CS 466/666 Alsorithm

Lecture 3

Deslgn and I-\no\lﬂsis ) Spﬁna 2020

Probabilistic  methods
We will  wse Come ?m\oab\\\s*ﬁg mothode to chow the xxistences o{ Thﬁ(esﬁng combinatoryal objzds
dem\g we Wil e the ’?Krﬁ mement  method  cmd the  gecond mement  mathod

Next Time we will cee tle  Lovagz

locod  levama.

Ramgey Qrophs

Can AEM color the eolges o{' a cowpletl gro\?]r\ o§ n Jertices ba Tuwo  Colors (Sag red  and b(u)
o that -thece ave no (&rge Monochromatic

Complete Qu\ogm?\\ <.

This ic one ot the mott formous problems in diccrete  mokhemotics . and s one of the Qar(a Probums

that +the E(o\oo\b‘\tlst‘\c method 1S davc(o\)cd{

n —kk)\-%\
Theovem I\C (KB > <L/ Then Tt s ?oss‘\b\z to color the eotges of K, so that there dre

no  monsChromatic Ke -

(oo Consider o (ondom eszciment where  wa

color  2ach eo{fe of  Ka U\n\\\(o(mlﬂ \mde{;ano(ﬂnﬂﬂ

Consider & Subset S of  vertices with \si=k.

_(x
The p(cbgb:\‘m& thet § 1S monochromatic s 1'1(1>

n
There  afe (Q Subsets o{ ¥ k

k
Lo, b% the wnion bound ,  Pr ( some subset of sije ks h’mnodf\fommﬂcs < (r;Ji(iHl,

%\{X &sgumPﬂon, +hic ?(ohqu#g NS §wtgt(& gmallec than one

Co. thece is  an edse CDLW‘H\S (o an outcome) Qo that there Ore No monochromatic

-

Check thot the theorzm i gqt\j{?c&\ when kK2 *—I(DKLY\-

. there ¢ an E’_J\%Q Co(o(‘m& with  no  momoChromatic Kﬂugﬂ

Tn %mt, 4 Soy k > ')—nglr\, then o Sondom Cdor‘mi Wl wock  with Mgh P(Dbab‘lzl‘/{jj

gmrgr‘\g‘mg\ﬂ,ﬂ\em ace No known defeiminictic a\gm‘ﬁzhm to Construct on ngz Cc(mr‘w\& with ny Monochrematic Kmajﬂ)

Tt s 0\\(@7\&3 vrma &xk{ﬁimt to  Conskruct  an @Qge Qc[orir\& with  no yonochromatic KD(W\)'

Note that +the proof Shows that ¥ we gQenecate @ graph  where  Cach  paic of wveetices  have on 2dgs.

With ?fobo\\ﬂ\\ﬁ'\g ’/1 indagav\den%tw then there are no  Complete Sm\;gmp% ot Si3¢ >/1(\9§2Y\ and

Nno H\r\dxeyendavﬁt set of $i3e 27@&2n with }\TSK ?(Dbo\\alkllfﬁ (Qd{asiﬂd, non-edges :bluk>
This i om useful Lot to keep in mind
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Ho.g?cul graghs

Last time we uwed Supel concentrators o d\asign a Wca\st o\\jmﬁ‘thm “Far ne twer k Cco(y‘mg-

We will gchow how t0  construct & Superconcentrotor ug‘mg P obabilistic method .
TFor this. we will fiest Construct o aseful Qadget  Called " mogical  Qroaphs “
A rvxagiml %ra\;»\ s o spacse b\\;mk\‘w %m?\«\ Q =CU,W33EY  wth

the (magico\\) psop{r‘cué\ thot

N
hos o \;2(%@& mqtc\n\ng 4o W s%

Recall that Halls theoram J%or bi\omﬁh, ma\tch‘m& Souys that 3(wm a bk\ymt\‘ﬁ_ g(o\F}\

every Subset S0 with ISt € \wl/o

G=(0,W:E) .
o gubset 8¢ eom  ba PQ_\'{/LLYL\Q motched fo W i ond On\é Q—% UTeS. we have [N

1 =z)T).
whee  NET) ic the naighbor 2t of T e NET) = § wew ] uw et for Some we T Z] .
With Hal's theoram. magical grophs  Can be defined @ Lollows -
Let G=(0.W/E> b a bipackite graph.  We Say that & s an Cnymod)-mogieol Qlaph 1§
O Wlkn andk Wl=

=m

@ Q\/mé vaetexy ain U hag d mug‘abo\fg.

