CS “46b/666 Algorithm Design and Analysis . Spﬁna 2020

lecture 6 :  Data S'tream‘mg

We SJUAO(Z& Some '!nfafzstir\g Sublinear space q\gmithms, EHC{ud\in& o{zfuﬁr\j haava hitters - st\math«& number

oﬁ‘ distinet  elements . and Egﬁmqﬁn& f{uﬁunc% thoments

We  wsll <ee that Tdeas from has%3n3 ondk K-wite ‘mo(z\?enouqtg afe very u&zfm[ N these Prob\ams

Cublinear odgoﬁthms

Tn Some QFPHcmor\s where we have o massive data set . the data 3¢ teo wmadh that We Cannot Q}Cforo(

1o Qtove them oall or tead +them once.

Yot we Can den:gn ablinear Space  ov eublinear time a\gwr\thm; to  achieue gomeﬂq;ng non-trvial .

Randomness is Crwcial 3n thege QQHMXS, as 1t tan be Pro\/adL that  deterministic Mgwﬁ\am Canngt SU.Q(GV\TQQ_

C'Lf\\at%?ng nontvivial 'fw these p(nb\emg.
Tor cublinear S?acv_ q(gof{thmg, we focus on the data g{-rgamtng model , in which +the a\gu(tthm Can Ttoke one

Fo\&s on the doto bwt  has vué Uineked Space ’gor cow?mb\‘\ioq A &oook moﬁ\/aﬂn% emmF\z 3§ n ComPuter

nebwodks , where coulers  would like o Sat goad\ Statistics  of  the traffic but ok not afford to  ctere

all the data . Wae wil) Shwltg Come hasic FTUHQW\S Such ac zst‘xmo\ﬁné the number of  Aistinct elements

the Setomk  moment of the doto .efe .

HQO\V\G Hitters

Griven o dato  stream P S S each Yti(?%,ctﬁ wheve ¢ 3g the ITD of the t-th

doton  ond, ¢y ¢ the \N&L‘\gh‘t associated  with £ QK‘ I‘JC 1w the TP address  ank ¢y i3S the number

of  bytec  of the dota trasmitted.

Quc &oa\ te o Lk all the Naug htters  of the data Ctcam -

Lt Q= 20 be the otal count.

Given o threthld (¢ = Q /oo ), we Say an ID 1 ie @ heovy hittec 1 > ¢ oz
$ 8% 4 4 ol
K

let Count(iT) = tlli‘  CU be the total count for ID T
SERRTE

We will ghow o gublinear Space o\lgoﬂt‘nm with the ?ul\w‘\nx ?(qucties'
@ Al hgw\,& hittecs ace VaPortLo‘\ ;L thee 1 with Count GJT) 2% i
@ TWC Count U,T) < %‘ LQ, then 1 s Yz?nﬁeol with ?vob%‘o\\l‘v\a ot most §.

Taformally. the o) Gt Should tgport ol heay Witecs © and howving o Lmall (obabi (it o (eturnin an 1D
d P ? ! g ? 4 s
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that s far from bemg o heavy  hitter

The dea s 4o wse  Q-univercal  hath  Functions

We will uce k hash  Functione hyoha,oo he , each mopS the wniverse  into »:1)1,“.15171,

We  monkain k- Counters, eody  countrr C“"j odds e \M\S\(\’C af the ttems Lhat are MF?M to the j»th

ew\% b\a the oa-th hash fmmﬁw. Iw‘,ga\ma Ca,:):D {w l<as k \<’:\<‘Q

A\go(lt\r\m
The Q\&oﬁthm s SimF\a_ Given Y=g, cyd ,{o( each V<o <k, increment C‘H\mti@ ba ey
whan (\\t L C4)  Comass
9\ Jdlmuvfk& +Ct +C{ N
NG 4+Cq COYW?V&Q 1'\\( FO I L\)(\\%D PR L\KU%\
+e, \
/ Intlement  fhoSe  entries bg CJQ
hopy S Gy
¥ hath tablag ke
A*{mr we read oll the data , we Yeport all 1 with k(”;‘“ . Ca,} 2 9 “These Can he re?ortqok on thae WCLZ\
17 hal), \gas

