Sav\uml) but we can prova  that o each Vadoble appeoars  in et tvo many clouses

Lhoan thoce 1€ Q\Waﬂ‘( a gaﬁsﬂ‘mé) Ass?jnmmf,

Theotem If o variablet  Ina k-SAT  Lormule  appear in more  than T = 1k/4&k ¢ lamses _

then the  formula  has  a Smh‘sﬁj\mf) assignment.
?rooﬁ Considker & tandom q&i\gnmanf where  each Vvariabe 15 geb o true  with Prc\;abi(‘vﬁg /s htkq;uomtfj.
let Ei ba the bad evant that +he 1-th clouse 1¢ not Sah‘s{\a& \35 the Yandom assagwmm%.

Since 2ach  dawte 18 o disjunction of K voariebles ., thic  event happens with Prabo\hitr%a p= Pr(Eﬂ:él_

Note that the et By s wwmm[(a independent  with okther events  that do not shace wvarablas wth E;
« =
S, *he mMoximum d&&ru s at most LT < k&u/qu—;_ )
ke -k
Sine Qd\) <42 M2 ) =1, dhee 1 an  outcome oveiding all bad euents , hene o S“ﬁsfji’lx fkss?gnmem‘ .

@ Ec\iz‘o.- dtsio‘m& Pa ths

Gven o 3(&9% with X poirs ;(S,,tﬁ,ﬁiikﬂ,_., (sk,tK57] L, We  would IKe o fmdL a Pa‘%k P; Cbnwect‘mz
S} and Ty Cuch thot the Fatks {?UPL,,.,PJ are edﬁm d‘\s]o}nt-
This ?ru\ckzw\ s alse NP»CmFld‘Q , but we con Lse local lamma +v  Show that there s onh,\m“n; A Colut on r—f

+the ?es;\‘o\c_ pocths do not Shore  Too \/V\D\'\% ngu with  e2ach  othec

Thesrem Tor aach  2stck. et @7 be a  collection of L pocths (_mnu%‘»nj s anch T
Supposs eath path  in @  does met  Shace edges  with  more that € paths in ®; For iy and Skefu<1
Then there 35 o oy b chese  Pre®i se thet  the paths SP Pe b ore edge - olisjount -

Proef  Considar o rondow expediment that  For i<k L g choose o Yoandom  path  T; € P; comecting 3, ond &
et B3y be the bad event thot Pi ok Py are not ng& OUS\P\MT.

\
Sinee  a Qm+h n @I shacre afifu with ot mest C pmhs n @5 ond  there oz L ?Oxﬂ\s in @; .
we have p= Pe(Eis) & C’/L.
Sinca ELS is mnﬂtuq\\\é qumndgmt with all  events E}’,S’ when T'Q{L&’é onde \J/ﬁ;{k\ﬁ,
we  have  the  maximum dzgram A e ol wmoest 2k,

As qd’P < Rkc/L 5| ‘ca oul a&sumfﬁor\ . tha local 1emma ‘Lnr\\ylies +hat thece s an dutcoma

of the erperiment with no bad events. hence on L%{-d?i]o?hf path  Solution 4
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Thare  ace oy “m‘l‘uu‘\"mﬁ and. mowa—trivial O\\)\)\‘\u\ﬁoni 0& local \Zwmma .

See ¢S b0 %gr & ﬁ;u(\x‘xs}r\g resulE  In \)o\ctQT \"ou&‘mg.

ELficent Algorthme Lo Local Lewma

How +o {i(mk on ot come (Q& a Sa\‘xsﬁgmg O\SS\‘SV\W\W& D whese  Lxicten g wa(m\\‘eec{ b\g the local ngmw\z
Tn {a&J Since the P(nbak}t\hﬂ tonld b \/qra seall , we dont Qcpect that O Yondom oufeme Will  do |

“ . ”
ond. Tt <eems to be a vu\é Aifhreult o\lgoﬂtkm‘vc tack , which Some Yesearchecs call {'ma\\fxs o nedle in a *\o\\as‘mnk

There s a lwg “‘m’fg obout \Cmd‘m& efficiendt o\lgnr‘.tb\m dor local lemma , with a yecnt bvmkt]ﬂamjh.