@ \MLS7\>\S\ %w euery Cey with ).S\E\U\/Ztn[l

Theorem  Tor evary \Mga Zv\w&"\ doand noand M2 In/g, the waste an (n, Md)*ma&]cm gru\ﬂ\,
Peoo f let & ba a  Condom bigastite S(Qw with n verfices on the left ond m uvertices oa the Tight
whece  eodks left wveckax g Connected to & Tondom Set uff A verties on  the rt&ht
we  will

\molzl:zmke nﬂa
Chow that & 1s

an Lh,m,o‘\)vh\a\g\cm\ %”‘?\‘ with h?gk P{Dbt)\bili%ﬁ.

2t QU with =:=18) €nf and Toyw)  with tes Tl =

= =<l . Nete that 15\=\T\
let Ag, 1 be the Indicakor vacioble thet all 2dges &l{om £ o to T, and X:}T Loy
Sl=frie
“Then EEXSJT\B -~ Pe C XS,TH’ \> = (t/m)gd\
RN
t
Then EUA = ELE )= 3 Pl = 3 (DINGD (for 29)
wlattle s glamiel . < sd
ne \S7me 3 v
éswi QTB (T} (W) ( el LV};\ SQ%) >
m 7S
=2, [ EHE
- S
3R EN]T ey ok
- S
< oy E %5 Kgyd\ :g (O\S R<h/2 and m2 lh/or>
ig / (\Agf < ’\;_ (%o( A =3 gc\,\a)
Qince  the xpected value

is lege thon one andk X is an ‘mhuge( value  voandom yofioble |
There  exists

Qovne outcome 1n the Sam\)\z Spuce (1.2

Lome u,m,mfgm?m) with X=0.
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This Ivv\?has that  For all  subset S with Is| ¢ ’YE\ we hove [N > Isl L as otherwise i ING] £g]
thece &xists T with \T\:[S\ LPDSS‘\UB o Super;et b{ N(S)\) with all ed\gu f(nm < ge to T

(e Xeg=1 {ior 1l=1T11 ¢ % D uy\‘t(o\dj&?ng X=6.

Tn J%mt, Woodous sl'\glr\HA LD\F&er_ say d21%  then most gro\phg in the gamFu Spoce  0fe ma&\\cal gmy};g

Ma@ml grm\;‘n& e Unsa% Celated Yo Q,XFar\d\G( Xra?hs, which  are VUL(/\ \Asnjgu\ W theorotical Comrmte( Saencs -

gupef copcentrator
’Deﬁir\’lﬁm\ Let CT: (\//EB be o divected ‘3“‘\’»‘ and. et L ondk O be two subsets ojy Vi

with n vectices, each called the '\n\;vﬁ\‘ and outpul  sets  (espectively.  We soy thot & s

O _supaecCon<entcator T{ ‘?u( !Lvm% k. ond euriy S<T and TeO with Vsl=1[Tl=k , there axist

k vectex okrs‘)o‘mt Pmk; G from S to T

We  owe nterested  in Con%trun‘r‘m& a Supafcontentalor  with ¢ few edges as possible

A COmPlzTL blpactite g(a\;\n %om T o O 1 a Lupectonce ntiotor . but ﬁ%m‘,(eg n’ N\jes_

Tt was Lw‘ydu\cu)\ \Okg Vallant that o Supeftonceatotor with oM eddges does nvt wmast . bet

later he d\‘\gpro\md\ hTMSU% b% QMQ’C(MH(\S o uper concentiator with o) {o(&eg us'mg m&‘;ml g(q?}\g_

The  Consteuction is  Yecu(sSive
With  2n/4¢ Taputs. 204 outputs , ond O(n) edges.

Wz Gssume  the ewdstence of o Superconcent(ator C

The YVose Case i< when n 1S a  Constownt . %Or which & Covh?[ztﬂ_ \ﬁ\‘)arﬁ%v_ SYD\F}\ would oo .