T words, an +P  3s (Q?mtfzd\ if all countecs  ascodoted  with 3t have  value ot |east %

Tt chowld be cloay that o hzw\i hitter s O\U«m&s ceported , Lince \O\A the oﬂgaﬁt%m all  courtert  associated

with 1t wwst howe valee at least g (ust Soom this 1D).

The kza is fo show that f an TO s not o hema hittee , then it is repovted With  small Proloabaﬁé.

let ue consider a SPQc‘qﬁrc 1>
guwose Cowﬁ(-\,T)é %~€O\- Whott 18 the {NObAEL\I‘t\a that 1 s (Qpnr’rﬁd?\

Consiger G%hati) for o Speific a Sinee 1 s reperted. we must have  Cp oy 7 -

But Since Couﬁ(\,T>5%~QQ, the ID 1 hasg onla Contributed ot most QS‘QQ to  Counter QQ,L\Q(B.

This  meahs that Other TD¢ have contribufed ot (oot ¢® £ the Couwkec Ca had
’ A

let 2, be the value of this Counter that s Incrementad by othec TDs.

)

Since }\o\ is  chosen —Ercm & Deunivecsal f‘awﬂ[% ,  Owothet Ttem 1S MQFFU\ to ha() with Pﬁb“bl\ﬁg < )Q~

T\'\er%n(l, EEZR? < &/Q‘
B\a Moackov's \na%mwcb(l‘) @((ZQZQQJ < EYZD\T/CL& < 1/51.

- ¢
So, P((Vwcl\r\ Za = i®\> N QCL—SO . ac the hath  Ffunctions are  chogen ‘(/\dQFQHOLQh%tﬂ»

Set &L:% and k=0 (V8D | ghis Pfo‘oa\o\‘uha s oat most S
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o, we Just need  to mointoin O(% Ing)  Counters Lo this task L whidh i just a constont
for  conctant € anat 4§ (2 =Feel and S=owo0 ) |
The hash ‘Fw\cﬁcv\g Can be <tored G_]Lf\\c\\en'ﬂé , us\mg olk)= OQ QV\‘T) call¢ .

Ana the  evaluotion time s olk) = OQ Qn\\) word  opefations
g P

Distinct  Elomeats
The \meT 1S a  Straonm o‘( & Sequence A, A, Qg , Whe eoach a; s chosen fzram ji\;%t--;“"?]-

Ouc a\gur‘\ﬂwm < allowed Yo take ohe poss 0{ the <treom ungS \/ona (T mited space Kz.g. O(Log(mw\)))

and eturn  Q &omi eskimate  on  the mumber n{» distinet  elements  In the data Stregom .

We  whill &\Ve bounds in terms o logkm} instead.  of logtm) . T i 3000\ in the e when  n>>m
Thn the Cote when m>n , we Can %}(g{— hash the 1tems to o toble v'f Q]SQ n'L of la(ger;

then  With HT&M F(obo\\ﬂm’(ﬁ there will b2 no collision Po\\\“s, ond thus we can assume that Lojm = O((ogvﬁ.

We ghowd how tTo wse a gt(o(\&\\é S-universal  hach *{i&mwa +o  Solve —hy¢ ProL\am.
“The Tdea 15 to W\G\? the Unmwverse f\g, m7] +to g\,l,_) w\%H

As we howe Ceen 3n LoS. +there will be no Collision ?o\\(& with Ng‘a ?robp\bm\‘ﬂ

guu\;\oosa there ove D distinet glements . zay b .. by,

Idul\ﬁ, we want  the D hadh values hib), hibky), ., hthy) o ba QVQ”LVA distributed  in S‘\\) 2, mgz .
2
j[fy thots +he Case . then the t-th g¢mallest hash value (O\W\DV\_& these D \/kauu) Lhould bo clse +o Lm
: T 4. m®
Qo, \% we know that the t-1th Smallest hoash value (e T, then T 5 Onk thus D T

We must be  cacehul about +the 2pace  (eguirement .

