CS 466/666 P\lsorithm Design and !-\malﬂsix ) Spﬁna 2020

Lecture 1+ Po\anom’ml ld\mt'\ta tu’\"mg

We hoave <een that simple algebroic ideas  used  in P\m\mn& hove  Vafious aW]icaﬁnns

TOC}\C\A' we  will See  othes QQMPIQ mgzwmq yokeas  howe §mr?‘ris§h& agplicotions  in d\asi&nin{g Tast and PMQHM Q[\?Q("\T%m&,

ond  naxt time wa will S anether Mtuesﬁr\S application  in  The design oq'* dustributed,  Metwork Codmj.

Str'm& Eiw’*utg UMR 74 This is o §J(r'wl<‘m& wSL Of Yondomess in CDM?MTanﬂr\.

Iwm&'me N Umean% mointain W\u(t\‘?\g topies o{ the goame }mgg data  cet.

Trom time o Time H\z% would [Tke Yo check whether the tobiec Qre Still  the Same.

We coan think uf o dote St as o b‘mu(\é %%Y\ng of (Jlnitl'\ n. '%o( O VuléY [arjq n

Problem = Alice hag o B‘mm% S{v‘ms Q, Oy oo O Bob hoes o L:‘\r\ar% Stfm& by by \Gh-

TM\g would  [ike to check wwhether +their Stengs  are equal . With as few commumeations  as Fossrblg.

Determnistic o\\gmtkmg An obvibus ngodtb\m i for Alice to cend all  her bits v Bob . then Rob can

cheek  and  telle  Alce  +he answec . But 1t Ceguires N+l bits ol commumications .

A Lsou mght "\mer{nz , there are  no betyer ways to do t ., omd It can be P{\)\/u)& ‘that there axe

no  determimistic &\Sor\’t\'\ms thot con do  bottec . us'mg wd\n‘l%uu &QU&LO\)C&\ in Commun) Coation (om?(szj

Random: 2ed a]go‘(?%%ms; gvx?{\ls?r\&\%) thece 5 o VO\Y\J\“M\SQJ\ O»ijr[‘t%m ch This P(ob[@m [/LS\‘V\j Onl% O((OS W) bt

There ace diffecent Woys  to Colve the problem
One wma e fo  consider  the Fo\ﬂnom‘xo\ls ALY = % asx’ ande B = E‘b:x\.

T (1.&. modular  arithmetic  over

ﬁ\go{?t\nm-‘ * Alce ond Bob agrees on a \argz anwgﬁ\ fald
o \ar\gz Qv\\mS% \")(\mz €>

« Alce picks & Yandom element reF o evaluste AL ondk cend ¢ ond ALY to Rob.

* Bob  computes R(r) ., and yetwrn S eemsictent 7 1 Al)=BG) and > Thconsictent i AOX R0

Thatt the q\ﬂodt%m. We need +o D\“D\\ﬂst s Sueess Pro\oo‘\;,ut\j.

Lteings  are the Same. then  AWO= BOO omd the al&mtkm will alwhgg Says “consisterl.

Ana\ég?s- 1—% the tTwo

Se . when +he a\&o(\uﬂnm Says “dncomsistent L T Wil Never  moake oo misteke.

But the &lxoﬁtm oy make  mistoke When The two g&rmg; are not the Seme  and t Soys “consistont

We Would  Uke +to uppes bound Ehis exvfor P\(Obv\biu{%A

twc +he  tuwo str’m&s oce not the Same, then A X BMD  bul we hoave chosen ¢ sudh that ACHO = Bed .
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What s Ahis ervor \Proba\o’\ti\“é Tt onl?j Noppens  when ¢ s a oot of CA-BYD = 0.

Since AGO and BOO  are  polynemials of degree at most . se is (A-BYGO=o0.

Thece are at most n veots of o degree 1 polynomial.