20
Tor the induction Step. e use  two Cn, /x, O(Q)- wmg(ul im\)\ns G, and G,
Now . @ <upelConeantolor with n 3nputs and n outpuls Can ba  Constructed ‘OA \Dut\‘_\m& c. G, &G, tcgﬁher

Qp:cmm Trom  the Swwey L\a Howu‘\»tm‘m\;\/\ﬂ&é\umns

Note that +thee I8 ocfock waokdnimg  bebwean £he nputs encdl the  ouwtputy
? \ ' ¥

0\4\‘;\&3
O

Kn\)m‘i

TFast . we Prove that it 18 & SupertoncentCotor .

ek 1=®=§m,._.lng and Tl w\n\tclﬁv\& Conmacty \/M%zxi in LW vectex TN 0.

Lt S ¢T ond T2O with 1SU=iTl=2k
We naed to Show that  thece ate & vertex Aisjoiat  poths  betwsen < oand T

I‘% g(\—‘ ‘qu) when  wae think 9{ “hem 08 Qubtety O’f g\,l,-—.)ﬂ% R then w2 eon Wl +the ngeg

109 Page 3



In the Fa(‘%zpt Mm&ch‘mi ‘o  Connect those \)o{\rl m Q and T

o, we ostume ‘that SOT‘:@- Tn })qﬂt(cu&m. thig

Bﬂ the Propecty of  the wmogicol goph &y, foc amy Qubset el wath NP

By Halls theorem

ES
BZ\ the  Same O\VSMW\MK, Fely has a \Fzrﬂ-ut moﬁ(hm& 0 Qme subset T in

X _
Since C s o S'mK;Q(conCerﬂ‘(tﬁbr, theve oce R K:Hx\ v Tex d\\g‘lc\'\J\“ ?o&‘ns betwaen

Qnmb‘vm\é with the two moﬁ‘n‘m&s, thee form 1S\ =(7)

NT .

vertex d\‘ss“\om* ?o\ﬂ\& between

Pictorica MZ\ )

it oisoQa Su{)uCunCenT(fhh(

Tﬂr\o\mﬁ, let B b2 dhe numbec ot @iges in o Suypeceoncentcator  wWith  n ‘m\wts

Then, EB(a) = 2dn + n + BEC30/4) |, and
7 8 ¢

tue magical geophs purfect maﬂhmj Smalle ¢ Supe( Contentvator

gu\)ﬂr toncentsators  Gye Qjﬁw‘c\qv\‘t Communication Networ ks C Sw‘\tchi'\S networ ke >

impliec  that Iel=\Tl=k < h}l

we hava

el =z %)

thig imylies thet S<€L, hos o Pﬂvjyut mnnv\m& t6 Some Sybset S* o R,

R4 .

g—k ond T% N C
Y ond T

and

Solwi " the (elucrence 3?\/25 Tln) =0

n o»«t\wfs.

Expmo\w Reaphs  Con alse be wsed o Constract  optimel somn& networks {A‘xh\,kolm’g, Sromaridi ).

Second Moment  Method

The %“'SJV moment  methed ¢ to C,SW\?\&L The Q\(Qthzd\ value sf o Yondom Vodioble, awd  Conclude that

Yhece T¢ on owtlome  With valie ot least BIXD ov ok mest EYY]-

Tor a Y\vf\w\{&Dﬁ\IL fandom  Vadiable X |

ond. thus conclude that X0  with h?&\\ pfobabit‘\ﬁa T{ EOQ =<1 ?c( om Tn%zgm[ X

Often we ale wont to prove Ahat  Pri¥zl) s la(&t.
s \Q(&Q , 08 L cowldh be the Cose  tlat

while X=0 J\Vo( a \a(&a %achnr\ oﬁ +tha o wkpuls -

To evelude +his case, we wnged o king  of

ond the Setond mowment method ’E(D\/?dxﬁs one WA\a to  establish thic.

Thoovom 1{ X ¢ on ’mhgm\-\mlmw\ fondom  vorloble . thea O (X=0) < %
(Lo

Pfogz{; %\a C‘Y\l\:}ashe\/ri '\v\ecﬁup\t'\ tt&, Pe (x= 0) < Pr K | Y- Ei)@\ > TLX) } < Var L‘/\}/KE[X]Sh

- a

we con wee the Macke ineqeality o prow that  Pelxz() ¢ EX).