To lustrate the 1dens. we Smgt \cocw on Tha ¥-SAT \)Vo\au_w\.

O¢iginal < 30 It s nonconstructive K”““;\ no idea how to f‘md Quch on outcome

M' There 18 fromewmrk  developed by Beck .
bet me Just Ty te qve o ey baef idea here See chagter 68 of Twu] for defoils.
TFoc thic frame & *o work, o atronger condition 18 astumed: eoch  vagiable apprars in of  wost
T= " Kor some  constont  0<d< 1 (instead of U= 2"/ 4k )
The a\&m(ithm has fwo  phaces
© Tind o rondom “Pmﬁal v ass}gmm (each clause with ot (eact k/l variables  femma Mnas;‘,&nm}\)
Ug;{\& the local (2mma ‘m«t{ with the stvonger &S&um()ﬁmn (T= 1‘”) .t can bo \;rowx that  the
Partial Zolution can be wxtended  to g Lull solution.  TThis slw,? 'S easy oo 3s gmall znmfh
@ Biftec the nitiol Pm‘(w\\ ms?gww\mt . Prove that the d&gudmoa qraph s broken by Swall preces.
where  2ach  plec has of  most O(Ln& m) evenls.  Smee goach clawse has ko variables, we can
do exhanstive Seacch in eadh  Pize 3a polyromial  time  to find Qmﬁ&ﬁinj assipnment  whose

2xastence 1< gm(‘zxnt&d\ b‘{) tle local (grmmo. in P}\am @

The oLT]UﬁwH Part s to Show thel gach P?zu [ e'{ gisu OUD&M) ) bxa a cmcfw) (Lwr\ﬁv\(g arguwan‘t.

Racent breokthrouph by Rebin Mosec  (2009)

The Q\goﬁ&hw\ is Qur\;r?s‘mg\g gimPla_. TE was known to the eXY.erU Yol no one knew how o W\A(ZBL Tt

Al ge(ltb\m

Tiest {lﬁx an a(\:?trarﬁ ord\u‘mg o-f the  clousec  C,, Q. Q.

Qolva- SAT / the maia program
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TFind o Yandom O\Sﬁﬁ‘g)v‘me»\”( o—& the vaciableg.
For ] €7 € m
I{* Cy s not saticfred

TT\( C C]}

v (CD / subroutine

Substitute  the yaciobles in C  With  new  random  valuwes

While.  there s o clawe D that shafec  varlables with € and D is nel  satisfied

Choose Such o D with the amallest index . Tix (D).
Ana\%sis * Note that one we called  Fix(C) and (eturned to -the loop in the Mo h projram C; wil]

temoin  Catictied ofter  ¢ach  TFx @@y Lintshed  Tn the LD(}F fov 3>T b% tle Yelursive

f?x‘w\& natwce  of ?T\(CC&).

Qo)w\,\u\ the  maln kne? is Bwished . al te Clowses WU be Som‘s{ﬁg_ok

Bl 1 Sewems that the Prog(arv\ Can Yvun into  an “m{'m]tL (oo? and. nevey -f{nTSL\zdk-

And. T Seems very difficutt %o analyze this algorithm  with  such o Complicated dependerney  Stiucture

Tdea: Mowr Came up with  a  remarkable {)rmrg‘ He Showed that ‘xf the Mfu([ﬂ,\m does not  taerminate

in o Ceasonable amount o’ﬁ time | then we  ¢an Compress {ondom bits ms‘n\j fgzumr 19?“(51,

-
Cloum A ~Yondom St(\r\& a»ﬁ k bite can  be umwgmd into k-o bitse with ?(ohmhylzfg at mest ﬁor any cz | .

_Randem bifs - gmwugl +he o\\gnrit\nm Yund 'gor t gTQFc buk not guccessful %at how Yhom% Condom  bite used ?