Since we pick o random ¢ in T, the error \D(o\om\;:\{hé\ e ot mest  N/IE|

Iﬁ we ehoose O lo\(gz enw&h Lield  F so thot [Flriooon . then this p(obab:lma s ot mest  0.00(.

And  the alguﬁfhm On[\a needs to  Qend ol whest O((og [F\Bto(h&“) bt

How should we decrence the ecvor \)fo\mb?\i#nz

This is an O\\goﬁt%m with one-syded etcor . and the ctondacd Woiy 1T to vepeat the o\kgoﬁt%m c\fw Limes

2

Tn this case. however, o better woy i g;mpla to plek a LMge( {;ekok 32, eq- T{ \Fl= n

then +the ector ?robabihw s at moest JrT while we gl OM‘A send OL[OXh) bits .

Polunomial 1dantity testing
\ =) q L«

Now. we consider a &enualv‘smﬁm ofy the w&umut to  multivatiate ?chﬁv\bm‘\m\sj ond it will be our moin tool
We are  qiven o multivaciate  polunomial PUx. o ¥n)  and the obiective s to determing i
q Poly )

PLX\»XL,-»-, Ya )20 |, S, whether  the Pol\ammm\ is z%uul to the 2ero PDMAMMMV

O% owrse TJY tha Fotanumml is S{VM LKFL‘L‘IT% (_q&. P(X\,xl,xﬁ = X‘XZX: +¢¥X%X3¢ ij,: > . Yhen thic ?{ob\qm
2 2
is stm\&m{omm\)bm the Po\av\m}al Can alse be &?ven com?mﬂ\a Ug Plng V= Co= % )(xzw:)...uﬁxg)
X3 Yﬁxi

o P(X,,Yl,x,’\ 2 det (Xg‘ Xom Xy, ) )} ond tle P(oh(@m be comes d‘\fﬁcw[%

4 N
X2 R XWXy

n %ewem\. “there 3¢ no Known deterministic Folﬂnbm‘wal tHme O\[Korfﬁwm for this Pro\:l»ém.
On the othec hand . there 3§ o Simple (Qﬂdom}ged\ &l&m‘lﬂ\m {o( +hig Frobtzm, bg gmzrﬂsgw& the idea
that  thece afe not moany coots in o low degree ?otﬂnomm\

Tn the %o[[ow\mg: when  we talk about %;ﬂHQ Lields. we Con "Bust think ef modular acithmeDc over F(‘\me.

Lerma (Sckwo«%z»liwd Lemma ) Let QO )€ XL 000 be o mulbivariate \)olanwﬁoﬂ of totol degree A

Tix m\% %A\‘n et Se¢T . and let r...r. be chosen \ndaPQndmf(uJ and uv\‘rﬁwmlé Mv\o{m\a {rm $.

o
T\f‘lh, PV{QQFXP..,W’\: O} € 11 v\-g Q it not Tckemﬁcqua Q%mﬂ( ‘o zero

CThe degrae of any  term 35 Ahe qum of the ;u?ohen’tg . and the total deg(u 1S the maximum dzgrm)
(0o We  prove \ma ndweBon The bage case  C( S‘mg\a Variate Faknhwko\\ Y n=1 s wel known.
To Ox\?\D\Z induction, we group the terms o’g Qo Xn ) bosed o the dzg(u OJY X, o obtain

Ko QUK %)

1

Q. w) =

i’ M=

o

where k  Ts the Lo\rjmst exponent of X, and each Q; (%X, ,..¥a) 3% O

LO7 Page 2



We  condition o the event  that WY, Xy=r,, ., Ya=Va.