It 35 net anowgh to Just chow that T

X 1s \/Q(\A {mgg 'Rlo‘( o <mall ‘Frad*iwx 0& the Ouﬁ(awti/

Concentyation ”\neaﬁuhalitw& La.&. Vaiance u}f )Q hd gmH),

QWDWU% 1{ Vac k) = OQEUﬁv or ) - (1+ s{lﬂ K’EEX]\) , then X > 0 uith }\‘\g}x ?(obabrk?h\/x.
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heesho havior ) an d ow

ot G‘v\‘? \DL o &1&?\« with  n o verfices where  ench QriS:L apgears with PYb\oo\\o\xU*\a K)

A property  has oo theeshold bohador I thece e oo function Such  that
Property

- ‘e Im n) ~ O _ then Olmost g el Cn. ln) does  hot h th .
wen L. A0 nost Surely Grln qea) doen not han thTs property

T whan T N -~ R,

flen  almost Smrz\\a G(vx,kkn)) hot  thic pw})uha.
N> ”GL‘(\\)

A ’Pw\:uk\g hews o ikmF threosheld behauier \\{ tlete 13 o ﬁm\mfm f cuch  that /gof omg >0,
- CWU\) (\*Q{LM} olmosT vadka does not hoave the pveP@r%\ﬁ_

- C‘\LV\,UMQ%UQB olwoct gmua has  €he \am\ewhg-

Tor 2xomple . Comsvder tha Property of }\m‘mg o thigue of e F, e @’
ot X bae tle number 9% Q*CUWS Tn QNF‘ Then EIXJ = v;T\)PG

_z
2

Wwhen p:o(n ). then ELXY Y0, and we Can Comdwde that  Pr (x=o0)>1 \93 the First moment vmethod.

-2
On tle otler hond . when Pﬁw(‘(\ 1>A then EEX]%w , ond we can ue the Seconk  moment method

to conclude that Pex>21)>1T | b\A %hnwmg that Voar Ly = O(QEEXDL» See  [MUT] C}\m(—;tar 6.S1.

~%
Theortem The P(o\)ﬁhg u& P\mum& o UL%WL o{» QCSQ, 4 hos 6 thieshold ‘gu\(\cﬁo(\ %(M: " /a‘

Let's <ae o \)(o{;g(ta with  a g}\wP Yhreshold

Consider  +le P(D\mrtud that & Yondom g(apk has  otoaweter (ec¢ then of Q%fm( te fwo L 1.e. {‘or Q\/aré poir

0% vertis thece 18 a path of tev\Stb\ ot mest  Two Canmﬁn& tlem -

Theovem  The propecty that GTU\,?) has  diometer  at  most  tTwo  has o Shacp  throshold ot P> Jl_q—“mr
M We Soy o poic of vertiws i and § i< a bad par . ¥ there ¢ no edqe bafween T and 0
and no othec verler in G Tc adjacet fo both T and ).
Note that o g\'aPk has diometer of most two & and m\\% ‘rf +here 1S no bad Pmr.
Tor Biery paie of  vactices 7oomd J with i< let X;‘J be an indicator voiable of UJ> betV\S a bad por.

et X = Ej XT‘J bo the number o'% bod Fo\\(‘s.,

Then FEXXJ] = L\~?) (\"Plt)w . 0% roch eJ\ the other N2 vertwec e not O\_(k:lo.w“k to both 1 mu}\:y

2 N .

*on wo (—\)1r\

Co, BOA = (D G-pdL-p) T~ ~ 4 Lopd v L2
X . 5 ~clan -
Wt pr I Then BLO~ E7 T2 LT

TLO,(L%M«, ,Tf c >, then EE\(] 2?0 . oand So  diaweter 18 ot wmeogt two  with %\ﬁh Yrﬂbmb\hfﬂ.
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Now, Congider Lhe cote when ¢ <L thlen EEXS%@.

Weo  use +the Sewond Moment method +o Show that X =1 almest g\A(Q_L\A.

T = EY&%X;"Q} =503 %y xe )= = ELXy Xy ]

<y

K<l k<@
We split tha Sum into thiee cases @ O all PR L e di{fuat
@ thier dishind vertices ot of 1 k. L
@ fwo distinct  vecties owt  ef ) et (e, e Seme ?a‘,r)
For . fe fwo variables are independent | and thus 13 ke © LN Xegd 2‘3«4 0] BDX]

< EOoy) 3, Wy = @:Ex]\}l,

T<3

For @ the twoe variobles ave +the Come, and ‘thus EE\(‘,S Xkﬂ = \\Eﬂ Ei\(\‘jl .

>
T k<t

:X% ,ond Thue this s Just > EY/X;BN} x BIXY.