Tn the \ug‘mn‘mj _owe wed N random bits foe the  Initlal ass}gr\ment.
Then, for  coach FixCO), we  wed k Candem  bits J%o( the clouwse C.

o, the Hotal number  of  vandom bifs  uced ¢ nxtk.

Ewcud"mgi Now, we Show |ow o Compvass thece tondom blits l\f t XS lar§£ QnaugL\,

The Tdea s to froce the oxewtion of the o\ifa(rt%w\,

u;(éf “b ® T ()

S, R
AT A,

Fx(ee’. 0 S [ S
I Tl "L /\ \\\\ AN
“ IRAS TR A i\ ond S on .

T 7 <
AN

A
Frx (Ly)® EEENTEERN
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Tl Ps

A\

/,": T ) D(f“}),‘ G\\;\; \/’x / \ ond s on .

IO
= e 41) T’(X(CS)

- (S

?ecursions i mix(CD fecursione  n FixCCg) Y2 Clurgione  in ?"‘QC\Q

Tha Zn(.or}dng ccheme 78 as rgo\\bms
@Use O)(Lu&lm bty ko Yeprasent 3o‘mS ’%{om the toet fo o cClowse . where +the Lagim bite iS¢
used  to  Yeprasent  whidy clawse o v T

to another clawse Ta  the  Yewrsion trea.

@ Uge O+ (OSLJL dite te \(a.\vfa.gen\’ %u\mj {:ﬁ)m the cucrent clause
\J‘!\a lD&lr}\ bits s Qnoug‘«\ to S?zdﬁa which clawse e 4o 2

WIh at most  d ethee  clawses . Qe we Just need  to yemembec

Bocawe coch clause thafes  voriables

which r\zTngr o&— the curreat clouste that  we 'S To .

® Use 1 to rz?ruu& 35\,\5 up e the Yok orrow n the  Tecursion  tree.

when we See 1 at the vook . +the a\goﬁthm Lerminates .

@ When  the Q\&eﬁthm Yerminales,  we (emember the n bits in the  vactables.

Mm Tt should be clear Lrom  the ?_ncnd{\nx we Can  Yecovel the exewwtion of the a\ljmwm,

How fnany bits have wao used 2

Qb\é\ the previous Q(Kumﬁr\‘t hat Ci  vemained sms{w\ o:fTQr

As the man Yoot onha calls  m  clawuses

T (G 3¢ called D) L we used  at mest  m( Logiw\dr 2 bits %nr ®+®

Thete ofe + %{a\:s In the Q\gur?{l«m . So at most tt(uglc)\+1> bite fo( @+®

‘me\\\é’ n  bifs %or @

Thetefore . the tofal numbsr of  bs used  in the Qhr_od?r\& Cheme s at most mugg,mw\l) +tkluglc{+1\+n_

Suppse  we  Cen prove thot the original  vordom  bits  Can  be (ecovered %mm the encozkm§ Scheme

~-C

Unee 3t s unlikzka ‘o L‘om{xmss Coandem  bite . W Can conclude that with \)rabo\bﬂiﬁ% 2 V=72

L3 QY\Lmd\\v\& bits =2 # vondom bifs — ¢

Tn  ouf Svjttir\i) W\Lkmglm*—l} 4 ‘t((cgld&‘*lv +n Z :\iQr\codD\n& bits Z # Condom bts — ¢ = nytk - .

This implies <hat mkkugjm +2) +e 2 t(k7\u§1&~ﬂ Wi th \D(D\m\ﬂti{—a 2 \-2

k-2r-t
then  we have

gD, 058 (DY\S %S K“\O%ld\vl 2 ¢ & Oké 2 —%c( Some T ro,
t < mlogom 2) x+ ¢ wath F\'abmh‘\hhi Z \-1‘0‘
N
T
-m
at  least -2

2
Tor oxawple . W< Zk (2% €=21), then t < mko&lm +3m  with P{obab;k‘\t—ﬂ

L10 Page 6



Duoamg’- To fimsh the Proa{» oL ust need to Show  how s gecouer the Condom bits fom the @ncod?hg‘
R Wy B W ) ) &) )
Lot the ar‘\g‘mm( Yandom bite  that the &\gﬁr\t\'\hf\ wsedh  ba Vi Vs VA L YL LN L G LY L L e Y oL e

R . W ¢y} G)
where Vo Vs..ov,  Ore the Yondom bits n the imtial O\S&rgnmw\T ondk Y.V, LoV ade the k tandom bite ia A-th Step.