Cinece Q\<Q><1“.,><h3§0 and it has  n-1 vaciobles | \9:& Tndwchon | PY(QK(XV”,\(Q:DB < 1<t as the

total d&&mk of Qe s at mect Ak (St ¥, is of Aegree K in the teem Yf QK(KI,...,X,\S)

Now |, assum‘mg Qely,, . T )x 0. then ‘%LXQZ Qly,, vy, .. t) 18 & non-2ec0 dxlgram k S?ngla variate Po\gﬂam‘\c\(-

K
N by the base case Pr %Lr\):oﬁ S

Cuvv\\o\m‘mi . we  have Pr (QUr,, . .ey=0)

= Pe (Qle vy =0 | Qulraum)=0 ) Pr (Qele,. v)=0 ) P (Qle e =0 | Qulr,r) 30 ) Pr(Qele,,. v o)

.. d-k —K~'1 B A
1 st T gl = Tl oo

I}

Determinant Tnsﬂn&

To clack whether the detorminent Uﬁ ov  nyn potix S qunﬁm\\% e@sm{ +to Jefo , We can P}gt o
lfk(gg gnough  peime fFeld  of siye OC plytd) - This will ensure that WAtk high Prn\oab\k‘&\é that the
dateminant  j< gl nonece  in  this Beld CT{ oﬂg?ml[a Tt s nonyeco . Then , we can 3mst
Substitute  Xonolom ’%L\Jx glemente  in the vorlables  ond  Compute  tle numerical value of  the
detecwinast in  polynomiol  Fime. @6 Sehwactz-Zippel. o the deferminant 1S nonzero , then the

(cuccess ) bebabm%ﬁ that +the numetical volue s WUY\S(L\'O NS \/Qf\é \niglr\.

B\lgl\rﬁfe mat Ck‘ma?y

Given @ \o]Pa(H%Q grapl\ G=(0VE) with Ui{u,,.,u,‘s and, \/=§\),,..4\/h§ . the bipactite Mabck\hg Frob\xzw\
st find A mexdimum caro{‘mauﬁa subset cq@ \/qrtzx'dﬁsjo‘mk ng&u.

A ?erﬁﬁv W\nﬁd\‘mg o w\ocﬁcb‘mg o{ n {Agas.

X \ M;V\&E
Theorem  (Edmonde ) lek A be an  rxn matix with A‘\‘J‘{ J f 9 whoce X}\‘) ¢ a vanable.

0  othennise

Then & hac o ’par\cect modsc\/\}r\g T—Q anok only 7% det (V2O e, det(p) s & non-zeco P"(AMM\‘D‘I'
n
E(oo& Recall thot det (A) = Vi}nv&aﬁwq f\%?\\@) - Aimo A, e - An,ﬂm - Vez\rh»ﬁm@ Son (o) I\ AT,qu)-
Notice  thot o ?Q(mﬂa&%on do.fgznes a \O\‘Sec'ﬁhh botwaon U and V, and <o each \?g(mmt&ffon QorregPom{g
o [oN ’Fof@nﬁfk\ Per{e&v ‘mod‘CL\\mX betwaen U oand \V . o {‘U\\Jqu), Uy Ve ~ - U\n\jcm)%‘
A permutation Contribufes o hon-29c0 T20m fo det (A) }F,F gv\l\/ﬂo, ,4U.h\/ﬂﬂg s «a ngr‘gz(fv
V\Aﬁ‘%d\‘mg In the &YQP\(\ CT
gO,T\L theee 78 no ?Qv%uf w\a‘hlﬂ‘w\g n 6\ , then »a\/ené tecm is zero  ondh Ahus  cAet(A)= 0.

On +he other hand . HC there 18 a ’Perfui‘ Yv\szCLGr\li n G( Thew Some Teem 35 honzero . Sine  each

Torm wses a different  subset @{“ Variables . these 4erms Wil not cancel out . and 3o det (A)F O. -
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Vo Vy VOV, VU,

Picton Q,m\\ué y

W & ——o v, wilt Xy o o %1 T o o
Wy 0—9 VvV, Wl Ky Xan Xy Mol 23 20 \Q
w, U, Uz || O ¥y, © Myl © 6L ©
andomiyed lpo¢t : Us?ng Edmod’s theovem  ond  the Scl«wart1~2‘1FPQ\ lemma , W Con Obtain a

*Gimple” randomiyed Q\gert%m to check o ETPmﬁtz gr’q?\f\ has o perfec )'V\C\JTCMr\S or nol.
TﬁTCSJY, W IETCL o \arg& Chbu&% Qiekd .
We Con S“mny\xg think eWL c}\v‘mg rodular  arithmeR . over o \a(g!; ’\){\MQ ?