Tiest of oll. wa afe not Qeing  to <rore the whole hash Toble . as it is ”“\\Z\ wnnecessary -

We m\\%x naed to etore t nuwbect. QD(fESPOndTn& to the t smallest hash values +hat we've seon.
Sfo(‘m& mere Mumbers Wil §iwve Us  a bekker eshimate, but of  coucst i fegwires  morte  Space

We  wall Pad o gcool\ T to balante the atoy Pro\cah\ﬁg ond  the  space Va%m\mmant

Al Qotithm

=  Choose o Yandom hash ’Su\r\cﬁoﬂ j\i(om o g&rongl\A Y-uaiveesal  hash fpmn?hﬂ
- For 2adh item o n o the data  Stream . Compute ha-y.

Updoate <he \Ist/haa\? That stove the £ 9mallesr hash  values  <een <o %a(»
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= After ol data fwd . T T be the t-th Smallest hash volwe n the datn  ¢hream

2
T
Retun Y = T Gs  OuC  2¢timate
Theorem By mﬂm% t=001/¢) . we have (=D ¢ Y ¢ (1) D with coastant Frabah'rllfﬂ.

Proof Uppec bound *  We fest  bound  +he Pfeb%{kx“r\& thot Y >+ D

tm® -5y
This weens that T< (wo> < —5 - Whace the Cecond *\ndz%ml?f% holds for €€
%w\g(h%ﬁ
Thic implies that thece ove ot Jeast t  hash volues that ore Cmaller than @— g —.

2 £
Qn the other hoand. let X; Yo the indicator fondom variable that hm;)s%

- t’ (-5 -5
Then, ®LX) = PFQV\LO\Q(\ = \D ) = ° Smee R 1s Q%Lm[\\a l\\:eha +o bz in Q)w ,mjﬂ

T (-5
Therefore , 1% there oce D dastiact elemeats . B LR elemeats with hosh volue € LD)} < (-5,

<
LW, the QxPu‘vtd\ numbey of such  hashi valuze is ot most t01- ). bt we howve at least t© now

To bound the devivation . we Compute the Voriance.
D 3
tO-%
let A= E\X’\ - Then  RUX] = “D >, and <o EMX]= ’c(v%)

Sine  h o chown from o Stcongly - univecsol %M\i\\ﬁ, the hosh valwes of  the D distiact elemerts

ore  poicwise ir\o\egwdev\t ooomd thue the Sndicator (andom variables ¥, ofe also poirwite mdapeno\ru\t

ED 2 +(1-5y ¢
Therefore . by Vo, Varlx] = Z Va1 < Y‘ R = D = t(-3),

= o whee  the Iv\a%uth%

Lolbws o< \JND(J:PU/@EP:EW‘J fox on indicator vagioble X with ?robo\b\kﬁg P \n‘m& 1.

B\i C}\m\a\ighevlg Tneguality Pr(XsT) = ?f(ﬁ>t(%%)+% N

N

e (C\x-E0] 2 5
C Gunix) 4%, 4

< - < 5
[ et <t
24 t

\F\(\zva&()\’a, K£ we U = _?, then P (X>t) & NS

Lowec bouwd  * \We next bound  the pfobability that Y<(i-¢)D This 1 very Similar to  above.