The d\aaudcm& Q\&oﬂthm Wl ynonntawn o Vdiables, the  cucrent G\szgnmﬁr\f) Tm‘b‘mkla Vy,Vas. Yy

The mgartﬂw does viot  know the wvaluwes o«% these voariables n the bng]nn?nﬁ) but 1t wall Try to F\m{ out bg {*leowir\g

the execdion That +the D\\go(%thm has  2tored

T4 the D\lgo{‘nﬁm fixes clowse 7 ay  clowse o has  variables X5, %0, .., Xy . then 1T means that the

CM\'QSPOV\OUV\S bits UV ERSAVAVL the cuarent ass}jhwﬁr wust  vielate  the clawe .

The  trucial Po‘w\t IS that  there s on\% ohe Fasc‘\\am‘{—a of VARV v Viefate the clawse.

o \on \<nw‘mj that +he akgoﬂthm %xea\ clawsz 1 . we \eacn K bits of the cucrent qssTSnmanT_

. N o W W
Then, we know <that the qlgork\w will Ceplace  the  bite NAPACRPNIPAV b% r\,r;..,rk\ , ond So we  update

the cugrent unknown o;&?&wwuznt ( that wa are brﬁ‘n\d; 1o find out ) |

We repeal  this proceduce Kuw\ng whot  Clouse that +he O»\&o('\thm N ﬁﬂ\mg to fix Uzd qcotk‘bw\r\& the execution {fex)
SBIeY W .
) ) YKd in the next ?taF

km(h‘mg Koobits of the cucent assigrment, re?wc‘mg the kobte oy TG

We gkov when +he algocithm S‘Co?s . ok wWe use the %nm\ n bite Qtored to vewourC the (Qma]m‘ng vafriobles..

Go. wae cam  Yecover all the Yandom bite \;LA usihg the Qmud‘mg that we have Stored.

To Summariye. The k,zuQ pont s that in each stq: the Q\jo(‘ﬁchw\ I\V\SELTS k.  Coandom bitc. but we

Or\\\é used NKOK,O\ 42 bite  in the thod'\\'\& to k.cze? tack of 1t Gia. which Mighbor to {:x>.

oand Lo when (Dgyk** 2 <k, we Oce Coyw?(nginﬂ . but this Chould net be %a??m\‘m&‘

Wscusgiom + MoSer’s  resutt Spacked o LOT of  subSeguent werk.

Te 3¢ \jUL3 iv\tlrmﬁr\S that ?w\:o\\a\\isﬁc methode  Con be  tumed 4o efRcient qlgnﬂthw\i,

So, now  local local T8 not br\\\& o \vow&z(ﬁu\ probabilistic  method . but also o \?wuj\i\n\ o\lforIH\MTc tvol.

IE we have Hime, we Con See Onsther 2xample o  4NS diredion - vv\mk‘mj F{h\OO\\Q:LTS‘HL wethod o stvuwchive .

gejy eneRs

T}\e_ odg'\r\o\\ \J{DD{ } oYe ‘Qvam Qk&(ske( b o{ [MUT_

the bacic Q\(am?\es4 and  the Beck %\’amework
The algbﬁt\qmc ?(m% i< \arom the talc of the e« D constyuctive ?foo{‘ o+ Llovasz local loemma ’ ‘c\a Moser.

Read the book p(o\oabyhs%?c method< 7 %:r d\‘x{—%@(%t &e“uah‘%oﬁc‘wns oiy local (emma.

L10 Page 7