Then . for 20tk eokgg wviek L oset oy

\ o be o vowdom elemest n ¥ (a.g‘ go,--,’gylw]) RndQPendznttt}‘

QOW\?\KSL det (A)  over +la Xcﬁﬂd\ F . Retuen NEgS oand on\% ?’% th(A§¥ 0.

alusis * TH thera 18 o pecfect Wﬁcmg n G, then detlf=o m\waﬂs, no mattee what we Substitute.

On the other hand . i thece s o pecfect matching in G L then  datlr)¥o bg Edmond's Fhowrom,

Note Ehat det @) s o multivaciate PDL\S\W\\R\ of total degrae .

By  Cchwacta- Zippel Lemma ,  we put Ta vandom values Tnte the varlables of o nonzero polynowlal,
the proabithy that  det()Z 0 15 mt mest .

R i we b a freld siye to be at least loon Coi peime p ot least Loom)/ than thic F\»g%qhtkﬁg

'S ok west oo . Tn othec words , the a\gm\t\w Suctesd s with \;«n\e»\‘otliha at leatt ©3%.

Tire  Complagthy = The most  difficutt Step ¢ 4o Compute  the determinant .
Since we  put  in octual valuet, the deferminant can be computed in O Y tima b‘:} Gauscian  elimination .
There 1s alee an 0GR -time Lot motrix w\mﬁ;\‘\caﬁm a\gaﬁﬂ\m With L 23]
Tkurfﬁcm\\ﬂ, this s tha -gastzsf knovwon a\gor?t%m fw b??qﬁ\”m MQJFC\A‘M% whan  Aka KMPL s olenSe.
Remack Tt g Fvss‘ﬂolz L vefuen  a perfedt mafd(mg in the tame  O(n7) ﬁmz,altkcugk non-trivial.

Mso, for the maximum matolf\‘mg an\o\zm, we Can eompute The Yank to determine the siye.

Non—b‘\?arﬂfm mq‘tck‘mg (opﬁomw
Thete 1< aleo an Q\gt‘mﬁx‘\c Lor mulation {—or ma%dm\né in gzneml SrAPl\g_

Given & qroph G=(E) . we consider  the \Qollow‘mg Whivl  moekrix B sudh that

for  <ach edge 1:\‘j - we  howe A‘\j 2 Yo and AJT?‘\(‘Z ond  othec antries o be 3efo

vV 4T
10 o Xn Xy 00
2 Xip O Xa3 0y
- oq Yy ’XuOXWQ
\ 0 0 %y 0 O
o O %¢ b o
g
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Theorem  (Tudkde) &

hol  a Pq(\cmﬁ ms\\‘ch\m& Tf ond or\h& ‘\f Aot (A RO .

Remark : May\\a combinatorial bpﬁm‘x%o\ﬁoh prob\zms have an o\lgzbrqrc 'forw\mmﬁoh,

Pacallol M%m‘.tkm and  Tsolafion lemma

A hother W*V““““B‘L o{» t hig a\gehrq:c oppfoach i to d\eg\wgm Wcmsf Paro\‘\al Ql\?ol‘\\tlﬂr\n5~

The mala  reasen  1¢  that vmvwd cdgd,m\c Pm\ohzms Ceuch as Cuw?\d%ng detotminant ) can  be cam?mﬁza\

e{»&mmké i pacallel LA{W\S a  divide - and.- Congue Q\?proac\z\.