N [QETIHE mg
The conditibns tmpl% thot thee o l2ss 4han T distinet  elements  with hash value <€ — 0
B% o Smlar calewlation. ELX)= Qadt  and  Vac(r]) ¢ Gt
L. . \) . \ox{£x] .2 o A 14
Bj Chabﬂgheug me%mhb&, Pr (X<t) ¢ P(( \X“Ei)ﬂ\ z <t RN Y foe €= oS 9
\W\Nzﬁnm . wth Frobo\b;L:Jﬂg ot (east E/q_ . w2 have - D €Y € (DD
Tyror gruba\a‘\ \Thé © How chowld we hoost the Success \ﬁ(o‘oo\\nmt\a to be ol loast (- é ’Qm' ay\% 4> 02

We Can do this \3‘6 Cunning ol (o&ﬁﬂ parollel copies and Jm\ang the wedion Cpro\m Thie) .

Space Yequifement The total space used s O(\‘@\“g%'\ﬁgmd bite. nce <2ach Ca\)\& tovec O(J{’Q
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hash  values  each of O((ogm) bitt , and the hach %Mcﬁon onl% Tequires OC(aS m) bits to Store

LMX,JT_VDL‘ The Ust Can bo ]W\?llzmen‘hui b\a Q rf\d?_!)\? o gmwuff ’?st \U‘]&mf(LS .

Uinte there are  at wese 0 /&) €lemente . each opecation Con be Supported in oUDgLU S teps.

Thece s a neaf trick to do eadn opefation in Amertized o) &Tqu‘

QM{_D\L&MUAL kane, Nelson and Woodiuff qave  On algoithm  thet wses O(?*Ugrh) Spoce  and

OW update time \ﬂr\mg \Jro\/u}\ thot st is D?ﬁmq\-

Ere %u»u\c% Moments

This s the %T( st Cesult  in lata gtre am‘vog .

A%c{u\, (ef 0>0s,.Gn be The Tteme in the dota stream , Wher 2ach a; is from §1,1,.__/ m7] .
Toc 1<icm, lek %, bL the number of teme e%uql to -

We wowd like to estimate Er: *:T hece P & a given Constant

=\

Note Lhat when p=0 this s 5@% the distinch  element Prn\alam, when \;:t s Hvial .

Hete  vue J\lolus on the ?W\’JQW\ when ?:1 . and later mentlion¢ Yeswlts %r other F

A go(\t\wm

N g(f o0, T YO b2 \\nd\eyvﬂden“\‘(g 1 with ?(o‘nab?“h(/] l/l andh. -1 with \')(Dbo\b(([‘fg Vz
. \L\) N
Mawmtan Y= E‘ Xy (this can be done by just Stodng the Current volue of Y ).
- Refum Y
Analysis

m
We will Show  that \‘Tl s a good\ C\FF(OXIMQﬁo{\ to PR with 3000( P(obqb?lﬂﬂ,

Ticst, we Show  fthet Ei‘fll: E %

2

2 ! N m > m o n o m —
Sinee Y= Elr\xi\ Cowe have  ELY 1= E[<Elr;x” l = T X Eir;rjx;xdl = E(% X% \;Lr;vﬂ

1

W) han Y?;\, ¥LV(\—:}’] = Eif}l]: | as V;GS\-H;W], \When f‘i&, Ei(ff\ﬂ: T:irﬂ Ei(&?ib 0s ’H’\Za (Y2 \nd\RVanznf

m 2
Theeefore . ELYI= T %
To show that it i¢ o &oook apgfoxdmmon With gvnd\ P(n‘o&bl[ﬂrﬂ‘ we veed  to Show that \’) fs conctentoted
ofound  if¢ @Fet‘rzd\ value - \aor which  wdll Computte the gsecond momeet ond USe Cf\ebjshi,u'; ‘me%mutfﬁ_
& .
So. we LDMP\A’L t {\{ ] = l:%\slk)ﬂém X Xy Kk Xy Iiv;rﬁkr[]_

Note that ¥er\“5(\<fyﬂio whenever  one  Tndex  appears DY\\Z on e
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Thetefore, there ace OMZ Two  Situations  when ELV;\(J-(KQ}#O

"
o
= when E:S:kzl) ond. this contributes Z\ X;q to ELY 1.