\<J

Shnee X‘Q is on Tadlcotor variablo X;S

Tor D, e ) and GLk) be the 4w bad poirs. For any other vertox w, oither T Te not
odjaant 10 T or it is not adjacent to both Jank K. Thic happens with Pmba‘o?tﬁ\a
Cl-p) pL\«\ﬂl = \»1?493 ® 1’1PL,

%o, EDaj e ® Gop) - ()™ @ Goag)” w270

Since  thece afae ol mest %QY%B such t("\?\u , the  Sum ‘m@ ¢ ot most DL

clnn 3-1c G-2e
n

oln )= OK@D@Y).

. B 2, ~2clnn A
, this 18 ol mesh s n L = 5N

i1

Now, Yewll thok P J

o . o RS
Theafore, ELLY £ (RW) + o((eixlﬂ v Bly) = (= ou))@b(]],
Hence | b\ﬁ +the chal\ar\é o—% the  Sewnd moment method, we condude that XY= 1 with mgh ?{O\Dabf(}hj,

. Lnn
Thys  implies <hat the gm@r\ has diometer at  (east three when Pi \JC—:\— /gor e . o

Rondom 3ra?h.s and Condom Structuces

Threshold P\’\-ﬂnomznoﬂs Are  commodn  in  Yandom g(o\?\u and it s A Su\z‘]e& 0% intence S‘tmda.

4y

A clossical  cecult V¢ the emecgence ol Xoﬁrﬁ? C,Dm?'[)r\znt”: when  we Qam?\n, o condom 3”‘?1“ with
2
onig ’Pfobm\o‘\t&% ?: JW the locest Components  are 0’{“ e O(nT) oand ‘k\r\ga ace olmost gwué fvees.
But  when PZ(H%\)YL then +thee g oo u\v\\%w gim\t CMV\FDNM*\‘ D’{‘ %IBQ D) _ while ol other

Componerts are of Size  OLlogn)

Other rondom Syuctures aléo  have +his Pku\gmm\m o\C “?kua onsihion ”
Tor condom  3-SAT formule  where 2och  clowse has three  vondom vactables (or thar Y\L&qﬁons>_

It i Qun‘lcduru)\ and &u\uo\\% belioved  that  when the clause-+to-varniable coatio s less +han &2,
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then the %)mmkm iS  almostT gmml% Srﬁisfznbu, ond when thig (atio 1is §reatel than &, then +the
the focmula s odmost gu(dﬂ unsatis {ioble -
The Same i3 Comjectuced for k-SAT, and fthe Conjecture s very fecently settled b% Dimg - Sty ond Sun

.7

in the popec * Proof of the gmﬁ&%:ab:lﬁg Conjecture for ngz S

Algovithmic  Issues
J

The cetmmd momint method  Ccan be ased to ehow  thot C—W,Vu hes o clique of 33 L\q&”\ almost ng[n.
While 1t 35 eosy *o foad o clique of  Sixe [9%an (& simple grujua akgmw would  work ) L it s not
Known how to fnd o GLIW eJ( g?y Cla) (D&;\I\ in po\amm\m fime , ond Tn fact there

¢ ome ewdence guﬁns’r‘mg it may be Qcmrﬁmirmaua hard.
Swtma . thece s ne  knoum Pb(\awom\m\ time D\kic(\thm Yo determie  whether oo tandom 3-SAT
%(mw\c\ with Clante-to-variable  votio & ig gaf?sﬁm‘o\z o tot - In “Cac’t , these are Srime

hardest  instonces Lor 3-SAT  theat  we ¥now how o genuaﬂ zﬁamﬂﬂs,

Refecence ond  priaters
i

Magical graphs ond  SupecConcenlfoators Qe from the Swrvey " Exvandac graphs  ond  theie applicetions
bﬁ F\wur\A, Lintal  and Wigderson.  Ta which You can alto (ead abowt dettrmintiehic Constructions gf uvm\d\m
= The book  Probabilistic \methods ‘oﬁ Alon  and Spencer s a Smo& resource
Ona  important example of  the st moment rmethed  is the work of Shannon  Wwho Showed  the
zristence of - goed. errof Lorr«tmi todes - See MUY,

- The diameter Ytwo KXO\MF\Q Is @(om & new book " Foundations o% date <Uence 7 \9\:& HD?crath and  kannan .
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