Theorem The  detarminant °WL on N b\a N omoatax  con be  Computed in OUognﬁ time us‘m(i QU\‘\H ) )Emuss‘srs

Com\;?vx\\r\s tWs dheotem  with  the akgc\;m\\g W\c&d\‘mS m\go(\ﬂw\ thece Yo an L§{fc?am Parmua\ a(SgrftLM +to
check whethe o graw\ ho s o Fzr*&& W\D\TCL\MS or ot

We will Q_XY\Q\\V\

CYES or NO .

bolow how 4o Yeturn

O Psu"%lt‘t Y‘«\ATC;\IV\& whean therae T8 ona .

The oy R onlt in helignin arallel algoiithm i to  Coordinate  the roceconcs  +to  Search oy the Same matching.
) ping P g ? \

There are jvo\Pl\s with ,zx'em\zf\ﬁmﬂg YV\&V\\A mq%ckmgg.

The iselation \emma \Jrovidas o guwprTsh\g omol Uagm\t \,Jma +v  Yecolue this 3ssue-

LQW\MQ (ISDLD{t\th Lemw\m> CTI‘V?.V\ a  ¢et §j§hm on Q Srouv\v( got af n elementy

>

i we ossign & WQTXM ThdaPmdanﬂé and \,u\‘y-fcww(g rmy\domlg Trom {la., 2n ],
than the P(obabiﬁt% thot  Yhece

DS o um‘\%uq minimum WL?Kh% et 3 at least l/2

Remark = Thig 1s %u"ft Counter- Intuwitive

A <et gjmm Could  have &(f) Sets .

<

n
On average, there are o~ /L\miﬁ> ks of a g\v“\ wﬁgk’c ,as the maimum \,uatgk’t s San.

But the isolation (emma Soys with Qood Pra\oa\a\(‘\%% there s only  one tet of  winimum mtjkt

Prbaﬁ let  F be the

let Ty

Qet Stﬂgfqm - Lz,“t v 136, an Q(l)\”o{o\n(,l ng,wme .

be the set of subsets Which cowtoin v Let k; be tha et nt cubsets wWhich dond cotoin v

Consider +the %Mm‘% oy = min W) = min  Ww(R-V).
SeEy RETFy

Note -that if oy, <0 . then v doec wot quong to any Minimln \,uz‘.gl\t et , as  there 15 o

Su.]oSJLJ( S which does nol covlonn v and  its \ma\\glﬂ s Smaller than the WQ?&L\Y aﬂ‘ Qverg 2 ubset

that cavtaing v (even \\—f the \,\m‘\gm o’f VTS nol  Cowsidered gq,f 3
Movre Qccuraﬁv_l\a . b\a o Similac ‘HwLS(m?r\za . \\f Xy < W) , than v o‘\oegh,t \op,(br\g to Qm& Minymum \,\m.\«gH Set
On +the other hand | I{ Ly > wlv) . then QVQ(\Q Minimum wﬁgm‘ el must  contan Vv
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We Say  an elament Vv i am\;i?*oug $ v =wlny.

Note that oty s & quanity independent of W), ond W) is chuen wnifoomly rondomly from {12,203,
Therefore ,  the Fmtml,:maa that v i amblpuons  is at omest Tap
By wrion bownd . the probabllity that some element IS amblpuews 15 at meest =+

F‘maun, observa that T wo diffecent sets AL R have e minimum walight _ than any 2lement

n A*E "%qb and B“ﬁ 5@@5 mult \7Q QW‘H wouw ¢

Therefore, we  Conclude that  theore are fwo differest  sets with the mintmum wa?jk‘t ts ot mott

For the MD\TCL\‘MS Pra\gkzm, we O»““gh 2owch RAEC o \\r\d\l‘)lhuko,nf fondom wsz?g\ﬁ ’(‘Y‘ovv‘ SC\ Y, 1m7] .
Ej the  ioloXion lamwa . with <the set syStem \Jmn& all possible Vev{fut Vv\:ﬂ‘cL\Tr\jL o there T8oa \AM%M
IR U™ \,\MLTB)M’ PrLr fzﬁt W\D\J(‘C.L\Tvx(f with Fra‘\o mL\‘\F{'\a ot \wast _\ff_ .

go, Now  our 300\\ ts T output this uh?%b& mintmum w;z\\jl'\f Peri‘u{ Yv\aﬁc\a?v\j<

Minimuwm wLTS‘r\JY pu‘%adm
Wwie)

Tor 2ack edpe 2L W ?L,& the value 2 > the variable Xg .

let +he um}%v\l " R wd&b\* Pu{ect mq‘td\‘mg have \,JECSM W < 1m1.