. > — L{.
when  two indices  appeat twice, Gnd this  contibbutes 6?: X%Xj to \:E\f .

m
So, ELY™):= 2 Y + 6 T

Thino Var [¥3= ETY*I-(RLYT) = NS B (2 %)

< 1&% 5('\1>1

=

= s EtynY

By U\a‘o%sheds imqumhf% A Pr( | \fl“Einl\ z QJ Vae 1] ) <

\
er-

Wu%g‘mg m Var 077 ¢ 1(‘%1‘(1])7/' we hove PV(L\}“ EY)

> CRELYD) € =

m
“This implies thot the ouftput \(1 IS & Constant \Gmtor apploximation  to E[Y]Z?;X;l with good \\a(obabtu%&

Better approximation

To get a (lii)ww(ox\maﬁnm we would ke to find a varioble T with E[(}:EI?] but \/mi’\:zﬂ < Vs (Y3

2 X
The standard w% to do this i to Cownpute. Y\,Y;,,\.,\(Z \v\&a\:zn&u{\a and  Take the average.
— Lo 2 — 2
bt ¥ (ZXD [k then dearly  ECYTI= B0V
2 . o k 2. 2 >
B\A independence Vo LY 1= :\Z:\ Vacl Y /K] = ’\\} E\ VacLY:) = IT/\ Varly ], which 38 at moest %(Ei\ﬂ>‘

ﬁ\pphétv\& U\a\ojsb\ev’s ir\g%{mllf% on \?1 it ‘Po[lowi that Pr(\\?l’ Ei\jll\ 2 C\\'L/y\ Er ‘?ljy < ]/l

c .

Settmj ¢ to be a Constant ond k= 0(V¢) will give  an ([t@«app(ox\n\mm with Constont ?(o\:a‘ﬂmf&

g\'\m(g ra%u\rzmenL

The Space m%mra& ‘o LDM?ULtL one \( i< +o <tore enme nuwmber \f

Sivce  we Toke the ave(mge oJY o( [/QZ} md&Pedet Copres , So the total space (z%mmd is OU/;) numbecs -

2

Woik , how do we tomewte Y ?% we dont Stoce o0, ., T 8

This \”Q%u\ms m bits !

A kea pornt of the m\akns\s i< that we on\\a need  the vaciables +o  be

4 wise in o(zgendzﬁ

o that the calewlations about ?ivxﬂ ond FYV;\”&VK\"U il hold

Now. m - w'se Iﬂdl?[ni@v\f bitt can be Su\e(mt—ei {Lrom OQ(n&mB Tandom  bifs

Qo, the axkra Sforaga (Q%M\\'Ld\ —Eor the va\\%{bﬁ(bn N one Copy s OnhA D((o&m) bits .

“Thig opproach s called gketcm\i, which ig vzra wleful in data Strwm‘mg c\lgoﬂﬁvm&-

Tt s cLasua celated ‘o the Tdea of dimension Teduction
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™ =
What obout S{;\ X;g 2

\— ™
BY " ° t P o 1 X} ¢ pa ¥ w
E tume out that 6 (p polyl gtnﬂ Space i (egu red. to estimate % for o W P2
On the other hoand , {-o\’ D< p < QP tan be {l(wﬁonm\) . then OLPDK&KOKLwQ} Space 1S Gnom&k.

EQS ecences

- H&ﬂ\/% hitter s from C‘(\aﬁer 1> of MU,

Dictinct cloments  and f(a%unoa mamenls  afe ﬁcrowx Course notes a—§ 6885 n MIT );a Plote Ir\d\gk

- An OPUW\M O\\&Oﬁﬂnm {10( the distiact  2lement \)(O\O\QM, b\g kone, Nelson, \A)ood{‘m%ﬁ
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