(W)
TL\JLV\) on\vd one  tTarm n the odeterminant hoos volue 2.

/

W N W
Al other terms n  the determinomt  hove value 2 o \,\)]>\A) . an even humber Tmes ‘o‘\g&u than 2.

Computing  the  minimum 2l
zuen 1§ K<\

\r\]m Con S‘O_quL\ {v\( Jcl\p, ‘/\q\v(\‘IW\U\,W\ WE\\SL\T ?V\ POJO\HQ,\ B u\s\\r\g tha ‘Fouwﬂhj Olqservo\‘ﬁrn\‘. (}kLJY(A - Qé\[;\ ;%
13

2 not 1{ k>W
We can find €his k in ?G\Fm“e\ , oo Qow?\/,ﬁhf\ cet(A) in ?aro.((d. divisibla

=W

Note that det(h) can still be Cbm?u‘md\ {\”ﬁdav\ﬂa L as each ety has ot most 2m bits 5, and thi I

Whece the Tsolafion lemma 15 L«szf\/\\ in that 1t Aoes  +the Sch ]':\3 O‘»xha MQ‘MS <mall \mqf\&)ﬁi'

Fihd\"ng the  minimum  welght  perfect w\oﬁrck‘w%
J

Tor ecach zdgc e, in Parmlle\ . w2 woant bt dheck,  whather 2 \ol\uhjs ‘o the um“\o«k ™l mm ‘)lzr%u’r maﬁcldr\g‘

let  ezuv, ond G, be th R 7 ap K obtained  from G \')\a delett o the veetess w ond V.
Than note that  e=uv ig in the \Ah\%m W mu wﬁg\ﬁ Plrfzct W\O\td\‘mg in Q U} ond m\ha Tf the  minimun,
walght pecfect in G, has \ut\xgk‘t W= wlw)-

This agoin  Can be chetked Tn pacallel mtv\& dT%Tzrent procassave for diftarent (:(m,) ond %o ThL  miini mum

welght  perfect moﬁdﬁv\i Con  be  Comstvucted Lﬁ%‘d}mﬂa i parallel.
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Remark : Thn gzwzrm\, other Q\&bf?ﬂxmg boased o &lgehm?c ‘\Cwmmkqﬁms Can be madae \’_)arg\,Hg_(,

RQ&UU\CQ : C]’m\ﬁu 7 of ¢ Randomi zed a\gorit%m ’ b\{j Mot wan1  anol Raghavan.

Opon guasﬁuni Given o g(o\p\n where each edge s colored ved or blue , we would (ke to  defermine if
thece 1< o chﬁled’ M&fcl«\\\né with O«Lcﬂg kL ved edges. Its o 8(»& exerclse 4o chow  that there
o Yandomized Po\lgnoyv\\\m\ time a\&or\f]ﬂm for this \)(nb(zw\ wusing  tha algebrate  approach ,  bul
Wt hes been  on open ﬁ%uesﬁor\ whether  fthere  1s o determintstic o\kﬁoﬂﬂxm qcor the Frohlzm.

Open quastion: It % a Major  open  Question  find o determinisBe  parallel odj:m?%lm for w\rﬁdm‘n&
‘P\Mw\&\\j, there 1S Soma T%uasﬁr\f Progress in O{L(c\mkm?sfng the  tsolabion  lomma . which  laads

n O(Log ')

H  a pmql\a\ OAED(TUAM \Acmj’ *“““3 ‘PYuu,Ssms. Nice %wzsﬁw ‘o think  about .
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